A Treatise Of Geometry 


Containing The First Six Books 
Of Euclid’s Elements 
(1819) 


er APT 


Euclid 
Daniel Cresswell 


TREATISE 


GEOMETR Y, 


CONTAINING THE FIRST SIX BOOKS 
OF 


EUCLID'S ELEMENTS, 


METHODICALLY ARRANGE» 


AND 


CONCISELY DEMONSTRATED. 


TOGETHER WITH 


The Elements of Solid Geometry. 


— $e — 


By D. CRESSWELL, M. A. 


FELLOW OF TRINITY COLLEGE, CAMBRIDGE. 
f » , 


CAMBRIDGE: 


Printed by J. Smith, Printer to the University ; 
FOR J. DEIGHTON & SONS, CAMBRIDGE; AND FOR G., & W.B, WHITTAKER, 


AVE MARIA LANE, LONDON, 


——$9,9———— 
11819 ^ 


ERRAT A. 


Pref. Page xiv.'l. 4. from the bottom for acquired read required. 
Page 60.1.7. from the top for being read be. 
170. 1. 3. from the bottom for a Part read an Aliquot Part. 


208. 1. 13. from the top for if read of. 

216. 1. 5. from the bottom after (Th. 80.) for B read qB. 

228. l. 8. from the top for GB read GP. 

275.1. 7... .. .... .. ..at the beginning insert angles. 

284. 1. 3 SO. Insert Boox I. 

205. 1. 3 esc . Insert Book I. 

304.1. S. ..........for acute read obtuse. 

321.1. 19.... ...... ..for XII. read XI. 

990. T 15. ibn s after sides insert or else bf the 
diagonals. 


420. l. 12...... ce ee e for Th. 157. read Th. 158. 
l 


439. 1. 2. from the bottom, for AC read AK. 

456. l. 4. from the bottom for Th. 154. read Th. 157. 

472. last line for Th. 32. read Th. 33. 

496. L. 5... .. and diagram, below the letter J, for k read k. 
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NOTE on Th. 28. and Th. 171. 


The last case of 'Th. 28. might be proved by drawing from 
C (see fig. p. 79.) a parallel to the diameter of the parallelogram 
ABCD, and, again, a parallel to the straight line which joins 
B, and the point in which the former parallel meets AF, and so 
on, until a straight line be drawn which meets AF either in £, 
or in some point between E and F. For thus will there be a 
series of parallelograms of which ABCD is the first, and EBCF 
the last, and which, by the two former cases of Th. 28, and 
Def. 11. Cor. 1, are equal to one another. Also, Th. 171. might 
be divided into three cases, and proved, in a similar manner; 
the two first cases, as the first case in p. 469, which is one of 
those two, and the last case of it, by supposing c, B and c, A, 
(see fig. p. 454.) to be joined, and a plane to be drawn through 
ab parallel to the plane of the AcBA, and cutting the planes 
ACda, BCdb, and so on; for thus will there be a series of trian- 
gular prisms, of which ABC ~ abc is the first, and ABD — abd 
the last, and which, by the two former cases of the theorem, 
and Def. 11. Cor. 1. are equal to one another. 


AN 


EXPLANATION OF THE SYMBOLS 


employed in this Treatise as Abbreviations. 


— 
ES VS denotes. ..... is equal to or equal to. 

n E RA Er ae airs is greater than. 

OR EO RE ET ST ET is less than. 

enr d PR E PEL eae ee together with. 

Lie noes 4 eus angle 

i Mr e e É angles. 

AB, or AB........ e -a straight line, of which the points 


denoted by 4 and B are the extreme, or any two different, 
points. 


QE 


AB....... coc. ea Circular arch, of which the points 
' denoted by A and B are the extremities. 

AG OD: «5.53 riena .a rectangle, of which AB and CD 
are adjacent sides. 

AB? for AB x AB i.e...a square, having AB for one of 
its sides. 

Yee ee ee .. oa triangle. 

[use v eim kon ee . triangles. 

Coy. pew ew eee os oso oa parallelogram, 

Jes cece eevee vee. parallelograms. 

d uH scs Te . .the ratio of A to B. 

ABe: D. » the ratio of A to B is equivalent 
to the ratio of C to D. 

A>=<BifC>=<D, i.e. if C>D then A2 B, if 
C=D then A=B, if C< D then 4< B. 


"our ramus T oa acon A tderefone. 


PREFACE. 


Tur publication of a treatise on Geometry, in an . 
University, where Euclid's Elements have long been 
used as the text book in that science, might in itself be 
considered as an indirect attack upon the credit of the 
Grecian Geometrician. Of the writer of such a treatise 
it may, therefore, justly be expected, that he should 
state explicitly what it is which he thinks amiss, in a 
work of the highest authority in its kind. It will 
become him, indeed, to offer this statement in the 
form of an apology. Nor will it be enough that he 
is able to point out some faults in the compilation of 
Euclid. That it should contain some errors, and be 
chargeable with some defects, is nothing more than 
what is common to all human performances; and its 
want of absolute perfection has not escaped the notice 
either of ancient, or of modern, commentators. But 
the question really is, whether it be so faulty, as to 
justify an attempt, which aims at new modelling 
a 
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almost the whole system of elementary Geometry. 
This, then, is a question, the discussion of which, 
although it cannot be very short, can hardly be 
avoided, on an occasion like the present. For although 
a zealous advocate for the advancement of science 
may, perhaps, be inclined, without scruple, to en- 
courage labours, from which, even when they fail of 
attaining their proposed object, some incidental ad- 
vantage is commonly found to result; yet others, 
from an habitual veneration for the sources whence 
they derived their knowledge, will be disposed to 
discountenance, rather than to appróve, any con- 
siderable innovation in the doctrine of Geometry. 
We think ourselves obliged, therefore, to proceed, 
with as much brevity as the nature of the subject will 
allow, to point out the principal objections, which 
may be urged against the accuracy of Euclid's Ele- 
ments; acknowledging, at the same time, with the 
rest of the literary world, many well known claims of 
high merit in that book, and leaving it entirely to the 
reader's judgment to determine, whether something 
still better might not be produced in the present day. 

I. In the first place, then, it may be asserted, 
that Euclid's definitions are not all of them the best 
that might have been given; nor are they disposed 
in their proper places ; nor is every thing defined by 
them, which ought to have been defined. 


c— 
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Nothing is of greater importance to the perfection 
of a system of Geometry, than right definitions. They 
not only serve to explain and to fix the meaning of 
words, but they are, in reality, the basis upon which 
the whole superstructure of Geometrical science is 
built: they are the very principles, from which all 
our knowledge of the properties of magnitudes is 
derived ; in a tacit, if not in an expressed, reference 
to them, all our reasonings terminate; and it is truly 
surprising to observe, what a multitude, and what a 
diversity, of consequences, are necessarily included 
in many single definitions ; in that of a triangle, for 
example, or in that of a circle. What is it, we may 
ask, which is the subject of any demonstration, in the 
doctrine of Geometry ? not any matter of fact, not 
any object of sense, not the diagram, which is drawn, 
which is always an imperfect representation, aud 
which serves only as an aid to the memory and the 
imagination; but a certain hypothesis, a certain set of 
ideas, conveyed to the mind by certain definitions, 
the consistency, or the inconsistency, of which, with 
some other hypothesis, or with some other set of 
ideas, is attempted to be proved. Upon the clearness, 
therefore, and the precision of the.definitions, in 
Geometry, the evidency of the conclusions must 
mainly depend. It must be confessed, however, 
that these geometrical definitions, are not each of them 
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what is commonly understood by the word definition; 
namely, an enumeration of the simple ideas, which ' 
constitute a complex idea, together with an ex- 
planation of the order, and the manner, in which 
they are combined. Of several of them the object is 
merely to place the mind, as it were, in such a point 
of view, as that it cannot fail distinctly to apprehend 
some particular idea, which, strictly speaking, cannot 
be defined. And this is the case with some of the 
most fundamental and important of all the definitions 
in Geometry. In no other way can we attempt to 
explain, what is meant by a surface, a line, a. point, 
a plane surface, and a straight line. These are purely 
mathematical terms ; they indicate things which have 
only an ideal existence; and which cannot, therefore, 
be made the objects of apprehension to any of our 
senses. They form, however, the constituent parts 
of other definitions properly so called. Their meaning 
ought, therefore, to be fixt, with as much accuracy as 
is possible. But in order to put the inind of the 
reader completely in possession of the notions, which 
these terms are intended to convey, there is only one 
method which it is safe to pursue. It is plain, that 
we must not begin with what can neither be defined, 
nor exhibited. We must first direct the attention 
of the learner to ideas, with which he cannot but be 
familiar; or which may easily, and without any 


PREFACE. v 


ambiguity, be imparted to him; and which, in their 
modifications, or by being considered in a particular 
manner, will suggest all that we intend him to 
perceive. If, for example, he reflect on the idea 
which he has of an orange, or of a block of stone 
hewn from a quarry, or of any other mass of matter, 
he will perceive, that it occupies a portion of- space, 
to the exclusion of all other bodies; and thus he will 
acquire the notion of solid space. He will then easily 
be made to comprehend the divisibility of solid 
space into two contiguous parts, by a common 
boundary, which he may be taught to call a surface. 
Further, the two contiguous parts into which a solid 
may thus be supposed to be divisible, may either, as 
he will readily imagine, be both of them exactly and 
entirely of the same form at that boundary, and then 
the boundary is called a plane surface; or the two 
contiguous parts may be of different forms at their 
common boundary, the one being prominent, where 
the part in contact with it is hollow. The notions 
of a dine, as the boundary which divides a surface into 
two contiguous parts; of a straight line, as that 
which divides a plane surface into two contiguous 
parts, which have the same form at their common 
boundary ; and of a point, as the extremity of a line, 
or as the boundary common to two contiguous parts 
ofa line, will next follow, and will be apprehended 
without difficulty. 
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Now the method of Euclid is the contrary of this. 
He begins by defining a point. It would, however, 
hardly be: possible for any one to conceive what is 
meant by a point, from his negative, and, we might 
almost say, his eenigmatical description of 1t — onuetov 
éoTw ov mépos ovĝèv. Again, to know what a line is, 
from Euclid's account of it, it is necessary in the 
first place for the mind to have a clear conception of 
usixos amAates, of length unaccompanied with breadth. 
A straight line he defines to be that rts e€icou rors 
ep cavr5s onpeois KerTat. It will not be found easy, 
perhaps, to give an exact translation of this passage, 
nor to explain, quite satisfactorily, its grammatical 
construction. It is evident, however, that the word 
evenly, by which e€icov is commonly rendered, 
requires explication as much as the word straight. 
Another definition of a straight line 1s, indeed, men- 
tioned by Proclus,—or: wavra avrns ta uépy macw 
onowws eapuoCe, which is much less liable to ob- 
jection; although, without explanation, it might 
seem to be applicable also to the arches of equal 
circles. But is it not still better, to guide the mind 
through a train of thought, at the end of which it 
will unavoidably arrive at the idea of a straight line ? 
To do this, is to teach, as it were, the generation of 
a straight line, much after the manner in which 
Euclid himself describes what a sphere is; namely, 
by calling our attention to an intelligible hypo- 
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thesis, involving iu it, as is perfectly evident, no 
absurdity. 

The meaning of the word angle Euclid has en- 
deavoured to explain by the word inclination. But 
even if this latter term were the more easily in- 
telligible of the two, which it is not, it would still be 
injudiciously chosen. To make use of it is to in- 
troduce into Geometry a new species of quantity, 
which is neither linear, nor superficial, nor solid. 
The use of this term is, besides, accompanied with 
some degree of obscurity and of difficulty. Even in 
the simple case of adding two angles together, or of 
subtracting one angle from another, it cannot, perhaps, 
be adhered to, with strict propriety: and, in the 
hands of Euclid, it is found to vitiate the demonstra- 
tion of a most 1mportant proposition, the last of his 
sixth book. For if an angle be an inclination, it is 
not very easy to see, as hath been already suggested, 
how a multiple may be taken of a mere inclination. 
Indeed, of a right angle, or of au obtuse angle, no 
multiple whatever can, properly speaking, be called 
an inclination. And in the proposition referred to, 
if one of the two given angles be half of a right angle, 
and the other a right angle, then, the one being 
supposed to be quadrupled and the other to be 
doubled, it is manifest that these multiples cannot 
in any sense, be called inclinations; because the two 
straight lines, which bound each of them, will be in 
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ene and the same straight line, and will, therefore, 
have no inclination to one another: so that the 
multiple itself, and that of which it is the multiple, 
are things of a different kind. If, now, an angle be 
defined to bea portion of an unlimited plane lying 
between two indefinite straight lines in the plane, 
which meet one another, and which are not in the 
same straight line, no such absurdity will follow. For, 
although the double of a right angle will not, ac- 
cording to this latter definition, be an angle, it will 
still be a magnitude of the same kind as an anple; 
in the same manner, as when the bases of two equal 
equilateral triangles in the same plane, are made 
wholly to coincide, the aggregate although it is a 
multiple of one of them, is no longer a triangle: it 
continues however to be a plane rectilineal figure. 
But, if we extend our definition of an angle, and call 
it a portion of an unlimited plane, bounded by two 
straight lines which meet one another, without the 
restriction, that the two straight lines are not to be in 
one and the same straight line, the double of a right 
angle will then be itself an angle. To give to the 
word angle so extended a sense, is, undoubtedly at 
variance with common usage: it 1s, however, very 
convenient, thus far at least, to generalize our notion 
of what is meant by that term, whether we retain the 
name or not. 

Whatever weight may be allowed to the foregoing 
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remarks, it is certain that many of Euclid's de- 
finitions are misplaced. For no hypothesis, the con- 
sistency of which is not manifest in itself, ought to be 
proposed to the learner, before its consistency has 
been actually demonstrated to him. He ought not 
to be told, as he is in the Elements, of parallels, 
before it has been proved that there may be straight 
lines, which can no where meet; nor of a square, 
before he knows that there may be a quadrilateral 
rectilineal figure having all its angles right angles, 
and all its sides equal to one another ; nor of a tangent 
to a circle, before he has been convinced, that a 
straight line may meet a circle in one point, and yet, 
when it is produced, not cut the circle. To call his 
attention to these things before the possibility of 
their existence has been shewn, is only to create 
needless -perplexity in his mind, and to waste his 
time. The proper place to introduce a definition of 
this questionable kind, is next after the particular 
theorem in which the foundation for it has been 
laid. 

It is a defect of great moment, that Euclid has 
omitted to define what is meant by geometrical 
equality. We may, indeed, venture to assert that, 
by the want of this definition, the very ground-work 
of his Geometry is rendered unsound. Wherever 
he has inferred the equality of two figures, whether 
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plane or solid, without having shewn their possible 
congruity; in a word, wherever, in reasoning about 
this kind of relation, in respect of such figures, he 
has used the axiom, “that if equals be taken from 
equals the remainders are equal,” his proofs are de- 
fective. A term of such extensive use, as is that of 
equality, which is applied to lines, to angles, to 
limited spaces, to numbers, to portions of time, to 
velocities, and to forces, and which always indicates a 
comparison of two'or more objects of thought, must, 
it is. evident, require a definition. And after the 
precise sense in which it is used by the geometrician 
has thus been fixt, the axiom, above cited, which has 
probably been borrowed from the science of arith- 
metic, will not be found. to be self-evident, when it. 
is asserted of geometrical magnitudes; excepting in 
the case of straight lines, that of plane rectilineal 
angles*, and that in which, from two figures, that can 
be made perfectly to coincide, without at all altering 
the form of either, there are taken two parts, which 
may not only be made to coincide, without any | 
alteration of their form, but which are also similarly 


* Although we have defined an angle to be a space indefinitely 
extended one way, yet the definitions, which we have afterwards 
given of the meanings of the terms equal, greater, and less, will be 
found to be as applicable to angles as they are to any finite 
magnitudes. 
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posited : as, for.example, when from equal eircles 
there are taken equal circles, supposed to be, re- 
spectively, concentric with them. But this subject 
has been so fully and so ably treated of by Barrow, 
in the third and fourth of his Mathematical Lectures 
for the year 1665, that it is needless to enlarge upon 
it here. We shall only further remark upon it, 
therefore, that if Euclid had defined equality, he 
would have been led to introduce some other defini- 
tions, which are also wanting in his treatise; namely, 
those which belong to the terms homogeneous, greater, 
and less. | 

II. To proceed, then, to another class of ob- 
jections. It is well known, that under the same head 
of axioms, or kowat évvoin, Euclid has ranged pro- 
positions, which differ widely in their nature one from 
another. Some of them are either pure definitions, 
or, so far as they are self-evidently true, they are the 
immediate consequences of definitions; one of them 
is a theorem, requiring, and easily admitting of, 
demonstration ; and the last of them belongs to that 
peculiar kind of propositions, which Archimedes has 
very appropriately called Aaujjarópevoa ; that is, as- 
sumptions. These assumptions may, in truth, be — 
considered as marks of the present imperfection of 
the science of Geometry. They ought to be regarded 
as having been originally introduced, only in order 


xii PREFACE. 


that the progress of the science might not be im- 
peded. Whenever, therefore, it is perceived, that 
they can be readily deduced from some plainer hy- 
pothesis, they ought no longer to retain their form; 
and even whilst they are suffered to remain, some 
proof of them, although it may be tedious, ought, 
perhaps, to be given, separately, for the satisfaction of 
the scrupulous. 

III. But it is not so much the name, given by 
Euclid to the proposition which constitutes his last 
axiom, nor the place which he has assigned to it, 
that we are disposed to censure, as the choice which 
he has made of the proposition itself. Indeed, almost 
all the editors of his Elements, whether they be 
Greek, or Arabian, or of modern Europe, have ob- 
jected to that assumption, on which he has founded 
the doctrine of parallel lines: nor can it be denied, 
that he has therein assumed what is far from being 
sufficiently evident in itself, to warrantjits being so 
proposed. The learner, also, experiences some diffi- 
culty, in clearly comprehending what is meant by 
the enunciation of theproposition ; in consequence of 
his being required by it to compare the aggregate of 
two separate angles with that of two right angles. 
Euclid's doctrine of parallels does, therefore, really 
need correction. It must be acknowledged, however, 
that it is not easy to remove this imperfection al- 
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together from elementary Geometry. Nor are we 
able, in the present state of the science, to do any 
thing better, than to substitute, for the axiom in 
question, another assumption, which is more simple, 
and more readily admissible; and which has, also, 
been employed by Euclid himself, although he has 
no where stated it in formal terms. 

IV. The blemishes which occur in Euclid's de- 
monstrations, notwithstanding their reputation for 
correctness, have not escaped animadversion: such 
‘are the occasional use of arithmetical principles, with- 
out necessity, as in Prop. 20. Book IlI. and in Prop. 16. 
Book IV ; the omission of cases included under the 
general enunciation of a proposition, and to which 
the proof given is not applicable, as in Prop. 35. 
Book I, and in Prop. 26. Book III; the contrary 
error of giving separate proofs of problems or 
theorems belonging to one general proposition, as in 
Prop. 1. and Prop. 22. Book I, in Prop. 47. Book I, 
and Prop. 31. Book VI, and in Prop. 14. Book II, 
and Prop. 25. Book VI; and the enunciation of pro- 
positions as generally true, which are not true, without 
a restriction as in Prop. 32. Book VI: these, and 
various instances, also, of paralogism, have been 
sufficiently made known, by his most ancient as well 
as by his latest editors. It is unnecessary, therefore, 
to dwell upon them 1n this place. 
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V. What we are next to notice is, that Euclid's 
treatise does not appear to be perfectly well adapted : 
to the present advanced state cf mathematical learn- 
ing. A treatise on the Elements of Geometry is, at 
this day, to be regarded as subsidiary to the study of 
the sciences of Natural Philosophy, and Universal 
Arithmetic. Now the latter of these sciences enables 
us, on the one hand, most easily to investigate several 
properties of solids of which Euclid’s geometrical 
demonstrations are complicated and tedious: and, on 
the other hand, it presupposes a knowledge of certain 
theorems, which are not to be found in Euclid. So 
that his Elements, if they are considered as in- 
troductory to the doctrine of fluxions, may be said to 
contain both more than enough, and less than enough. 
The same remark may, also, be applied to them, 
when we take into account the use which is made of 
Geometry in the developement of the different 
branches of Natural Philosophy. | 

If, for example, it were proposed to the student, 
to find the place of the centre of gravity of a given 
pyramid, by the method of fluxions, that method 
would furnish him with a general formula, for the 
acquired computation; but he would look, in vain, in 
Euclid's ' treatise, for the particular geometrical 
theorem, which enables him to apply the formula to 
the case in question. 
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VI. Neither are the materials of Euclid's book, 
if they were otherwise unobjectionable, judiciously 
arranged. It will hardly be disputed, that the most 
convenient system of arrangement, in the teaching of 
any science, is that which begins with the most 
simple things; which, through them, advances to 
what is more complex and difficult; and which always 
places things of the same kind under the same class. 
But is this the system which has been adopted by 
Euclid? In his first book the properties of straight 
lines, angles, triangles, and parallelograms, are mixt 
together without any regular and determinate classifi- 
cation. His second book, the reading of which is 
always found an irksome task to the learner, contains 
only particular cases of a set of more general pro- 
positions, which admit of very short and easy de- 
monstrations in their appropriate places. And in the 
remaining parts of his work, if we except the fourth 
and the fifth books, a similar want of subdivision and 
methodical arrangement is also observable. We speak 
from ample experience, when we assert, that this 
want of order in Euclid's Elements renders what is 
therein taught difficult to be recollected ; that it 
hinders the mind of the learner from obtaining a 
clear and comprehensive. view of the whole structure 
of Geometry ; and that it serves to hide from him 
the relations, which the several parts of the science 
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bear to one another: so that even after a careful 
perusal, he is at a loss to enumerate, for example, and. 
to describe, the properties of triangles, with which he 
has been made acquainted. 

The other objections, which have been mentioned, 
might, it is evident, be removed by corrections and 
additions: and an edition of Euclid’s Elements, con- 
taining a more faithfal English translation of the text, 
than has hitherto been given, and exhibiting such 
emendations, as appear to be necessary, always apart 
from the body of the work itself, would undoubtedly 
be a valuable accession to our general stock of ma- 
thematical books. But the last fault, which we have 
pointed out, if it really exist, cannot be cured, 
without taking to pieces, as it were, the whole fabric 
of Euclid's Geometry, and rebuilding it after another 
model. And this will not only vender some alteration 
necessary in the form of the detached fragments, but - 
will also require the addition of new materials. 

In the following treatise, the whole of Elementary 
Geometry is distributed into two parts; the first of 
which contains the Elements of Plane, the second 
those of Solid, Geometry : and in each of them such 
an arrangement has been adopted, as seems most 
likely to facilitate the study of the subject, and to 
give the student the clearest, and the most complete 
comprehension of it. In both the parts, the de- 
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finitions are introduced, as they become necessary ; 
and not one of them. is laid down, unless its con- 
sistency be self-evident, without a reference to some 
previous demonstration, which may prove that no 
absurdity is involved in it. The doctrine of Plane 
Geometry is comprised in two books, of which the 
first, consisting wholly of Theorems, includes the 
general doctrine of Proportionality. The introduction 
of the subject last mentioned, occasions a. kind of 
subdivision of the elementary theorems,. which‘ make 
up the first book ; the object of investigation, in those 
which precede it, besides’the circumstance of position, 
is simply whether the one of two compared magnitudes 
be equal to the other, or less, or greater than it; 
and the properties, therein demonstrated, may be 
called, for the sake of distinction, the primary re- 
lations of geometrical magnitudes. In the theorems, 
which follow the chapter on Proportionality, the 
enquiry is not confined to the circumstance of position, 
and to the relation of mere equality or inequality, but 
serves to determine whether the first of four assigned 
magnitudes contains, or is contained, by, the sécond, 
as often as the third contains, or is contained by; 
the fourth ; or rather whether they be proportionals 
in a more general sense, which includes that partieular 
case, whenever the magnitudes are actually com- 
mensurable. The doctrine of Ratios,.as it is not 
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founded upon any principles that are peculiar to 
Geometry, might have been made preliminary to the 
study of that science. And thus, we should have had 
no need to.distinguish from ,the-rest, those relations, 
which, for want of a better term, we have called : 
primary ; all the properties of triangles might have 
been demonstrated in an uninterrupted series; and so 
might the properties of every othér class of mápni- 
tudes. This would, doubtless, have been a more 
perfect form of arrangement ; ‘but it would have been 
attended with the preponderating disadvantage, of 
first presenting to the learner, that which 1s the more 
difficult, instead of that which is the more easy. 
After a long and careful consideration, the ancient 
doctrine of ratios, as it is delivered. in Euclid's 
Elements, has been adopted, without much alteration, 
in our chapter on proportional magnitudes. But as 
the subject isin itself somewhat abstruse and difficult, 
and as it has been observed to be seldom thoroughly 
understood from definitions and theorems alone, some 
pains have been taken fully to explain the true 
nature and the grounds of the doctrine of proportio- 
nality, in a scholium, which the learner will do well 
to read with much attention. This scholium may, 
perhaps, deserve to be recommended to the perusal 
of those, who continue to study Geometry in Euclid's 
Elements. | 
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The second book, of our first Part, consists entirely: 
of problems. But although the problems are thus 
given separately, no constructions are supposed to 
be made in the proofs of the theorems, but such as 
are either manifestly possible, or are actually shewn 
to be possible. We readily perceive, for example; 
when we consider the nature of continued quantity, 
that, in every given finite line, there is a point which 
divides it into two equal parts; and it follows, from 
- the definition of a circle, that every given circle has 
a centre: so that in reasoning about lines and circles, 
we may always, at once, without any impropriety, 
assume these- points. In developing the theory of 
Geometry, we may, also, shew the possible existence 
of a point, of a line, or of a surface, which shall have 
some particular position, or, in the case of a line or 
a surface, some assigned magnitude: this is, indeed, 
the most proper mode of proceeding, whilst we are 
pursuing the course of a science of pure reasoning. 
And if we were occupied with theory alone, no ad- 
vantage, excepting that of abridged enunciations, 
would result from giving to any proposition the form 
of a problem. But there is a practical Geometry, 
to which the form of a problem, proposing, ‘as it does, 
to determine some required point, line, angle, or 
figure, and proceeding in the way of precept, is 
peculiarly well adapted. It is true, that the postulates, 
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which are laid down, in order, if they be granted, to 
render the solutions of the problems rigorously logical, 
suppose the possibility of performing certain opera- 
tions, which are really impossible ; and that, therefore, 
our practical Geometry falls short of complete ex- 
aetitude. It is, nevertheless, an useful branch of 
human knowledge. It is a resource, almost indis- 
pensible, to the mechanist, the land-surveyor, the 
architect, and the geographer. To these, and several 
other artists, it is important to know the method, by 
which a particular point, line, angle, or figure, may 
be determined, subject only to the error arising from 
the want of an absolutely true plane to operate upon, 
and from the imperfection of the rule and the compass, 
which must be employed in the operation. It is 
useful, also, to the teacher of Geometry, to be enabled 
rightly to construct the diagrams which he makes use 
of in his demonstrations. With a view, therefore, 
principally to this practical application of the science, 
a considerable portion of Geometry is not improperly 
cast into the form of problems; and, with the same 
view, it is most convenient to keep this class of pro- 
positions distinct from the rest. Those, however, 
who object to such a separation, may refer to the 
problems, as they find them to be wanted, in reading 
the demonstrations of the several theorems. For the 
solutions of the problems are not made to depend 
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upon those theorems, in the. proofs of which they 
themselves might be quoted. But it is evident, that 
nothing will have been gained, with respect to absolute 
exactness, by thus changing the order of the pro- 
positions; because the problems suppose the practica- 
bility of what is actually impracticable. On the other 
hand, when the possible existence of a point, of a line, 
or of a surface, is shewn to be consistent with the 
definitions previously laid down, theré is no defect 
whatever in any part of the chain of reasoning. 

To our second Part, which treats of Solid Geo- 
metry, no problems have been subjoined; and what 
has been already said may serve to account for this 
omission. The problems which are denominated 
solid problems, are, for the most part, of no practical 
utility, inasmuch as they cannot be constructed by 
means of the rule and compass. | 

Throughout the following work, certain symbols 
are used, for the sake of conciseness, many of which 
are borrowed from the language of universal Arith- 
metic. They are merely abbreviated representations 
of the. words, and the phrases, for which they are 
severally put. Without at all altering the nature of 
the demonstrations, they render the force of them 
more easily and more quickly perceived. The same 
plan had been long since partially adopted by Barrow, 
who took it from Herigone, and it has been followed, 
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also, by most of the foreign mathematicians, who’ 
have lately written upon the subject of Geometry. 
The. marks employed by Herigone to express an 
angle, a triangle, and a circle, are in common use at 
this day. Other parts of his notation do not appear 
to have been thought worthy of being copied. Having 
denoted the parallelism of straight lines by the 
symbol =, he signified equality by 2 | 2, majority 
by 3] 2, and minority by 2 |3. Instead of the 
common mark for subtraction, he substitutes ~ , and 
takes — AB, to express a straight line, the extremities 
of which are denoted by 4 and B. Such a line is, 
however, more neatly expressed by AB; a circular 
arch, of which 4 and B mark the extremities, being 


also expressed by AB. This notation has, therefore, 
been adopted in the following treatise: and there is, 
evidently, a great convenience in the use of it, in all 
those propositions which relate to arches of circles 
and their chords, and also in Solid Geometry, where 
a plane, as well as a straight line, 1s often indicated 
by two letters only. Wherever, then, the mark AB 
occurs, it is to be understood as an abridgment of 
the phrase, “the straight line of which two different 
points are denoted by the letters 4 and B:” and when 
such a line is first mentioned, it ought either to be 
expressed by that mark, or else to be described in 
. words: in speaking of the same line afterwards, it 
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may be denoted simply by 4B, without repeating 
the words “the straight line," or the mark above 
AB, which is put for them; unless in that particular 
case in which the points designated by 4 and B, are, 
at the same time, the extremities of an arch, and of a 
straight line, in the diagram. Any deviations from 
these rules for expressing a straight line, which may 
occur in the following pages, are to be considered “as 
errors of the press. These, and other such mistakes, 
which will doubtless be found there, more frequently 
than they have been marked in the list of errata, will 
not, it may be presumed, create much perplexity to 
the reader. And with respect to faults of a weightier 
kind, which he may easily perhaps discover in the 
treatise now offered for his perusal, it 1s hoped that 
he will look with some degree of indulgence, upon 
the imperfections incident to a method of arrange- 
ment, which, although it is not altogether new, has 
not had the benefit of the reiterated labours and 
corrections of men eminent for their ingenuity and 
their mathematical knowledge. 


Trinity College, 
December 7, 1819. 


THE 


ELEMENTS OF GEOMETRY. 


PRELIMINARY DEFINITIONS, 
AND 


PRINCIPLES DERIVED FROM THEM. 
E 


DEFINITION I. 


GEOMETRY is a science, which has for it's object the 
determination of the properties of magnitudes in 
respect of quantity and position, and the measure- 
ment of extension. | 


II. 


The space occupied by a body is it's Bulk, or 
it's Solid Content; and such a portion of space is 
called a Solid. 


II. 


A Surface is the boundary which divides a solid 
from the surrounding space; or which divides a solid 
into two contiguous parts. 

Cor.. A surface cannot have any thickness. 

A 
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IV. 


A Line is the boundary of a surface; or it is the 
boundary which divides a surface into two contiguous 
parts. 

Cor. A line cannot have either breadth or 
thickness. 


V. 


The extremity of a finite line, as also the boundary 
which divides any line into two contiguous parts, is 
called a Point. i 

Cor. A point has neither length, nor breadth, 
nor thickness; that is, it has no parts; but it has 
position: it may, therefore, be considered as an 
indivisible mark in linear magnitude. 


VI. 


Any portion of space, solid or superficial, which 
is enclosed by one or more boundaries, is called a 
Figure. 


fs, 
v 


VII. 

A Plane Surface is the boundary which divides 
solid space, or a portion of solid space, into two parts, 
which, at that common boundary, have both of them 
the sae form; whether the whole be compared with 


the whole, or any part of the one with the part con- 
tiguous to it of the other. 


Preliminary Definitions. 3 


Con. Two plane surfaces cannot have a part 
that is common to both of them. 

For if they had a common part, it is manifest 
that they would not both of them divide the sur- 
rounding space into two portions having, at their 
common boundary, the same form. 


VIII. 


A Straight Line is the boundary that divides a 
plane surface into two parts, which, at that common 
boundary, have both of them the same form, whether 


they be compared the whole with the whole, or any 
part of the one with the part contiguous to it of the 
other. 

Cor. 1. Two straight lines in a plane cannot 
have a common part or segment; because, then, it is 
evident, the two straight lines would not both of them 
divide the plane into two portions having, at their 
common „boundary, the same form: for the same 
reason, there cannot lie two straight lines in a plane, 
between two given points in that plane, which do 
not coincide with one another: wherefore if two 
straight lines in a plane have any two points common 
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to them both, they shall wholly coincide with one 
another. 

Con. 2. The common section of two planes, 
which cut one another, is a straight line. 

For it cannot (Def. 7. Cor.) be a plane surface; it 
1s, therefore, a line: and, if it be not a straight line, 
it will turn it's convexity toward one of the parts, 


into which one of the two planes divides unlimited 
space, and it's concavity toward the other ; and thus 
one of the two planes will not divide solid space into 
two parts, which at that common boundary have the 
same form; which is contrary to the definition : 
wherefore, the common section of two planes, which 
cut one another, cannot be any other than a straight 
line. 

Cor. 3. A straight line, which has any two 
given points of it in a given plane, has all it's points 
in that plane. 

For, by the definition, the straight line is in 
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some one plane; and if thisand the given plane be not 
in the same plane, their common section is (Cor. 2.) 
a straight line, which necessarily passes through the 
two given points; and which, being the common 
section, is also in the cutting plane; unless, there- 
fore, the part of this common section, between the 
two given points, coincides with the straight line first 
proposed, two straight lines in a plane can inclose a 
space; which, (Cor. 1.) is impossible: wherefore, the 
proposed straight line coincides with the common 
section of the two planes, between the two given 
points, and therefore (Cor. 1.) wholly coincides with 
it: the proposed straight line has, therefore, all it's 
points in the given plane. 

Con. 4. There cannot be more than one straight 
line which joins two given points in solid space. 

For a plane which passes through one of the 
given points may be supposed to be turned so as to 
pass through the other; and (Cor. 3.) any straight 
line which passes through the two given points lies 
wholly in that plane; more than one straight line 
cannot, therefore, pass through the two given points; 
otherwise two straight lines in a plane would enclose 
a superficial space, which (Cor. 1.) is impossible. . 

Con. 5. Any straight line may be always sup- 
posed to be so placed, as that it shall coincide with 
another given straight line. 

For it is manifest that a point of the one may be 
supposed to be placed on a point of the other; and 
there is no absurdity in supposing the former line to 
be turned about that common point, so that some 


/ 
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other point of it shall also fall upon the latter line; 
and then the two straight lines will be (Cor. 3.) in 
the same plane, and will, therefore, (Cor. 1.) coincide 
with one another. 

Con. 6. Any two straight lines, which meet one 
another, may be supposed to be in the same plane. 

For the plane, in which either of them is, may be 
supposed to be turned so as that it shall pass through 
a point in the other line, besides the point in which 
the two lines meet, and then (Cor. 3.) the two straight 
lines will be in the same plane. 

Con. 7. If three points a, b, c, of a plane (X;) 
which are not in a straight line, be also in another 
plane (F, ) then every point of the one of these two 
planes is in the other; that is, the two planes 
wholly coincide with one another. 

For (Cor. 3.) the straight lines passing through 
a, b, and b,c, and c, a, are common to both the 
planes: but let p be any point of the plane (F) 


which is not in any one of those three straight lines; 
. and; since every point, but c, of the straight line passing 
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through 6, c, is (Cor. 1.) out of the straight line 
passing through a, c, there is manifestly some point 
q of the straight line passing through b, c, such that 
p and q are on contrary sides of the straight line 
passing through a and c; wherefore the straight line 
Joining the two points p and q of the plane (F) will 
necessarily cut the straight line passing through a and 
c, which is also in the plane (F); let pq cut that line 
inr; therefore, q and r being points that are common 
to the planes (X) and (F), the straight line qrp is, 
(Cor. 3.) common to both those planes ; wherefore, 
the point p, the extremity of qrp qrp, is common to both 
the planes: and, in the same manner, it may be 
shewn, that any other point in either of the two 
planes, is common to them both; therefore, any 
point of the one of the two planes is in the other. 

Con. 8. It is manifest, therefore, that any plane 
may always be supposed to be so placed, as that it 
shall coincide with another given plane. 

Cor. 9. Itis also manifest from Cor. 7, that any 
two straight lines which meet one another, and which 
(Cor. 6.) are, therefore, in some plane, cannot be in 
two different planes, which do not coincide with one 
another. 


IX. 


If two straight lines in an unlimited plane be ter- 
minated one way by a point, in which they meet, but 
are otherwise indefinite, either of the two portions, 
into which they divide the plane, is called a Plane 
Rectilineal Angle : thetwo straight lines, which bound 
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the angle, are said to contain the angle, and the point 
in which they meet is called its Summit: and, of the - 


C 


angles made by two indefinite straight lines which cut 
one another, any two adjacent angles, that are both 
wholly on the same side of either of the two lines, are 
called the Supplements each of the other. 


x 


SCHOLIUM. 


If two indefinite straight lines 4B, CD, cut one 
another in E, 1t 1s manifest that between either of the 
segments of the one and either of the segments of the 
. other, there are two portions of the plane; each of 
which answers to the definition of an angle: thus, the 
straight lines EA, ED, terminated in the point E, 
but indefinite towards A and D, divide the unlimited 
plane, in which they lie, into two portions, either of 
which may be called an angle. The same may be 
said of the two portions into which an unlimited plane 
is divided, by two indefinite straight lines that meet 
in a point, but are in one and the same straight line. 
So much latitude has been left to the sense of the 
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word: angle, on account of the use which is made of 
that term in the doctrine of Trigonometry. The angles 
which, principally, come under consideration in treat- 
ing of Geometry, are such, as if either of their con- 
taining straight lines be supposed to be produced, the 
whole angle will lie on the same side of that line; and 
in this sense, unless the contrary be specified, is the 
word angle always to be understood in the following 
treatise. Angles which have not that property, have 
been called Reverse Angles, and Re-entering Angles: 


X. 


Magnitudes are said to be of the same kind, when 
they admit of being put together so as to form one 
whole. 


XI. 


Two magnitudes are said to be equal, if the one, 
or all the parts into which it has been divided, can be 
applied to the other, so as wholly to coincide with it: | 
two magnitudes are said to be unequal, if the one be 
a part, or equal to a part of the other; and of two 
unequal magnitudes, that which 1s a part, or equal to 
a part, of the other, is called the less, and the other 
the greater. | 

Cor. 1. Magnitudes which are each of them 
equal to the same magnitude, or which each of them 
contain the same magnitude, or equal magnitudes, 
the same number of times, are equal to one another. 

For if the first arid second of three magnitudes be 

í B 
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each of them equal to the third, when the first is 
applied to the third so as to coincide with it, let the 
second be supposed to be applied to the third so as 
to coincide with it; then, the first and the second, 
both of them eoinciding with the third, will necessa- 
rily coincide with one another: and, hence, the rest 
of the corollary is manifestly true. 

.. Con. 2. If to equal magnitudes there be added 
equal magnitudes, of the same kind with them, the 
wlioles are equal. 

Con. 3. If two plane rectilineal angles be placed 
so.as that the summit of the one shall coincide with 
the summit of the other, and either of the containing 
straight lines of the one angle with either of the con- 
taining straight lines of the other, and so as that the 
planes of the two angles shall coincide, and that the 
two other containing straight lines shall be on the 
same side of those which coincide with one another, 
then, if the plane rectilineal angles be equal, it 1s 
manifest that the two other containing straight lines 
must also coincide: and the same supposition being 
made, as to the summits and to two of the containing 
straight lines, if the two other containing straight lines 
can be placed so as to coincide, then (Def. 8. Cor. 7.) 
the planes of the two angles will coincide, and the 
angles will be equal to one another. 

Con. 4. If from equal straight lines there be taken 
equal straight lines, or if from equal plane rectilineal 
angles there be taken equal plane rectilineal angles, 
the remainders shall be equal. 

Con. 5. If to unequal straight lines equal straight 


* 


Preliminary Definitions. il 


lines be added, and if to unequal plane rectilineal 
angles equal plane rectilineal angles be added, the 
wholes shall be unequal : also, if from unequal straight 
lines equal straight lines be taken, and from equal 
plane rectilineal angles equal plane rectilineal angles 
be taken, the remainders shall be unequal. 

Cor. 6. Either half of the one of two equal straight 
lines is equal to either half of the other: likewise, 
either half of the one of two equal plane rectilineal 
angles is equal to either half of the other. 


XII. 


That part of the science of Geometry which treats 
of the measurement and position of plane figures, of 
lines that are in plane surfaces, and of plane recti- 
lineal angles, is called Plane Geometry: and the 
remaining part, which treats of the measurement and 
position of solids, of surfaces that are not plane, and of 
solid spaces lying between planes which meet one 
another, but which are otherwise indefinite, is called 


Solid Geometry. 


i 


THE 


ELEMENTS OF GEOMETRY. 


. Parr I. 
THE ELEMENTS 


OF 


PLANE GEOMETRY. 


THE 


Llements of Plane Geometry. 
= 
Boox I. 
ELEMENTARY THEOREMS 


OF 


PLANE GEOMETRY. 


=i 


CHAP. I. 
ON STRAIGHT LINES AND PLANE RECTILINEAL ANGLES. 


ae) 
THEOREM I. 


A xv two angles, which are the supplements each of 
the other, are, together, equal to amy other two 
angles, which are also the supplements each of the 


other. 


Let the y AEL, LEB, be the supplements each 
F 


cuc C 


of the other; likewise let the 4 HGF, FGK, be the | 
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supplements each of the other; and, first, let the 
containing straight lines of these several angles not be 
in the same two straight lines: The 7 AEL, LEB 
are together equal to the y HGF, FGK. 

For the straight line GH may (Def. 8. Cor. 5.) 
be supposed to be so placed, às that the point G shall 
coincide with the point Æ, and GH with the straight 
line EA; wherefore (Def. 8. Cor. 1.) GK will then 
likewise coincide with EB ; also, the plane in which 
are HGK and GF may then (Def. 8. Cor. 7.) be 
supposed to be so placed, as that it shall coincide with 
the plane in which are 4E B and EL, and that GF and 
EL shall be on the same side of AEB; if, therefore, 
GF coincide with EL, it is manifest that the L HGF 
= / AEL, and the 4 FGK — 4, LEB, and that, 
therefore, the two Z AEL, LEB, are together equal to 
the two 4y HGF, FGK. But if GF do not coincide 
with EL, it will coincide with some other straight 
line EC, in the same plane with AEB and EL: and 
it is manifest that the two 4 AEC, CEB are together 
equal to the three g AEL, LEC, CEB, of which the 
4 LEC, CEB are together equal to the / LEB; 
wherefore the 4 AEC, CEB are together equal to the 
LAEL, LEB; that is, the yv HGF, FGK are to- 
gether equal to the 4 AEL, LEB. 

Next, let they AEC, CEB, which are the sup- 
plements each of the other, and thez AED, DEB, 
which are also the supplements each of the other, 
have their containing straight lines in the same two 
straight lines AB, CD, so that all these angles have 
a common summit &. And let they HGF, FGK 
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be any other two angles, which are the supplements 


e F 


Lj | d 
—& 


H G 


D 


each of the other. 


Then, as hath been shewn in the former case, the 
two AEC, CEB, are together equal to the two 7 
HGF, FGK, as are also the two 4 CEA, AED, and 
the two / AED, DEB; wherefore (Def. 11. Cor. 1.) 
the 4 AEC, CEB, which are the supplements each of 
the other, are together equal to the / AEC and AED, 
which are the supplements each of the other; and the 
same // AEC, CEB, are also together equal to the 
(AED, DEB, which are supplements each of the 
other. Therefore, any two angles, &c. &.E. p. 

Cor. From the demonstration it is manifest 
that angles which are the supplements of equal angles, 
or of the same angle, are equal to one another. 


SCHOLIUM. . 


If AED be any given angle, and if the two 
straight lines 4E, DE be produced so as to contain 
the Z CEB, the two 4 AED, CEB, which are the 
supplements of the same £ AEC, are commonly called 


opposite or vertical angles, as are, also, the Z AEC, 
C 
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DEB. In the course of the demonstration of the 


B H G 
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preceding theorem, it was shewn that the two Æ 
AEC, CEB are together equal to the two 4 AEC, 
AED; and taking from these equal aggregates the 
common £ AEC, it follows that the L CEB — 4 
AED, it was also shewn that the two 4 AEC, AED 
are together equal to the two AED, DEB; and 
taking from these equal aggregates the common 4 
AED, it follows that the 4 AEC = L DEB. If, 
therefore, two straight lines.cut one anotber, the ver- 
tical, or opposite, angles shall be equal: this is what 
is expressed in Th. 1. Cor. 1; and it is more fully 
explained here, on account of the frequent use which 
is made of it, in the doctrine of Plane Geometry. 
For the same reason, it may not be improper to shew 
how this proposition may be proved in a somewhat 
different manner. 

Let, then, the 4 CEB, AED be the supplements 
of any the same £ CEA; suppose, also, the L FGH 
to be equal to the 4, CE A, and let the /, FGK be the 
supplement of the L FGH. And if the 4, FGH be 
applied to the equal L AEC, so as that the summit 
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G shall coincide with E, and the straight line GH 
with EA, and that GF shall be on the same side of 
_ AEB that EC is, and that the planes of the two angles 
shall coincide, then (Def. 11. Cor. 3.) GF shall 
coincide with EC; also (Def. 8. Cor. 1.) GK will 
then coincide with EB; therefore (Def. 11. Cor. 3.) 
the, FGK — 4 CEB. 

Again, if the 4 HGF be applied to the equal 7. 
AEC, so that the summit G shall coincide with E, 
the straight line GH with EC, and the plane of the 
L FGH with the plane of the 4, CEA, and so as 
. that GF shall be on the same side of CED, that EA 
is, then (Def. 11. Cor. 3.) GF shall coincide with 
EA; also, HG coinciding with CE, GK (Det. 8. 
Cor. 1.) coincides with ED, and therefore (Def. 11. 
Cor. 3.) the 4, FGK = £ AEB: and it has been 
shewn that the 4 FGK = £ CEB; wherefore (Def. 11. 
Cor. 1.) the 4 CEB = 4 AED. Therefore, angles 
which are the supplements, &c. a. E. D. 


SCHOLIUM. 


The angles made with each of the two containing 
straight lines of a given angle, by producing the 
other containing straight line, are both of them . 
(Def. 9.) called the supplements of the given angle; 
thus the y AEC and DEB are, each of them, the 
supplements of the 4, 4ED; and they have been 
shewn (Th. 1.) to be equal to one another: if, there- 
fore, an angle be equal to one of it's two sup- 
plements, it is equal to the other; so that there is 
no ambiguity in describing an angle, as being equal 
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to it’s supplement, without particularizing to which 
of the two supplements it is equal. Likewise, if an 
angle be less than one of it's two supplements, it is 
less than the other, and if it be greater than the one 
of them; itis greater than the other. Hence, it is 


evident that there is no absurdity in the next follow- 
ing definition. | 


Der. XIII. 


Of plane rectilineal angles, a Right Angle is that 
which is equal to it’s supplement; ‘and either of it’s 
containing straight lines is said to be a perpendicular 
to the other, or to be at right angles to the other: 
an Acute Angle is that which is less than it’s sup- 
plement; and either of it’s containing straight lines 
is said to be inclined toward the other: an Obtuse 
Angle is that which is greater than it’s supplement. 
And two straight lines which contain any other angle 
than a right angle, are said to be oblique to one 
another. | 

Con. 1. It is manifest, therefore, that if the first of 
two straightlines, which cut one another, be at right 
angles to the second, the second shall also (Th. 1.) be 
at right angles to the first. ! 

Cor. 2. The angles which one straight line 
makes with another, upon the one side of it, are 
either two right angles, or are (Th. 1.) together equal 
to two right angles. 

Con. 3. All the angles, which any number of 
straight lines make with a given straight line, at one 
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point in it, and on the one side of the line, are 
together equal to two right angles. 

Con. 4. If two straight lines cut one another, 
the angles which they make at the point where they 
cut, are together equal to four right angles. 

Con. 5. "Therefore all the angles made by any 
number of straight lines, all in the same plane, and all 
meeting in one point are together equal to four right 
angles. 


THeorem II. 


All right angles are equal to one another. 


For, if any two right angles be unequal, one of 
them must be greater than the other and therefore 
together with it's supplement (Def. 13.) it must 
also, be greater than the other together with it's 
supplement ; which (Th. 1.) is impossible; therefore 
no two right angles can be unequal; wherefore all 
right angles are equal to one another. 

Con. It is manifest, therefore, that from a given 
point, in a given straight line, there cannot, on the 
same side of it, be drawn more than one straight 
line at right angles to it. 


Tueorem IIL. 


If two straight lines on opposite sides of another 
straight line, and in the same plane with it, meet 
at a point in that line, so as to make the opposite 
angles equal to one another, these two straight lines 
shall be in one and the same straight line. 
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At the point E in AEB, let, CE, DE, on opposite 


sides of AEB and in the same plane with it, make the 
opposite Z AEC, DEB, equal to one another: CE 
and ED are in the same straight line. 

For if ED be not in the same straight line with 
CE, let EM be in the same straight line with it; 
and, because CEM is a straight line, (Th. 1.) the £ 
AEC= L MEB; but (hyp.) thes AEC= L DEB; 
thereforetheL ME B = 4 DEB; i.e. the less is equal 
to the greater, which is impossible; therefore EM is 
not in the same straight line with CE: and, in like 
manner, it may be shewn that no other can be in the 
same straight line with it but ED; which is, there- 
fore, in the same straight line with CE. Wherefore, 
if two, &c. @.E. D. 


THEOREM IV. 


If at a point in a straight line, two other straight 
lines upon opposite sides of it, and in the same plane 
with it, make the adjacent angles together equal to 
two right angles, these two straight lines shall be in 
one and the same straight line. 
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At the point B, in AB, let CB, DB, on opposite 


A 


€ 5 D 


sides of 4B, and i in the same plane with it, make the 
adjacent 4 ABC, ABD, together equal to two right 
angles: BD is in a straight line with CB. 

For if B D be not in a straight line with CB,let BK 
be in a straight line with it; therefore the two 4 CB A, 
ABK are (Def. 13. Cor. 2.) tbgether equal to two 
right angles, as are also (hyp.)the two Z CBA, ABD; 
therefore the two 4 CBA, ABK, are together equal - 
to the two 4 CBA, ABD; take away the common 
L CBA, and there remains the /, ABK equal to the 
L ABD, the less to the greater ; which is impossible: 
wherefore, BK is not in the same straight line with 
CB; and in like manner, it may be shewn that no 
other can be in the same straight line with it but 
BD; which is, therefore, in the same straight line 


with CB. Wherefore, if at a point, &c. a. £. p. 


THEOREM V. 


If a straight line, falling upon two other straight 
lines, makes the alternate angles equal to one another, 
~ these two straight lines, heng produced ever so far 
both ways, shall not meet. 
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Let EF, which falls upon AB and CD, make the 
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alternate 4 AEF, EFD, equal to one another: AB 
and CD being produced ever so far both ways, do not 
meet. 

For if it be possible, let 4B and CD, produced 
toward B and D, meet.in the point G. Then, if the 
figure GEF be applied to AEFC, so that the point 
F may fall on E, and FE on EF, the straight 
line FDG will coincide with EA, and the straight 
line EBG with FC, because (hyp.) the L AEF = 
L EFD, and (Th. 1. Cor.) the, BEF= 1 EFC; 
wherefore EA and FC, being produced toward A and 
C, must also meet in some point H, coinciding with 
the point G'; and thus AB and CD, being produced, 
will meet both ways, so that there will be two straight 
lines, in a plane, which do not coincide with another, 
lying between the two points G and H; which (Det. 
8. Cor. 1.) is impossible ; wherefore 4B and CD can 
no where meet toward B and D. .In the same manner, 
it may be shewn that they can no where meet 
toward A and C. Wherefore, AB and CD, being 
produced ever so far both ways, shall not meet. 
Therefore, if a straight line, &c. — &. E. D. 
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Der. XIV. 


Straight lines which are in the same plane, and 
which, being produced ever so far both ways, do not 
meet, are called Parallel Straight Lines. 

Cor. If, therefore, a straight line, falling upon 
two other straight lines, makes the alternate angles 
equal to one another, these two straight lines shall 


(Th. 5.) be parallel. 


ScHOLIUM. 


A straight line may always be supposed to be 
drawn parallel toa given straight line, through a given 
point without it. For, if the given pomt and any 
point in the given line be supposed to be joined by a 
straight line, it is plainly possible for another straight 
line to make with the joining straight line, at the 
given point, an angle equal to that which the joming 
line makes with the given line, and, therefore, (Def. 
14, Cor.) to be parallel to the given line. 


TueoreM VI. 


If a straight line, falling upon two other straight 
lines, makes the exterior angle equal to the interior, 
and opposite, upon the same side of the line ; or makes 
the interior angles, upon the same side, together equal 
to two right angles; the two straight lines shall be 


parallel to one another. 
D 
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Let EF, which falls upon AB and CD, make the 


exterior L EGB equal to the interior and opposite 
L GHD, upon the same side; or make the interior 
4 BGH, GHD, ‘on the same side, together equal to 
two right angles; AB is parallel to CD. 

For the L EG B = 4 GHD, and (Th. 1. Cor.) the 
L EGB= LAGHi;thereforethe L 4GH — £ GHD; 
and they are alternate angles; therefore (Def. 14. 
Cor.) AB is parallel to CD. 

Again, because (hyp.) the Z B GH, GHD, are 
equal to two right angles; and that (Def. 13. Cor. 2.) 
the 4 AGH, BGH, are also equal to two right angles, 
the 4 AGH, BGH are equal to the 4y BGH, GHD: 
take away the common 4 BGH; therefore the / 
AGH = L GHD, and they are alternate angles ; 
therefore 4B is parallel to CD. Wherefore, if a 
straight, line &c. &. x. p. 


Con. 1. There cannot be more than one per- 
pendicular to a given straight line, passing through a 
given point without 1t. 

For, if there can, then two straight lines may meet, 
that make with another straight line the interior 
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angles, upon the same side, together equal (Def. 13.) 
to two right angles; which (Th. 6.) is impossible. 

Con. 2. If a finite straight line 4H, meet two 

straight lines 4F and HB of indefinite length, so as 


F 


B H € 


to make with them, on the same side, two 4 FAH, 
BHA, of which one, the 4 BHA, is not less than a 
right angle, and the other, the ¿ FAH, is greater 
than a right angle, the two straight lines JF, HB, 
shall not meet on that side of the finite straight line 
AH, however far they are produced. 

For, if 4E be supposed to be drawn from .4, at 
right angles to AH, AE will fall within the FAH, 
which (hyp.) is greater than a right angle; and if the 
LAHB be a right angle, then (Th. 6) AE and 
HB will not meet however far they are produced; 
wherefore, 4 E will always lie between 4F and HB, 
however far all the three lines are produced towards 
F, E, and B. AF cannot therefore, meet HB, 
towards F and B, however far those two lines are 
produced. Hence it is plain that 4F cannot meet 
HB, if the L AHB be greater than a right angle. 

Cor. 3. If from a given point, without a given 
straight line, two straight lines be drawn, one per- 
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pendicular, and the other oblique, to the given straight 
line, the perpendicular shall lie within -the acute 
angle contained by the given straight line and the line 
which is oblique to it. 


Assumption IL. 


Through any given point within an acute angle, 
or within a right angle, or within an obtuse angle, 
a straight line may be supposed to pass, which shalt 
cut the two straight lines that contain the angle. 


SCHOLIUM. 


If BAC be an acute angle, or a right angle, or an 
obtuse angle, and Da given point within it, and if it 


.B 


be granted that amongst the infinite number of points 
without the /, BAC, there are two, on contrary sides 
of the angle, which are in the same straight line with 
the point D; or, if it be granted, that, inasmuch as 
AB and AC are unlimited in length towards B aud 
C, two points G and H may be taken, one of them 
in AB, the other in AC, so that every point in GH, 
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which joins G and H, shall be farther distant from 


A than D is; since then GD, which joins G and D, 
must, if it be produced far enough, cut ÆC between 
A and H, in either of these cases, the assumption, 
made above, will have been allowed. It is not, how- 
ever, à new assumption. For it is, in like manner, 
taken for granted, in the twentieth proposition of the 
eleventh book of Euclid's Elements. 


'TurgoneM VII. 


If a straight line meets two straight lines, so as 
£o make the two interior angles on the same side of it, 
one of them a right angle, and the other less than a 
right angle, these two straight lines, being continually 
produced, shall meet upon that side, on which the 
angles are one of them a right angle and. the other 
less than it. 


Let AB meet AC and GD so as to make the two 
4 CAB, ABD, one of them, namely the L ABD a 


E 


right angle, and the other CAB less. than a right 
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angle: AC and GD, being continually produced, 
shall meet towards C and D. | 
At the point A, let EA be supposed to make 
with BA the L EAB= 1 CAB, which (hyp.) is less 
than a right angle; therefore, the whole /, CAE is 
less than two right angles; and (Assump. I.) there is 
some straight line which may be supposed to pass 
through the point B and to meet AC and AE; let 
this line be EBF. If EBF coincide with BD, it is 
plain that BD and AC, being produced far enough, 
shall meet: and, if BD lie within the 2 ABF it will, 
manifestly, being produced, meet AC’ between 4 and 
F. But, if thez ABD be greater than the 2 ABF, 
let DB be supposed to be produced toward G ; then 
(hyp.) the L ABF is less than a right angle, and there- 
fore. (Def. 13. Cor. 2.) the L ABE is greater than the 
right angle ABG; wherefore, BG shall meet AE, 
if it be produced far enough, between 4 and E; letit 
meet AE in the point G. And, if thet BAG be 
applied to the L BAC, to which (hyp.) it is equal, 
so that dG may be on AC, BG will coincide with 
BD, because (hyp. and Def. 13.) the L ABG = 
L ABD; wherefore, AG thus coinciding with AC and 
BG with BD, it is manifest that 4C and BD pro- 
duced shall meet towards C and D, in some point 
H, which coincides with the point G. Therefore, if 
a straight line, &c. e. E. D. 
Con. If a straight line meets two other straight 
lines, so as to make each of the interior angles less 
than a right angle, or one of the interior angles a right 
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angle and the other interior angle, on the same side, 
not a right angle, these two straight lines, being con- 
tinual'y produced both ways, shall meet. 

The first case of the corollary is manifest from 
Th.7. And, in the second case, the interior angle, 
which is not a right angle, is either less than a right 
angle, or greater than a right angle ; if it be less, the 
two straight lines will (Th. 7.) meet, if they be far 
enough produced, on that side on which these angles 
are; and if the interior angle which is not a right 
angle, he greater than a right angle, it’s supplement 
(Def. 13. Cor. 2.) is less than a right angle; but (Def. 
13.) the supplement of the other interior angle 1s in 
this case, a right angle; wherefore, the two straight 
lines, being produced, will in that case, meet (Th. 7.) 
on the other side of the line which makes with them 
one of the interior angles a right angle and the other 
greater than a right angle. 


SCHOLIUM. 


A perpendicular may always be supposed to be 
drawn to a given indefinite straight line (XY,) from 
a given point (4) without it. 

For at any point B, in XY, it is evidently possible 
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for a straight line to stand at right angles to XF; 
and if it pass through 4, then is there a perpendicular 
to XF passing through 4: but if PBQ, supposed to 
be at right angles to XY, do not pass through 4, let 
A, B be supposed to be joined by AB; it is mani- 
festly possible for a straight line 4CZ to make at A 
with AB an 4 B.4Z = 4 ABP, so that (Th. 5.) ACZ 
can no where meet PBQ, but (Th. 7. Cor.) shall meet 


AY, because each of the 4 ABY, BAZ, is less than a. - 


right angle; and this straight line 4Z shall be per- 
pendicular to XY; for if the angles at C, where AZ 
meets XY, be not right angles, 4Z (hyp. and Th. 7. 
Cor.) will meet PQ; but AZ, as hath been shewn, 
does no where meet PQ; wherefore the angles at C 
cannot be other than right angles; that is, 4CZ 
passes through the given point 4 and is perpendicular 
to XY. A method of drawing a perpendicular to 
a given straight line, from a given point without it, 
will be shewn in Book II, of this treatise, from prin- 
ciples that are not dependent upon the Assumption, 
which has above been made, for the purpose of de- 
termining the properties of parallel straight lines. 


TuHeorem VIII. 


There cannot pass two straight lines through tite 
same point, each of them parallel to the same straight 
line, which do not.coincide with one another. 

Let ED, which passes through the point 4, be 
parallel to BC; there cannot pass through A any 


Struight Lines and Angles. 33 


other straight line parallel to BC, which does not 


A | D 
G 
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coincide with ED. 
For if it be possible, let FAG, which does not 


coincide with E D, pass through 4 and be parallel to 
BC; and from A let AH be supposed to be drawn 
perpendicular to BC: the two” FAH, EAH cannot 
(Th. 2. Cor.) both of them be right angles; where- 
fore, since (hyp.) AHB isa right angle and one of the 
two FAH, EAH, not a right angle, one of the two 
lines EAD, FAG, being produced, will (Th. 7. Cor.) 
meet BC produced, and therefore (Def. 14.) will not 
be parallel to BC; ED and FG are not, therefore, 
both of them parallel to BC. Therefore, there can- 
not pass, &c. @. E. D. 

Cor. 1. If a straight line cut one of two parallel 
straight lines, it shall, being continually produced, 
cut the other also: else there would be two straight 
lines passing through the same point and both of 
them parallel to the same straight line; which (Th. 8.) 
is impossible. 

Con. 2. If two straight lines, which meet in a 
point,. be each of them parallel to any one straight 
line, they shall be in one and the same straight line. 

E 
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Cor. 3. If three given straight lines, in a plane, 
meet in one point, and if no two of them be in the 
same straight line, any straight line which cuts one 
of them, shall also cut another of them, the straight 
lines being produced indefinitely. 

For if the line, which cuts one of the three that 
meet in a point, cut neither of the other two, then 
through the same point there pass two straight lines, 
which do not coincide with one another, and each of 
which is parallel to the same straight line; which 
(Th. 8.) is impossible. Wherefore the line, which 
cuts one of the three given lines, shall also cut another 
of them. 


THEOREM IX. 


Two straight lines which are parallel to the same 
straight line, are parallel to one another. 


For, if the two straight lines, being continually 
produced both ways, meet on either side, then through 
the same point there may pass two straight lines, 
both of them parallel to the same straight line; which 
(Th. 8.) is impossible; wherefore, the two straight 
lines, if produced ever so far, can no where meet; 
that is, (Def. 14.) they are parallel. a. E. n. 


THEOREM X. 


If a straight line fall upon two parallel straight 
lines, it makes the alternate angles equal to one 
another ; and the exterior angle equal to the interior 
and opposite on the same side; and also the two 


Straight Lines and Angles. | 23D 
. interior angles on the same side together equal to two 
right angles. 


Let EF fall upon the parallels AB and CD; the 
alternate y AGH, GHD are. equal to one another ; 


the exterior L EGB is equal to the interior and op- 
posite 2 GHD, on the same side; and the two interior 
IL BGH, GHD, on the same side, are together equal 
to two right angles. 

For if the ZL AGH be not equal to the GHD, 
at the point G in HG suppose the L HGK to be 
made equal to the L GHD ; wherefore (Def. 14. Cor.) 
GK is parallel to CD; and (hyp.) GA is also pa- 
rallel to CD; which (Th. 8.) is impossible; there- 
fore, the L AGH is not unequal to the L GHD, 2. e. 

, ìt is equal to it. 

Again, (Th. 1. Cor.) the, 4GH — L EGB ; there- 
fore the L EGB= 4 GHD, and if to each of these 
equals be added the / BGH, they EGB, BGH are 
together equal to the 4 BGH, GHD, but (Det. 13. 
Cor. 2.) thez EGB, BGH are together equal to two - 
right angles; therefore, the 4 BGH, GHD are also 
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together equal to two right angles. Wherefore, if 
a straight line, &c. a. E. p. 

Con. 1. Ifa straight line (GH) meet two straight 
lines (KL, CD) soas to make the two interior angles, 
on the same side, (KGH, GHC) together less than 
two right angles, these two straight lines shall meet 
on that side, on which are the two angles (KGH, 
GHC) that are less than two right angles. 

Through G let AGB be supposed to be drawn 
parallel to CD; therefore (Th. 10.) the two 4 AGH, 
GHC are together equal to two right angles; and 
(hyp.) the two y KGH, GHC being less than two 
right angles, are less than the two 4 AGH, GHC; 
therefore the L KGH is less than the L AGH; and 
(Th. 1. Cor.) the, KGH — £ EGL, and the /, AGH 
= 4 EGB; therefore the: EGL is less than the 
L EGB, so that GL falls within the, EGB ; it is 
plain, therefore, that KL cannot meet CD towards 
L and D without again cutting GB, which (Def. 8. 
Cor. 1.) it cannot do; therefore KL cannot cut 
CD towards L and D; but KL is not parallel to 
CD, for then (Th. 10.) the two g KGE, GHC, 
would be equal together to two right angles, than 
which (Ayp.) they are less; wherefore, since KL is 
not parallel to CD and cannot meet it towards L and 
D, it must, if it be far enough produced, meet CD 
towards K and C; that is on that side of GH, on 
which are the angles that are less than two right 
angles. 

Cor. 2. A perpendicular to any given straight line 
is also a perpendicular to every parallel to that line. 
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For if the perpendicular be produced far enough, 
it will (Th. 8. Cor. 1.) cut any parallel to the given 
line; and (Th. 10.) it will cut it so as to make the 
two um angles together equal to two right angles : 
and since (hyp.) one of these angles is a right angle, 
the other is also a right angle; that is, the cutting 
line is perpendicular to the parallel. 

Cor. 3. If two straight lines (4B, CD) be pa- 
rallel and from any two points (4, B) of the. one, 
(4B), perpendiculars (4C, BD) be drawn to the 
other (CD), these two perpendiculars shall be equal 
to one another. 

For suppose CD to be * bisected in F, and FE to 
be drawn from F perpendicular to CD, and therefore 


A ||... € B 


C EF D 


(Cor. 2.) ‘also perpendicular to AB. Then if the 
figure 4 EFC be supposed to be applied to the figure 
BEFD so that FC may wholly coincide with it's 
equal FD, and the plane of the one figure with the 
plane of the other, FE will still be a common bound- 
ary of the two figures, because (hyp. and Def. 13.) 


* To divide any geometrical quantity into two equal parts, is 
commonly expressed by the single word to bisect; and in that 
sense the word bisect is to be understood, wherever it occurs in this 
treatise. 
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thes EFC — 4 EFD, also, the 4 FEA = L FEB; 
and the FCA = L FDB; therefore, EA and CA 
will coincide with EB and DB, each with each, 
and the point A will fall on the point B; wherefore, 
the point C coinciding with D, the straight line C4 
with DB, and the point 4 with B, it is plain (Def. 
11.) that 4C — BD. 

Cor. 4. The straight lines (4C, BD) which join 
equal and parallel straight lines (4B, CD) towards 
the same parts, are themselves equal and parallel. 


For, suppose 4B and CD to be bisected in # and 
F, and E, F to be joined by EF ; then (Ayp.) AE, 


A E E 


C T D 


EB, CF, FD, areall equal to one another; and 
(hyp. and Th. 10.) thez AEF-— 4 EFD, and the 
LCFE=LFEB;; if, therefore, the figure BEFD 
be applied to the figure AE FC, so that the point F 
may fall on E, and FE on EF, the straight line FD 
will coincide with KA and the point D with 4, 
because the, EFD = 4. FEA, and FD=EA; in 
like manner it may be shewn that EB will also coin- 
cide with F'C, and the point B with C; so that the 
point D falling on 4, and the point B on C, DB will 
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(Def. 8. Cor. 1.) coincide with AC, and (Def. 11.) be 


equal to it. 

Con. 5. Ifany number of equal straight lines be 
each of them terminated by a given straight line, and 
make equal angles with it towards the same parts, 
their other extremities shall be in a straight line 
which is parallel to the given straight line. 

For (hyp. and Th. 6.) the equal straight lines are 
parallel to one another; and (Cor. 4.) the straight 
lines joining their extremities are parallel to the given 
line; therefore (Th. 8. Cor. 2.) they are in one and 
the same straight line. Y 

Cor. 6. If two straight lines (AB, AC) which 
contain an angle (BAC) be parallel to other two 


(DE, DF) each to each, which contain an angle 
(EDF) the two angles shall be equal to one another. 

For since ÉD meets DF, it will, produced if it be 
necessary, also meet (Th. 8. Cor. 1.) 4C, which (hyp.) 
is parallel to DF; let E D meet AC in G; wherefore 
(Th. 10.) the 4, EDF = 4. DGC, and the L DGC= 
L BAC; therefore the L BAC = L EDF. 


“lements of Plane Geometry. 


Book I. 


CHAPTER II. 


ON THE PRIMARY RELATIONS OF THE SIDES, ANGLES AND 
SURFACES, OF PLANE RECTILINEAL FIGURES, IN RESPECT 
OF EQUALITY OR INEQUALITY. 


odii 
SECTION Í. 


On the primary relations of the sides, angles and 
surfaces of triangles in respect of equality or in- 
equality. 
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DEFINITION XV. 


Å TRIANGLE is a plane figure contained by three 
straight lines. 


SCHOLIUM. 


If in the two straight lines, which contain a given 
angle, two points be taken that are equidistant from 
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the summit of the angle, and if these two points be 
joined by a straight line, there will be formed a tri- 
angle which has two of it’s sides equal to one another, 
Again, if in the two straight lines which contain an 
angle two points be taken, of which one is further 
from the summit than the other is, and if these points 
be joined, there will be formed a triangle which has 
two of it’s sides unequal. And since (Th. 10. Cor. 
1.) any two straight lines, which make with a third 
straight line, the two interior angles on the same 
side, together less than two right iei will meet if 
they be continually produced, it is plain that the two 
angles at the. base of a triangle may be equal to one 
another, or they may be unequal; and that they may 
be both of them acute, or one of them obtuse and the 
other acute. 


THeorem Xl. ù 


Jf one side of a triangle be produced, the exterior 
angle is greater than either of the interior opposite 
angles. 


Let ABC be a triangle, and let it's side BC be 
produced to D; the exterior / ACD is greater than 
either of the toledo opposite / CBA, BAC. 

For if the / ACD be not greater than the LABC 
it is either equal to it, or less.than it. The Z4CD 
is not equal to the £ ABC, because then (Th. 6.) 


CA and BA could not meet; and (hyp.) they meet 
in 4. But, if. it be possible, let the / ACD be less 
F 
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than the L ABC: then from the 2 ABC, the greater, 


there may be supposed to be cut off the L E BC equal 
to the L ACD the less ; and BE, since it lies between 
BA and BC will, manifestly, if it be far enough 
produced, meet ÆC between the points 4 and C; 
but, because (hyp.) the L ACD = 1 EBC, BE and 
CA cannot (Th. 6.) meet one another; wherefore 
the ¿Z ACD is not less than the ZL ABC; and it has 
been shewn. that the two angles are not equal to one 
another;" therefore the L 4C D is greater than the 
L ABC. In the same manner, if ÆC be produced to 
F, it may be shewn that the Z BCF, that is (Th. 1. 
Cor.) the 4. ACD, is greater than the 2 BAC. There- 
fore, if one side, &c.  &. E. D. 

Con. 1. Any two angles, (ABC, BCA) of a 
triangle (ABC) are together less than two right 
angles. : | 
For if BC be produced, the, ABC < L ACD; 
to each of these add the L ACB; and the two 4 ABC, 
ACB are less than” the two Z ACD, ACB, that is 
(Th. 2. Cor. 3.) than two right angles. 
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Cor. 2. If the twoangles at the base of a triangle 
be acute, a straight line drawn from the summit per- 
pendicular to the line of the base, will fall within the 
triangle; but if one of the angles at the base be 
obtuse, the straight line drawn from the summit, per- 
pendicular to the line of the base, will fall without 
the triangle. 

Cor. 3. A triangle cannot have more than one 
angle that is not less than a right angle. 


THEOREM XII. 


The three interior angles of every triangle are 
together equal to two right angles. 


Let ABC be a triangle; it’s three“ ABC, BCA, 


A. 
E 


B C D 


CAB, are together equal to two right angles. 
Suppose the side BC to be produced to D, and 
since (Th. 11.) the L ACD > ABC, from the / ACD 
suppose the L ECD to be cut off equal to the L ABC; 
wherefore (Th. 6.) CE is parallel to BA; and, since 
AC meets them, the / ECA= 4 CAB (Th. 10.); 
wherefore, the whole / ACD = L CAB + L ABC; 
to each of these add the Z ACB ;* and the L ACD + 
L ACB, that is (Def. 13. Cor. 2.) two right angles, 
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will be equal to the three / CAB, ABC, BCA. 
Therefore, the three interior angles, &c. a. E. p. 

Con. 1. From the demonstration it is manifest 
that, if a side of a triangle be produced, the exterior 
angle is equal to the two interior and opposite angles. 

Cor. 2. If one angle of a triangle be a right 
angle, the two remaining angles are together equal to 
a right angle: if one angle be an obtuse angle, the 
two remaining angles are together less than a right 
angle; and if two angles be acute, but together 
greater than a right angle, the third angle is also 
acute. ! 

Con. 3. If two angles of a triangle be given, the 
magnitude of the third angle is thereby determined : 
and if two triangles have two angles of the one equal 
to two angles of the other, their third angles shall also 
be equal. ! 


SCHOLIUM. 


It is manifest from Th. 12. Cor. 2. and from the 
last Scholium, that a triangle can have one right 
angle and only one; that a triangle can have one 
obtuse angle, and only one; and that a triangle may 
have it's three angles each of them an acute angle. 
Hence, the following definitions. 


Drr. XVI. 


A Right-angled Triangle is that which has a 
right angle. 
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| XVII. 
An Obtuse-angled Triangle is that which has an 
obtuse angle. 


XVIII. 


An Acute-angled Triangle is that which has three 
` acute angles. - 

.Con. Any two angles of an acute-angled triangle 
are (Th. 12.) together greater than the third angle. 


THeoreM XIII. 


If two sides of a triangle be equal to one another, 
the angles which they subtend shall be equal to one 
another. 


Let the sides 4B, AC of the triangle ABC be 


equàl to one another, the angles opposite to them, 

viz. the Z ACB, ABC shall be equal to one another. 
Let BA and CA be supposed to be produced 

towards D and E, so that 4D and 4E may be each 
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of them equal to AB or AC, and let ED join the points 
E and D: and since also (Th. 1. Cor.) the; EAD 
= L BAC, if the ¿L BAC be supposed to be applied 
to the / EAD, sothat AC may wholly coincide with 
it’s equal 4D, it is plain that 4B will wholly coin- 
cide with AE; and the points B and C thus coin- 
ciding with .E and D, the straight line BC will 
(Def. 8. Cor. 1.) coincide with ED, and the 2 4BC 
with the AED; wherefore (Def. 11.) the L ABC 
= L AED: again, if the 2 BAC be supposed to be 
applied to the equal 2 LAD, so that 4C may wholly 
coincide with it’s equal 4E, it may in like manner 
be shewn that the L 4CB = 4 AED; wherefore 
(Def. 11. Cor. 1.) the L ABC = L ACB. If, there- 


fore, two sides of a triangle, &c. @. E. p. 


Con. 1. Ifa triangle (ABC) have two equal sides 
(AB, AC) and if they be produced (to Fand G) the 
LL (FBC, GCB) on the other side of the base shall 
also be equal. 

For (Def. 13. Cor. 2.) the two 4 ABC, CBF are 
together equal to two right angles, as are also the 
two // ACB, BCG ; wherefore, the two former angles 
are together equal to the two latter; and (Th. 13.) 
the L 4B C-— 4 ACB; if, therefore, these equal angles 
be taken away, there will remain the angle CBF = 

L BCG. 


Con. 2. If two sides of a triangle be equal to 
one another, the two angles at it's base being equal 
and (Th. 11. Cor. 1.) together less than two night 
angles, are acute angles. 
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Cor. 3. The angles at the base of a right-angled 
triangle, which has two sides equal to one another, 
being (Th. 12. Cor. 2.) together equal to a right 
angle, and being (Th. 13.) equal to one another, are 
each of them half a right angle. 


THEOREM XIV. 


If two sides of a triangle be unequal, the angle 
opposite to the greater side is greater than the angle 
opposite to the less side. 


Let ABC be a triangle, of which the side 4C is 


A. 


D 


B C 


greater than the side 4B: the Z ABC is greater than 
the 4. ACD. 

From 4C the greater of the two sides, suppose 
AD to be cut off equal to 4B the less, and BD to be 
drawn; the exterior L ADB, of then BDC, is 
greater (Th. 13.) than the interior and opposite 
L DCB ; but (hyp.) AB= AD, and therefore the 
L ABD = L ADB, wherefore the L ABD is greater 
than the L DCB or ACB; much more, then, is the 
L ABC greater than the L ACB. Therefore, if two 
sides, &c. @. E. D. 
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Cor. If two sides of a triangle, that are unequal, 
be produced, the angles on the other side of the base 
shall (Def. 13. Cor. 2. and Th. 14.) be unequal ; and 
that, which is adjacent to the greater of the two sides, 
shall be the greater. 


THEOREM XV. 


If two angles of a triangle be equal to one another, 
the sides, also, which subtend the equal angles shall 
be equal to one another. 


For, if the sides opposite to the equal angles be 
unequal, the angles which they subtend, will (Th. 14.) 
be unequal; which is contrary to the hypothesis ; 
wherefore, those sides are not unequal; that is, they 
are equal to one another. | 


TuHkgoneEM XVI. 


If two angles of a triangle be unequal, the side 
subtending the greater angle is greater than the side 
subtending the less. 


Let ABC be a triangle of which the 4 ABC is 


A. 


B C 


greater than the 2 ACB: the side AC is greater 
than the side 4B. 
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For if it be not greater, either 4C = AB, or AC 
«€ AB; but if 4C=AB, then (Th. 13.) thes ABC 
= ACB, which is contrary to the supposition; and 
if 44C« AB, then (Th. 14.) thez ABC < L ACB, 
which is also contrary to the supposition: wherefore, 
AC is neither equal to 4B, nor less than it; that is 
AC is greater than 4B. Therefore, if two angles, &é. 
Q. E. D. 

Cor. If the vertical angle (4) of a triangle 
(ABC) be not less than a right angle, and if the sides 


(AB, AC) which contain it be produced (to D and £) 
any straight line (DE) on the other side of the base, 
terminated by the sides produced, shall be greater than 
the base ( BC.) 

For suppose DC to be drawn; then (Th. 11.) the 
L DCE > L DAC, and therefore (hyp.) >a right 
angle; therefore (Th. 11. Cor. 1.) the 2 DCE > 
DEC; therefore (Th. 16.) DE>DC; and in the 
same manner it may be shewn that DC» BC; much 
more then is DE» BC. And if BF be any straight 
line drawn from the extremity B of 4B to meet AC, 
produced, in F, it may in like manner be shewn that 


BF; BC. 
G 
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SCHOLIUM. 


If two straight lines contain an angle, which is the 
third part of two right angles, the straight line joining 
any two points equidistant from. the summit, will 
make (Th. 13.) with the two containing straight lines 
angles that are equal to one another, and therefore 
(Th. 12.) each of them also equal to the third part of 
aright angle. Thus there is a triangle which has all 
it’s angles equal to one another,.and which has there- 
fore also (Th. 15.) all it's sides equal to one another. 
But 1f two points be taken in the containing straight 
lines of any other given angle, equidistant from the 
summit, the straight line joining them, will make 
with the containing straight lines equal angles, but 
which are not equal to the given angle. A triangle 
may, therefore, (T'h. 16.) have only two equal sides. 

Again, if two points be taken in the straight lines 
containing a right angle, or an obtuse angle, at un- 
equal distances from the summit, the straight line 
joining them will be the base of a triangle which 
(Th. 11. Cor. 1. and Th. 16.) has no two of it's sides 
equal to one another. It is plain, also, from Th. 10. 
Cor. 1. and Th. 12. that there may be a triangle, 
which has no two of it's angles equal to one another, 
and which (Th. 16.) has therefore no two sides equal 
to one another. Hence the following definitions. 


Der. XIX. 
An Equilateral Triangle is that which has three 
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equal sides: an Isosceles Triangle 1s that which has 
only two equal sides: and a Scalene Triangle is that 
which has three unequal sides. 

Cor. An equilateral triangle is (Th. 13.) equi- 
angular, and (Th. 12.) each of it's angles is the third 
part of two right angles. 


TueoremM XVII. 


Any two sides of a triangle are together greater 
than the third side. 

If a triangle be equilateral it is manifest that any 
two of it's sides are greater than the third. But let 
ABC be a triangle, which is not equilateral; let 4B 


A. 


D 


B C 


be it's least side, and from either of the two remain- 
ing sides as AC, suppose 4D to be cut off equal to 
AB, and BD to be drawn. And, since (Def. 13. Cor. 
2.) the two 4 ADB, BDC, are equal to two right 
angles, they are greater (Th. 11. Cor. 1.) than the 
L ABC, that is, than the two/ ABD, DBC; but 
(hyp. and Th. 13.) the ADB= L ABD take away 
these equal angles, and there remains the 4, BDC > 
L DBC; therefore (Th. 16.) BC — DC; to these 
unequals add the equals B4 and AD, and it is plain 


7 
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that CB + B4 > CD + DA or CA. In the same 
manner it may be shewn that C4 .- 4B - BC; and 
since (hyp.) AB is the least side; it is manifest that 
BC-+CA> AB. Therefore, if a triangle, &c. @. E. D. 

Cor. 1. From the demonstration it is evident 
that any side of a triangle 1s greater than the difference 
between the two remaining sides. 

Con. 2. The three sides of a triangle are together 
greater than the double of any one side, and less than 
the double of any two sides. 


Tuoeorem XVIII. 


If from the ends of the side of a triangle, there be 
drawn two straight lines to a point within the tri- 
angle, these shall be less than the other two sides of 
the triangle, but shall contain a greater angle. 


Let BD, CD, be drawn from the ends B, C, of 


E 


Z^ 


B C 


the side BC of the A ABC, to the point D within it; 
BD+ DC « BA-- AC, but the; BDC > L BAC. 
Suppose BD to be produced to meet AC in £; 
then (Th. 17.) in the A BAH, BA+-AE>BE ; add 
to each of these EC, and it is plain that B.44-.4E 
+ EC, that is, B4 + 4C, > BE + £C; likewise, in the 


Primary Relations of Sides, &c. of Triangles. — 58 


ADEC, DE-- EC» DC, and therefore, BD+ DE _ 
+ EC, or BE + EC, 2 BD + DC; much more then is 
BA-- AC» BD + DC. 

Again, because (Th. 11.) the exterior L BDC> 
L DEC, of the SEDC, and the exterior 4 BEC 
> L BAE of the ABE, much more then is the 
L BDC>LBAE or BAC. Therefore, if from the 
ends, &c. @. E. D. 

Con. From the demonstration it 1s manifest that 
any two sides of a triangle are together greater than 
any part of one of them, together with the straight 
line Joining the end of that part and the summit of 
the opposite angle. 


THEOREM XIX. 


If two triangles have a side of the one equal to a 
side of the other, and two angles also of the one equal 
to two angles of the other, each to each, and if the 
equal sides be either adjacent to the equal angles, or 
opposite to equal angles in each, the two triangles 
Shall be equal. 

Let the a ABC, DEF, have the L BAC= L EDF 
and the 2 ACB= 4 DFE; and first let the sides 
AC, DF, which are adjacent to the equal angles, be 
equal to one another: the SABC = A DEF. 

For if the A DEF be applied to the A ABC, so 
that the point D may be on A, and DF on it’s equal 
AC, DE will coincide with 4B, and FE with CB, 
because (hyp.) the 4 FDE = 4 CAB, and the 4 DFE 
= L ACB; wherefore the point £ will be in 4B, and 
also in CB; it must, therefore, coincide with the 
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intersection, B, of 4B and CB, and thus DE = AB, 
: P si 


B 2 E F 


FE = CB, the L DEF= 1 ABC, and (Def. 11.) the 
A^ DEF= tr ABC, with which it wholly coincides. 

Next, let the sides which are opposite to equal 
angles, in each triangle, be equal to one another, viz. 
AB to DE: likewise, in this case, the ^44 BC = 
^. DEF. 

For in this case, also, the L 4BC= 4 DEF; else 
one of them must be the greater ; let the L ABC be 
the greater of the two; and at the point B, in 4B, 
suppose the / ABH to be made equal to the L DEF. 
Then it may be shewn as in the former case that the 
L AHB = L DFE; but (hyp.) the L DFE = L 
ACB; wherefore the L AHB = 4 ACB, which (Th. 
11.) is impossible. Therefore, the L 4 BC is not un- 
equal to the 2 DEF, that is, it is equal to it; since 
then (hyp.) 4B = DE, and the 4 BAC = L EDF, 
and that the £ ABC= 4 DEF, therefore, as in the 
former case, the SABC=A DEF. Therefore, if 
two triangles, &c. &. E. D. 

Con. 1. From this it is manifest that if two tri- 
angles have a side of the one equal to a side of the 
other, and two angles also of the one equal to two 
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angles of the other, and if the equal sides be either 
adjacent to the equal angles, or opposite to equal 
angles, in each, then, the two remaining sides of the 
one triangle shall be equal to the two remaining sides 
of the other, each to each, and the thifd angle of the 
one shall be equal to the third angle of the other. 


Cor. 2. If two a (ABC, DEF) be equal to one 
another, and have a side (AB) of the one equal to a 
side (DE) of the other, and an angle (BAC) adjacent 
to the former side equal to an angle (E DF) adjacent 
to the latter, the remaining sides and angles of the 
two triangles, shall be equal, each to each. 


If the L ABC be not equal to the 2 DEF, one of 
them must be the greater; let the 4 ABC be the 
greater, and at the point B in AB, suppose the 
L ABH to be made equal to the L DEF; then (hyp. 
and Th. 19.) the A ABH = A DEF; but (hyp.) 
the A DEF = A. ABC; wherefore the A ABH = 
£A BC; that is, the less is equal to the greater; 
which is impossible; therefore the L 4BC is not un- 
equal to the L DEF; that is, it is equal to it; where- 
fore, also (Cor. 1.) the remaining 2 DFE = 4 ACB, 
the side BC= EF, and the side 4C— DF. 

Con. 3. If any point (C) in a straight line (CE) 
which is perpendicular to a given finite straight line 
(AD), be equidistant from the extremities (4, D,) 
of the finite line, the perpendicular shall divide the 
given finite line into two equal parts. 


For if CA and CD be drawn, then (hyp.) CA= 
CD; therefore (Th. 13.) the 4, CAE = 4 CDE; 
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and (hyp, and Th, 2.) the L CEA = L CED; where- 


A 


D 
fore (Cor. 1.) EA = ED. 


- THEOREM XX. 


If two triangles have two sides of the one equaé 
to two sides of the other, each to each, and have also 
the angles contained by those sides equal to one an- 
other, the two triangles shall be equal. 


Let the n ABC, DEF, have the sides 4B— DE, 


A. D 


E 


and 4C — DF, aud the L BAC = L EDF: the A 
ABC = ADEF. 
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For if the A ABC be supposed to be applied to 
the A DEF, so that the point 4 may be on D, and 
AB on DE, the point B will be on E, because (hyp.) 
AB — DE; and AB coinciding wholly with DE, 
AC shall coincide with DF, and the point C with F; 
because (hyp.) the L BAC= L EDF, and AC= DF; 
and it has been shewn that B coincides with Æ; 
wherefore (Def. 8. Cor. 1.) BC coincides with EF, and 
the. ABC with thee DEF; therefore (Def. 11.) 
thee ABC-— P DEF. Therefore, if two triangles, 
&c. Q.E.D. 

Con. 1. From this it is manifest, that if two tri- 
angles have two sides of the one equal to two sides of 
the other, each to each, and have also, the angles 
contained by those sides equal to one another, their 
bases, or third sides, shall be equal, and their other 
angles equal, each to each, viz. those to which the 
equal sides are opposite. 

Con. 2. If two zx. (ABC, FGH) have their ver- 
tical Z (BAC, GFH) equal, and each of them not 


A F 
pm SL 
D E G H 


less than a right angle, and have one side (FH) of the 

one greater than one side (AC) of the other, and the 

other side (FG) of the one not less than the other 

side 4B of the other, then shall the A (FGH) which 
H 
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has the aggregate of it’s two sides the greater, have 
also the greater base. 


First, let FG> AB, and FH > AC; let 4B "T 
AC be supposed to be produced to D and #, so that 
AD — FG, and AE=FH, and let DE be supposed 
to be drawn. Therefore (Th. 20. DE-GH ; but 
(Th. 16. Cor) DE > BC; wherefore GH > BC. 
And if FG - ABD, it may in like manner be shewn 
that GH> BC. 


Cor. 3. If, therefore, twon (ABC, FGA) having 
equal vertical 4 (BAC, GEH) each of them not less 
than a right angle, have equal bases (BC, GH) and 
have a side of the one (4B) less than a side (FG). of 
the other, the third side (4C) of the former triangle, 
shall be greater than the third side (FH) of the other. 

For AC cannot be either equal to FH or less than 
FH, because then (Cor. 2.) GH would be greater 
than BC; but (hyp.) GH — BC; wherefore in this 
case AC > FH. 

Con. 4. Any point in an indefinite seals line, 
which bisects a finite straight line at right angles, is 
equidistant from the two extremities of the line so 
bisected. 7 

For the distances of any poii in the bisecting 
perpendicular, from the ends of the line bisected, are 
the bases of two right-angled triangles which have 
one of the sides about the right angles common tọ 
both, and the other two sides about the right angles, 
equal to one another ; wherefore (Cor. 1.) these dis- 
tances are equal to one another. 
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. Con. 5. Hf two given points (B, C) be equi- 
distant from the extremities (A, D) of a given finite 


straight line (4D), the straight line (BC), which 
joins the given points, shall bisect the given line at 
right angles, and shall also bisect each of the angles 
(ABD, ACD) which the given line subtends at the 
two given points*. 

Suppose. BA, BD, CA, CD, to be drawn. Then 
(hyp.) BA=BD, and CA= €D; wherefore (Th. 13.) 
the 4. BAD = 4 BDA, and the 4 CAD= L CDA, so 
that thewhole L BAC = 4 BDC; wherefore (Th. 20. 
Cor. 1.) the 2 ABC = £L DBC, and the L ACB 
. = £ DCB. Again, since, BA= BD and BE is 
common to the two 2. ABE, DBE, and, as hath 
been shewn, the 4 ABE = £ DBE, therefore (Th. 20. 
Cor. 1.) AE = ED, and the L AEB = £L DEB; 


SH 


* In the figure, the two given points are taken on different 
sides of the given straight line. But the same method is applicable 
to the demonstration of the corollary, when the two given points 
are taken on the same side of the given line. 


cae 
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that is, each of the 4 AEB, DEB is (Def. 13 ) a right 
angle, 


SCHOLI UM. 


Et is plain t that any given finite straight line has 
a point of bisection, and that a straight line may 
stand at right angles to it atthat point. If, then, 
three points being given, there is (Th. 20. Cor. 4.) a 
line, every point of which is equidistant from the 
first arid second of the given points, and there is, also 
another line of which every point is equidistant from 
the second and third of the given points. Now if the 
three given points be in the same straight line, the 
two perpendiculars, containing the equidistant points, 
will no where (Th. 6.) meet one another. But if 
these three points be not in the same straight line, 
the two perpendiculars (Th. 10. Cor. 1.) will meet. 
Ín this latter case, therefore, there is a point that is 
equidistant from the three given points, 


THEOREM XXI. 


If two triangles have two sides of the one equal to 
wo sides of the other, each to each, but the angle 
contained by the two sides of the one of them greater 
than the angle contained by the two sides equal to 
them of ‘the other, the base of that which has the 
greater angle, shall be greater than the base of the 
other. 


Let ABC, DEF, be two triangles, which have the 
two sides 4B, AC equal to the two sides DE, DF, 
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each to each, viz. AB= DE, and AC= DF; and the . 
D 


LBAC> LEDF; the base BC> EF 

At the point 4, in BA, suppose the L BAK to be 
made equal tothe L EDF; and since (hyp.) the / BAC 
> LEDF, the BAC» | BAK; wherefore AK falls 
within thes BAC; from AK suppose a part to be 
cut off equal to DF or to AC, the extremity of which 
will either be within the A ABC, or on BC, or without 
the A ABC. First, let it fall within the A ABC as at 


G, and suppose BG to be drawn: then (Th. 18.) 
AC + CB>AG4+GB; take away the equals 4C 
and AG, and it is plain that CB > GB; but (hyp. 
and Th. 20.) GB=EF’;; wherefore CB>EF. Next, 
let 4H = DF; then, manifestly, CB > HB; but 
(hyp. and Th. 20.) HB=EF; wherefore, CB > EF. 

Lastly, let AK — DF or AC; then (Th. 17.) AH 
+HC> AC or AK ; that is, 4H -- HC> AH + HK; 
take away 4H from both these equal aggregates, and 
it is evident that HC> HK ; but (Th. 17.) HK+ 
HB» BK; wherefore HC-- HB > BK, that is, CB 
>BK; and (hyp. and Th. 20.) BK = EF; there- 
fore CB > EF. If, therefore, two triangles, &c. a. E. p. 
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Cor. Hence, any point, which is not in the 
straight line that bisects a given finite straight line at 
right angles, is at unequal distances from the two 
extremities of that given finite line. 


THEOREM XXII. 


If two triangles have two sides of the one equal to - 
two sides of the other, each to each, but the base of 
the one greater than the base of the other ; the angle 
also contained by the sides of that which has the 
greater base, shall be greater than the angle contain- 
ed by the sides equal to them of the other. 


Let ABC, DEF be two triangles, which have 
the two sides 4B, AC equal to the two sides DE, 


F 
B 


DF, each to each, viz. AB = DE, and AC= DF; but 
the base CB > EF; the, BAC > LEDF. - 

For, if it be not greater, it must either be equal 
to it, or less; but the 4 BAC is not equal to the 


L EDF, because then the base BC would (Th. 20.) 
be equal to EF; but it is not; therefore the L BAC 
is not equal to the /, EDF; neither isst less; because 
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then the base BC would be less than the base EF; 
but it is not; therefore the 2 BAC is not less than 
the L EDF; and it was shewn that it is not equal 
toit; therefore the 2 BAC is greater than the 2 EDF. 
Wherefore, if two triangles, &c. @. E. p. 


TuHreorem XXIII. 


If two triangles have one angle of the one equal 
to one angle of the other, and the sides about two 
other angles equal, each to each, then, if the third 
angles be each of them an acute angle, or each of 
them a right angle, or each of them an obtuse angle, 
the two triangles shall be equal. 


Let the ~ ABC, DEF, have the / BAC = 
L EDF, and the sides about two other angles, viz. 


A D 


B C E p 


ABC, DEF, equal, each to each, viz. AB =DE 
and. BC = EF, and let the two remaining angles, 
ACB, DFE, be both of the same species, that is, 
both of them acute, both of them right, or both of 
them obtuse angles; the A ABC = A DEF. 

For the side 4C — DF; if not, one of them is 
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the greater; let AC be the greater, and from it 


suppose 4H to be cut off, equal to DF, and BH 
to be drawn. Then (hyp. and Th. 20. Cor. 1.) the 
L AHB = L DFE, and BH= EF; but (hyp) EF 
= BC; therefore BH= BC, and (Th. 13.) the; BHC 
= L BCH, which (hyp.) is of the same species as the 
L DFE, or it’s equal, the L 4H B; wherefore, the 
three y AHB, BHC, H CB are of the same species, 
which is impossible; for accordingly as the Z AHB 
is acute or obtuse, the / BHC is obtuse or acute, 
and if the / AHB be a right angle, the ¿ HCB is 
(Th. 11.) an acute angle. Wherefore AC is not un- 
equal to DF, that is, 4C— DF ; and since, also, 
(hyp.) AB= DE, and the L BAC = 4, EDF, there- 
fore (Th. 20.) the A 4BC = A DEF. Therefore, if 


two triangles, &c. @. E. D. 


Cor. From the demonstration it is manifest that 
of two such triangles, as are compared in the proposi- 
tion, the third sides, also, are equal to one another, 
and the remaining angles of the one to the remaining 
angles of the other, each to each, namely, those to 
which the equal sides are opposite. 


THeorREM XXIV. 


If two triangles have the three sides of the one 
equal to the three sides of the other, each to each, the 
two triangles shall be equal. 

Let the two 27 ABC, DEF, have the three sides 
of the one equal to the three sides of the other, each 
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toeach; viz. 4B = DE, BC=EF, AC= DF;; the 


: A. D 


F 


For the, BAC = L EDF ; if not, one of them is 
the greater, and therefore (Th. 21.) one of the two 
bases BC, EF must be greater than the other, which 
is contrary to the supposition. Wherefore, the L BAC 
is not unequal to the 4 EDF, that is, the LBAC- 
LEDF; and (hyp) AB = DE, and AC= DF; 
therefore (Th. 20.) the A ABC = A DEF. There- 
fore, if two triangles*, &c. @. E. p. | 

Cor. 1. If two triangles have the three sides of 
the one equal to the three sides of the other, each to 
each, it 1s evident from the demonstration, and from 
Th. 20, that the three angles of the one shall be equal 
to the three angles of the other, each to each, namely, 


* If the greatest side of the one triangle be supposed to be ap- 
plied to the greatest side of the other, so as wholly to coincide with 
it, and if the two triangles be supposed to be posited in the same 
plane, on contrary sides of this common line, it may also be shewn, 
as in Th. 20. Cor. 5, that the opposite angles are equal to one an- 
other, and that therefore, (yp. and Th, 20.) the one bangle is 
equal to the other. 


I 
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those to which the equal sides are opposite: and 
therefore (Th. 19. Cor. 1.) the perpendiculars let fall 
on two sides, that are equal to one another, from 
the opposite angles, in two such triangles, shall also 
be equal to each other. 

Cor. 2. Upon the same base, and upon the same 
side of it, there cannot be two triangles, not coin-_ 
ciding with another, that have their sides which are 
terminated in one extremity of the base equal to one 
another, and also those which are terminated in the 
other extremity. For it is manifest from Cor. 1. that two 
such triangles would wholly coincide with one another. 

Cor. 3. Ifa given finite straight line be bisected, 
the straight lines which join the point of bisection, 
and any other points that are equidistant from the 
two extremities of the given line, shall be at right 
angles to the given line, and shall themselves be in 
one and the same straight line. 

Let the point B be equidistant from the extremities 


A 


D 
A, D, of the given finite straight line 4D, which is 
bisected in E. BE is at right angles to AD. 
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For suppose BA and BD to be drawn : then (hyp.) 
BA=BD and EA=ED, and EB is common to the 
two 2x BEA, BED ; therefore (Cor. 1.) the L BEA 
= L BED; that is (Def. 13.) each of the z BEA, 
BED, is a right angle. And, if C be any other point 
that is equidistant from A and B, it may in like 
manner be shewn that CE is at right angles to 4D. 
Therefore, also, (Th. 2. and Th. 3.) BE and CE are 
in one and the same straight line, whether the points 
B and C be on the same side, or on contrary sides, 
of the given line AD. 


THE 


Zlements of Plane Geometry. 


Boox I. Cnuarrzz Il. 
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SECTION II. 


On the comparison of triangles and parallelograms, 
upon the same base, or upon equal bases, and be- 
tween the same parallels. 


—0— 


DerFinition XX. 


OF quadrilateral plane figures, that is, of plane figures 
contained by four straight lines, a Parallelogram is 
that of which the opposite sides are parallel: and the 
Diameter of a Parallelogram is the straight line 
joining the summits of any two of it's opposite 
angles. 


THEOREM XXV. 


The two triangles, into which a parallelogram is 
divided by its diameter, are equal to one another. 


Comparison of Triangles and Parallelograms, &c. 69 
Let ACDB be a parallelogram, of which 4D and 


A B 


C D 


BC are the diameters. The A ABC = A BCD, 
and the A ACD = A ABD. 

Because AB is parallel to CD, and BC meets 
them, the 4 ABC = L BCD (Th. 10.); likewise, 
because AC is parallel to BD, and BC meets them, 
the 4 ACB= LCBD ; therefore the two A ABC, 
BCD have two angles of the one equal to two angles of 
the other, each to each, and the side BC, which is ad- 
jacent to the equal angles, is common to both ; there- - 
fore (Th. 19.) the A ABC =A BCD. In the same 
manner it may be shewn that the A ACD = A ABD. 
Wherefore, the two angles, &c. a. E. D. 


Con. 1. The opposite sides and angles of paral- 
lelograms are equal to one another. 

For if ACDB be a parallelogram, and if BC be 
it’s diameter, it is manifest from the demonstration, 
and from Th. 19. Cor. 1. that 4B = CD, AC — 
BD ; and it follows from Def. 20. and Th. 10. Cor. 6, 
that the opposite angles of parallelograms are equal to 
one another. 


. Cor. 2. A parallelogram is double of either of the 
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_ two triangles into which it is divided by either of it’s 
diameters. 

Cor. 3. Either of the two triangles into which 
a parallelogram is divided by one of it’s diameters, is 
equal to either of the two triangles, into which it is 
divided by the other. 

For let G be the point it which the two diameters 
AD, BC, of the C3 ACDB cut one another: then 
since (Cor. 1. 4B- CD, and (Th. 10.) the L ABG 
= L GCD, and the L BAG — L GDC, therefore 
(Th. 19.) the / AGB= A CGD; but the A AGB, 
together with the A AGC, makes up the whole 
A ABC, and the A CGD together with the same 
A AGC, makes up the whole A ACD: it is mani- 
fest, therefore, that the A 4BC = A. ACD ; and it- 
has been shewn that the A 4BC — A BCD, and that 
the / ACD = A. ABD; wherefore either of the two 
£x ABC, BCD is equal to either of the two 2 ACD, 
ABD. 

Cor. 4. If a straight line, CB be divided into 
any number of equal parts CD, DE, &c. and from it’s 
points of division any parallels CF, DH, EK, &c. 
be drawn to meet another straight line, FG, they 
shall divide that straight line into equal parts, FH, 
HK, &c. 

If FG be parallel to 4B, this is manifest from 
the first corollary; but if FG be not parallel to 
AB, from C, and D, let CL and DM be supposed 
to be drawn parallel to FG; therefore (Th. 10.) the 
LEDM= | DCL, and the L DEM= 1. CDL ; and 
(hyp.) CD = DE, therefore (Th. 19. Cor. 1.) DM = 
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CL; but (Th. 25. Cor. 1.) HK=DMand FH z CL; 


therefore FH = HK; and in the same manner, may 
the other parts, into which FG is divided by the 
parallels, be shewn to be equal to one another aud to 
FH or HK; whether AC and AF be, respectively, 
amongst the equal parts into which 4B and AG are 
divided or not. l 

Cor. 5. Hence, conversely, if two straight lines 
AB, AC, which meet one another, be each divided 
into any the same number of equal parts, 4C; CD, 
&c., and AF, FH &c., or if any two straight lines CB, 
FG, which do not meet, be each divided into any the 
same number of equal parts, beginning from C and 
F, then the straight lines (CF, DH, EK, &c.) which 
| Join the corresponding extremities of the correspond- 
ing parts shall be parallel to one another. 

For if DH be not parallel to CF, let DP be 
parallel to CF; therefore (Cor. 4.) 4F— FP; but 
(hyp.) AF—- FH; -. FH — FP ; i.e. the less is equal 
to the greater, which is impossible; wherefere DP is 
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not parallel to CF; therefore no line but DH. is 
parallel to CF: and in the same manner it may be 
shewn that EK is parallel to DH; and therefore 
(Th. 9. Cor.) CF, DH, EK, &c. are all parallel to 


one another. 


SCHOLIUM. 


It is manifest, from the fourth corollary of 'Th. 25, 
that a given straight line may be supposed to be di- 
vided into any assigned number of equal parts; it 
being plainly possible for any number of parts equal 
to one another to be taken 1n any assumed indefinite 
straight line, and for straight lines to be drawn (Schol. 
Def. 14.) parallel to one another. 

Also, since (Th. 25. Cor. 1.) the opposite sides and 
angles ofa parallelogram are equal to one another, if two 
adjacent sides of a parallelogram be equal, as they 
evidently may be, all it's sides will be equal; and if 
one of it's angles be a right angle, it is evident from 
Th. 10, that all it's angles will be right angles: Now 
if two given finite straight lines meet one another, so 
as to make any angle whatever, it 1s manifestly 
possible, for two straight lines to be drawn, one from 
the end of the one given line, the other from the end 
of the other, parallel, each to each, to the given lines; 
and since (Th. 8. Cor. 1.) the two straight lines, so 
drawn, will meet one another, there may, therefore, 
be four-sided figures, which have all their angles right 
angles, and some of them may be equilateral, and 
others not equilateral: there may, also, be equilateral 
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four-sided figures, none of the angles of which are 
right angles. Hence, the following definitions may 
be laid down, in order further to distinguish the dif- 
ferent kinds of quadrilateral figures, from one another. 


Der. XXI. 


A Rectangle is a quadrilateral figure which has 
all it’s angles right angles: and_it is said to be con- 
tained by the two sides about any one of it’s angles. 

Cor. A rectangle is (Th. 10. and Def. 20.) a 


parallelogram. 


XXII. 


Àn equilateral rectangle is called a Sguare. 


XXIII. 


A rectangle which is not equilateral is called an 


Oblong. 


XXIV. 


A Rhombus is a quadrilateral figure, which has all 
it’s sides equal, but it’s angles are not right angles. 


XXV. 


A Rhomboid is a quadrilateral figure, which has 
it’s opposite sides equal to one another, but which has 
not all it’s sides equal, nor all it's angles right angles. 

K 
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XXVI. 


All other quadrilateral figures are called Tra- 
peZtUmSs. 


SCHOLIUM. 


. It is easily proved, by the help of Th. 24. Cor. 1. 
and Th. 5, that a rhombus, and a rhomboid, are 
parallelograms. So that all the quadrilateral figures, 
above defined, excepting the trapezium, are different 
kinds of parallelograms. 


THEOREM XXVI. 


If two parallelograms have two adjacent sides of 
the one equal to two adjacent sides of the other; each 
to each, and have the angles contained by those sides 
also equal, the two parallelograms shall be equal to 

one another. 


Let ACDB, acdb be two parallelograms which 
A. _B a b 


€ D C d 


have the sides 4C =ac, CD —cd, and the ACD = 
Lacd: theca ACDB =O acdb. 

For, (Def. 20.) BD is parallel to 4C and bd is 
parallel to ac; therefore (Th. 10.) the. ACD + 
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L CDB is equal to two right angles, as is also the £ acd 
+ Lcdb; therefore the L ACD + 4 CDB= Lr acd 
+ Lcdb; but (hyp.) the £ ACD = L acd; there- 
fore the L CDB = L edb: In the same manner it 
may be shewn that the 4 DBA= / dba, and the 
LBAC= L bac; if therefore the C acdb be applied 
to the CI ACDB, so that the point c may fall on C, 
and ca on its equal CA, it is manifest, that the 
[L3 acd b will coincide with the c34CD B ; therefore 
the Macdb= c3 ACDB;; therefore if two paral- 
lelograms, &c. e. E. p. 

Cor. 1. From the demonstration it is evident 
that if two parallelograms have an angle of the one 
equal to an angle of the other, the remaining angles 
of the one shall be equal to the remaining angles of 
the other, each to each. 

Cor. 2. Two squares, which have a side of the 
one equal to a side of the other, are equal to one 
another. 

For (Def. 22. Def. 21. Cor.) squares are equilateral 
right-angled parallelograms. 

Con. 3. The straight line drawn from the bisection 
of any side of a parallelogram parallel to either of the 
adjacent sides, divides the — into two equal 
parts. 

From the bisection E of the © ACDB, let EF 
be drawn parallel to 4C or BD: EF bisects the 
CI ACDB. 

For (Th. 9. Cor. 1.) if EF be parallel to one of 
the two parallel straight lines it is parallel to the other 
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also ; therefore the figures 4EFC, EBDF are paral- 
lelograms; therefore (Th. 25. Cer. 1.) E.F=BD, also 
(hyp.) AE = E B, and (hyp. and Th. 10.) they AEF 
= L EBD; therefore the D 4EFC= O ERDF. | 

In the same manner it may be shewn, if HK be 
drawn from the bisection H of AC, parallel to 4B or 
- CD, that the © AHKB = c3 HCDK. | 

Cor. 4. The c A4HKB is equal tothe ACFE. 

For (Cor. 3.) the ri HCFG = r3 AHGE, and 
likewise the cà EGKB =Œ AHGE; therefore 


(Def. 12. Cor. 1.) the O HCFG = 0 EGKB; but 
the C1 EGKB together with the O 4H GE makes 
up the whole Ca AHKB, and the C31 HCFG together 
with the same O AHGE makes up the whole 
co ACFE; therefore the O A4HKB = 0 ACFE. 
Wherefore, also, either of the 14H K B, HCDK, is 
equal to either of the D ACFE, EFDB. , 


THoeorem XXVII. 


Either of the two triangles, into which a paral- 
lelogram is divided by either of is diameters, is 
equal to either of the two parallelograms, into which 
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itis divided by a straight line drawn from the bi- 
section of any of it’s sides, parallel to either of: the 
two adjacent sides. | 

Let ACDB be a parallelogram, of which BC is 
a diameter, and let EF be drawn from the bisection 


E, of AB, parallel to 4C or BD: the A ABC = 
c3 AEFC. 

For, let G be the point in which BC cuts EF; 
and since 4EFC is a parallelogram, therefore (Th. 
25. Cor. 1.) CF= AE; also (hyp.) EB= AE; there- 
fore CF= EB; again, because AB is parallel to. CD, 
therefore (Th. 10.) the L BEG = L GFC, and the 
L EBG= L GCF; therefore (Th. 19.) the A EGB 
= A FGC; but the A EGB together with the 
figure AEGC makes up the whole A ABC, and the 
£X FGC together with the same figure 4EGC, makes 
up the whole (1 AFFC; therefore the ^; ABC= 
[I 4EFC: and the A ABC is equal (Th. 25.) to 
the A. BCD, and (Th. 25. Cor. 3.) to either of' the 
two triangles into which the 71 ACDB is divided by 
its other diameter: also, the C1 AEFC is equal 
(Th. 26. Cor. 3. and 4.) to the CJ EBDF, and to 
either of the parallelograms into which the O 4C DB 
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is divided by a straight line drawn from the bisection 
of AC, parallel to 4B or CD; therefore either of the 
two triangles, &c. q. E. D. 


THEOREM XXVIII. 


Parallelograms upon the same base and between 
the same parallels are equal to one another. 


Let the m AC, FB, be upon the same base BC 


A E D F A D E 
B C. B C 


and between the same parallels AF, BC; the (AC 
= FB. 

First, if the sides 4D, DF of the m 4C, FB, 
opposite to the base BC, be terminated in the same 
point D, then, AC and FB are, each of them double 
(Th. 25. Cor. 2.) of the same A DBC; therefore 
(Def. 12. Cor. 1.) the [3 4C = r3 FB. 

Secondly, if the sides 4D, EF, opposite to the 
base BC of the m AC, FB, be terminated each 
within the other, then because ABCD is a paral- 
lelogram, 4D (Th. 25. Cor. 1.) is equal to. BC; for 
the same reason EF = BC; therefore AD = EF; 
and DE is common; therefore (Def. 12. Cor. 3.) AE 
— DF; also 4B — DC; and (hyp. and Th. 10.) the 
C EAB of the A AEB, is equal to the L FDC of 
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the ` DFC; therefore (Th. 20.) the A 4EB = 
A DFC; and EBCD is common to the two m AC, 
FB ; it is manifest, therefore, that the [Z1 ABCD may 
be applied so that it's parts, taken together, shall coin- 
eide with the C1 EBCF; therefore the 1 ABCD= 
CI EBCF. 

Lastly, let the sides 4D, EF opposite to the base 
BC, of the D AC, FB, lie wholly without one an-. 


other, and let BE cut CD in the point P: let DG 


be drawn parallel to EB or FC, and GHIK parallel 
to AF or BC, cutting DC in H, EB in I, and FC 


in K; again, let HL be drawn parallel to EB or FC, 


and LN parallel to 4F or BC, and so on; also let 
E, K be joined: then since (hyp.) DGKF is a paral- 
lelogram, therefore (Th. 25. Cor. 1.) DG = FK ; for 
the same reason, 4D = BC, and EF=BC; therefore 
AD=EF;.and (hyp. and Th. :0.) thez ADG, of 
the A 4DG,— L EFK, of the {~ EFK; therefore 
(Th. 20.) the A 4DG = A EFK; but (Th. 25. 
Cor. 2.) the C31 44H is double of the A ADG, and 
the [71 FT is double of the A. EFK.: therefore the 
[1 AH = C3 FT; and in the same manner it may be 
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shewn, that the LC GM — [3 IN; and so on; until 
at last there will remain: two parallelograms on the 
same base BC, and having their sides opposite to 
BC terminated in P, or else terminated each within 
the other; the which parallelograms, as hath been 
demonstrated, are, also, equal to one another; there- 
fore the whole C ABCD is equal to the whole 
r3 EBCF; therefore parallelograms upon the same 
base, &c. @. E.D. 


T HEOREM XXIX. 


Parallelograms upon equal bases and between the 
same parallels are equal to one another. + 


Let ABCD, EFGA be parallelograms upon equal 


bases BC, FG, and between the same parallels 4H, 
BG; the C1 ABCD is equal to the C3 EFGH. 
Suppose BE, CH, to be drawn ; then, BC = FG, 
and. (Th. 25. Cor. 1.) FG=EH; therefore BC= 
EH; and they are parallels, and joined towards the 
same parts by the straight lines BE, CH: but straight 
lines which join. equal and parallel straight lines 
towards thé same parts, are (Th. 10, Cor. 4.) them- 
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selves equal and parallel; therefore E B, CH are both 
equal and parallel, and EBCH is a parallelogram ; 
and it is equal (Th. 28.) to ABCD, because it is upon 
the same base BC, and between the same parallels 
BC, AD: For the like reason, the cj EFGH is 
equal to the same EBCH ; therefore also the 
ABCD is equal to EFGH. Wherefore paral- 
lelograms, &c. a. E. n. 

Cor. Equal parallelograms which are between 
the same parallels, and not upon the same base, are 
upon equal bases. 

Let the m BD, FH be between the same vendidi 
AH, BG, but not upon the same base, and let the 
r3 BD =0 FH: then the base BC is equal to the 
base FH. 

For if not, one of them is the greater; let BC 
2 FG; from BC let BK be supposed to be cut off 
equal to FG, and let KL be drawn parallel to BA; 
therefore (Th. 29.) the C1 4K —LC3 EG; but (hyp.) 
the 4C =O EG; therefore the [1 AC is equal 
to the [1 AK, the greater to the less; which is 
impossible; therefore BC cannot be unequal to FG, 
that is, BC = FG. 


THEoREM XXX. 


Triangles upon the same base, or upon equal bases, 
and between the same parallels, are equal to one 
another. 


First, let the 2 ABC, DBC, be upon the same 
L 
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base BC and between the same parallels 4D, BC: 


E.— H8 Dec ecu 


the A ABC=A DBC. | 

For from B and C let there be drawn BE parallel 
to BA, and CF parallel to BD, meeting AD pro- 
duced in the points # and F; therefore each of the 
figures EBCA, DBCF is a parallelogram; also let 
G be the bisection of BC, and from G let GH be 
drawn parallel to CA or BE, aud let GK be drawn 
parallel to BD or CF; then (Th. 27.) the ^. ABC 
= © EBGH, and (Th. 28.) the EBGH = 
C DBGK; but (Th.27.) thec DBGK = A DBC; 
therefore the A ABC=A DBC. 

And, in the same manner, by the. help of the 
twenty-ninth theorem, it may be shewn that triangles 
upon equal bases, and between the same parallels are 
equal to one another. Wherefore, triangles upon the- 
same base, &e, @. E. D. 

Con. 1. It is manifest, from the demonstration, 
that a triangle is equal to any parallelogram upon the 
half of it's base and between the same parallels. 

Cor. 2. If two triangles ABC, ADC, be upon 
unequal bases, and between the same parallels VX 
and YZ, that which is upon the greater base DC, 
shall be the greater. 
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For if from CD, the greater CE be supposed to 
be cut off equal to €B the less, and if 4, E be 


Y A Z 


V—i H B} C ED F X 
joined, then the whole AC ADC is greater than, its 
part, the A. AEC; which (Th. 30.) is equal to the 
s ABC; therefore the A ABC > A ADC. 


SCHOLIUM. 


Hence, if any number of straight lines BH, &c. be 
taken equal to BC, and ifany number DF, FG, &c. be 
taken each equal to CD, and if 4H and AG be drawn, 
it follows that if CG= CH, the a ACG = A ACH; 
if CG < CH, the A ACG < AACH; and if CG 
> CK, the A ACG > & ACK. 

And, in like manner, may the same property be 
shewn to belong to parallelograms that are upon un- 
equal bases and between the same parallels. 

By means of Th. 30, a triangle may be found 
which shall be equal to any given rectilineal figure 
ABCDE. For let any one of it’s sides as CD be 
produced both ways;’ let AC and AD be drawn; 
through B and Æ let there be drawn BF parallel to 
AC, and EG parallel to 4D, meeting CD produced 


in Fand G; and let AF and AG be drawn. 
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Then since (Th. 30.) the A AFC = n ABC, 
and the A AGD = A AED, if the A ACD be 


added to the aggregates of these equals, it is plain that 
the whole A. AFG is equal to the rectilineal figure 
ABCDE. 


La 


THEOREM XXXI. 


Equal triangles, upon the same base and upon the 
same side of it, or upon equal bases in the same 
straight line, and towards the same parts, are between 
the same parallels. 


First, let the equal 7 4BC, DBC be upon the 
same base BC, and upon the same side of it; they 
are between the same parallels. 


Suppose 4D to be drawn; AD is parallel to BC; for 


A D A | D 
<o 


B C B C E F 


if it is not, suppose AE to be drawn parallel to BC, 
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and E, C to be joined. Then (Th. 30.) A ABC = 
£x EBC; but (hyp.) the A ABC= A DBC; there- 
fore the A. DBC is equal to the A EBC, the greater 
to the less; which is impossible; therefore AE is 
not parallel to BC: and in the same manner it can 
be shewn that no other line but 4D is parallel to 
BC; AD is, therefore, parallel to it. 

Secondly, let the equal 2A ABC, DEF be upon 
equal bases BC, EF, in the same straight line BF 
and towards the same parts; they are between the 
same parallels. 


Suppose AD to be drawn; 4D is parallel to.B C ; for 
if it is not, suppose AG to be drawn parallel to BC, 
and G, C to be joined. Then, (Th. 30.) the A 4BC 
= A GEF; but (hyp.) the A ABC = A DEF; 
therefore the A DEF is equal to the A GEF, the 
greater to the less; which is impossible; therefore 
AG is not parallel to BC: and, in the same manner 
it can be shewn, that no other line but 4D is parallel 
to BC; therefore 4D is parallel to BC. Wherefore, 
equal triangles, &c. Q.E.D. 


THEOREM XXXII. 


If a parallelogram and a triangle be on the same 
base and between the same parallels, the paral- 
lelogram shall be double of the triangle. 


For (Th. 30. Cor. 1.) the triangle is equal to any 
parallelogram upon the half of it's base and between 
the same parallels with it, and therefore, (Th. 26. 
Cor. 3.) it is equal to the half of the parallelogram 
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whieh is on the same base, and between the same 
parallels; that is, the parallelogram is the double of 
the triangle which is on the same base and between 
the same parallels. @. E. p. 


Turorem XXXIIHL | 


The complements of the parallelograms which are 
about the diameter of any parallelogram, are equal 
to one another. 

Let ABCD be a parallelogram, of which the 
diameter is 4C, and EH, FG, the parallelograms 


A. H D 


about AC, and BK, KD, the other parallelograms, 
making up the whole figure, 4BCD, and which are 
called the complements: the complement BK is equal 
to the complement K D. 

Suppose HI and EL to be drawn parallel to 4C; 
therefore (Th. 8. Cor. 1.) they will cut DC; let EL 
cut HG in N, BC in M, and DC, produced, in L: 
therefore the figures 4HK E, AK NE, HDFK,HICK, 
KCLN, EKCM, and EKGB, are parallelograms ; 
therefore (Th. 25. Cor. 1.) HK = AE, and KN=AE, 
therefore HK = KN, and (Th. 29.) the O HDFK = 
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C3 KCLN: again, (Th. 25. Cor. 1.) EK = MC, and 
KN = CL; also (Th. 10. Cor. 6.) the L EKN = 
L MCL, therefore (Th. 20.) then EKN — A MCL; 
but the A EKN, together with the figure VKCM, 
makes up the [21 EKCM, aud the A MCL together 
with the same figure MKCM, makes up the [1 
KCLN ; therefore (CG EKCM =a KCLN ; also 
(Th. 28.) the O EKBG = EKCM; and it has 
been shewa that the C3 2D FK = c1 KCLN ; there- 
fore the cj EKBG = r3 HDF; therefore the 
eomplements, &c.  Q. E. D. 


SCHOLIUM. 


By the help of Th. 33, it is easy to shew the 
possibility of applying to any side (4D) of a given 
L3 ABCD, a parallelogram, which shall have it's 
angles equal to the angles of ABCD, each to each, 
«nd which shall be equal to another given [144 E FG. 

For, let the two given parallelograms be supposed 


A E Mi B. 


to be placed so as that their bases 4E and 4B may 
be in the same straight line and have a common ex- 
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tremity 4. Let CD, produced, if it be necessary, 


meet EF in H, and AG in K; let AH be drawn and. 
let it meet GF, produced, in L; also, through JL, 


let LM be drawn parallel to FE, or to GA, and let it 


meet 4B in M; lastly, through M let MN be drawn 
parallel to AD or to BC; therefore (Th. 10.) the 
C1 4N is equiangular with the O AC; and (Th. 33.) 
‘the c1 GH = c3 HM ; therefore GE = c3 KM; 
and (Th. 28.) the O KM = L3 DM ; therefore the 
r3 DM —r3GE. And since (Th. 30. Cor. 1.) a 
parallelogram may always be found, which shall be 
equal to a given triangle, it is further manifest, that 
to any side of a given parallelogram, there may be 
applied a parallelogram equiangular with it, and which 
shall be equal to a given triangle. 

Also, since (Schol. to Th. 30.) a triangle may be 
found, which shall be equal to any given, rectilineal 
figure, it is evident that two equiangular parallel- 
ograms, having a common side, may be found that 
shall be equal to any two given rectilineal figures, 
each to each. 


THE 
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SECTION III. 


On the primary relations of the sides, angles, and 

Surfaces of plane rectilineal figures that are con- 

tained by more than three sides, whether the 
figures be parallelograms or not. 


— 
DEFINITION XXVII. 


A POLYGON is a plane rectilineal figure contained by 
more than four sides. 


THEOREM XXXIV. 


| Any side of a plane rectilineal figure, contained 
by more than three sides, is less than the remaining 
sides taken together. . 
~M 
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First, let 4BCD be a plane figure contained by 


A. D 


B C 
four sides; any of it's sides, as 4D, is less than the 
remaining sides 4B, B C, CD, taken together. 

For suppose BD to be drawn; then (Th. 17.) 
AB+BD>AD, and BC+ CD > BD; much more, 
then, 4B + BC+ CD > AD. And, in the same 
manner, it may be shewn that any side of a polygon 
is less than the remaining sides taken together. 
Therefore, any side, &c. a. E. D. 


THEOREM XXXV. 


All the interior angles of any plane rectilineal 
figure, contained by more than three sides, together 
with four right angles, are equal to twice as many 
right angles as the figure has sides. — 


Let DEFBC be any plane rectilineal figure, con- 
tained by more than three sides; all it’s interior 
angles, together with four right angles, are equal to 
twice as many right angles as the figure has sides. 

For, take any point A within the figure, and from 
A suppose straight lines to be drawn to each of the 
angular points B, C, D, E, F, of the figure: thus 
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will the figure DEFBC be divided into as many 


triangles as it has sides: and (Th. 12.) all the angles 
of these triangles are equal to twice as many right 
angles as there are triangles, that is, as there are sides 
of the figure ; but these same angles make up all the 
angles of the figure, together with all the angles at 4, 
that is (Def. 13. Cor. 5.) together with four right angles. 
Therefore all the angles of the figure, together with 
four right angles, are equal to twice as many right 
angles as the figure has sides. 

Cor.,1. All the interior angles of any quadrila- 
teral rectilineal figure are together equal to four right 
angles: and if three of the angles of such a figure be 
right angles, or be together equal to three right angles, 
the fourth shall also be a right angle. 

Con. 2. If all the angles but one, of any recti- 
lineal figure, contained by more than three sides, be 
together equal to all the angles but one of another 
rectilineal figure, contained by the same number of 
sides, the two remaining angles shall be equal to one 
another. 

Con. 3. All the exterior angles of any rectilineal 
figure AC are together equal to four right angles. 
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Because every interior L 4B C, with it's adjacent ex- 
terior L ABD, is equal (Def. 13. Cor. 2.) to two right 


Pd 


angles, therefore, all the interior together with all the 
exterior angles of the figure, are equal to twice as many 
right angles as the figure has sides, that is,. (Th. 35.) 
to all the interior angles of the figure, together with 
four right angles; take away, from each of these equal 
aggregates, all the interior angles of the figure, and 
there remain all the exterior angles equal to four 
right angles. 

Cor. 4. If two polygons be each of them equi- 
lateral and, equiangular and have the same number of 
sides, any angle of the one shall be equal to any 
. angle of the other. 

For (hyp. and Th. 35.) the aggregate of all the 
interior angleg of the one is equal to the aggregate of 
all the interior angles of the other: and (hyp.) each 
of these equal aggregates 1s made up of the same 
number of equal angles; wherefore any angle of the 
one is equal to any angle of the other. 

Cor. 5. If two equilateral and equiangular po- 
lygons have the same number of sides, and have, also, 


~. 


Primary relations, &c. of Plane Rectilineal Figures. 93 


any side of the one equal to any side of the other, 
the two polygons shall be equal to one another. 

For (Cor. 4.) their angles are equal, each to each, 
as well as their sides ; it is plain, therefore, that either 
of the two figures may be applied to the other, so as 
wholly to coincide with it. 


SCHOLIUM. 


The unlimited space about a given point, may, 
without any absurdity, be supposed to be divided into 
any number of equal angles, having that point for 
their common summit; in the straight lines contain- 
ing these angles, points may be supposed to be taken 
equidistant from the common summit; and then it 
is plain, from Th. 20, that the straight lines, joining 
the points so taken, will.contain an equilateral and 
equiangular polygon. There may, therefore, be such 
figures as those which form the subjects of the two 
immediately preceding corollaries. In the latter of 
these corollaries the surfaces of two polygons are 
shewn to be equal in a particular case. But in general, 
the surfaces of polygons are to be estimated by di- 
viding them into triangles. 


Glements of Plane Geometry. 
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CHAPTER III. 
ON THE PRIMARY RELATIONS OF THE STRAIGHT LINES 
WHICH MEET CIRCLES, AND OF THE CHORDS, ARCHES, 


ANGLES, AND SURFACES, OF CIRCLES, IN RESPECT OF 
POSITION, AND OF EQUALITY OR INEQUALITY. 


BA o en 


SECTION I. 


On the place of the centre in a gien circle. 


PPPIP PLT 


Derinirion XXVIII. 


Ir a finite straight line be supposed to revolve, in 
any the same plane, about one of it’s extremities, that 
is fixt, until it return to the place whence it began to 
move, the surface, which the revolving line may be - 
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supposed thus to have passed over, is called a Circle; 
also the linear space which the moving extremity of 
the revolving line may be supposed thus to have 
passed over, is called the Circumference; and the 
fixt point, about which the finite straight line is 
supposed to revolve, is called the Cenfre. 

Cor. 1. A circle is, therefore, a plane figure, 
contained by one line, namely the circumference ; 
and all straight lines, drawn from the centre to the 
circumference, are equal to one another. 

Cor. 2. The circumferences of equal circles are 
equal to one another. 


SCHOLIUM. 


What is above deduced, in the first corollary, from 
the definition of a circle, is laid down by Euclid as the 
definition itself. But when he has so defined a circle, 
it becomes questionable whether there can be a plane 
figure having such a property. ‘This possibility, as 
it is not self-evident, ought not to be assumed. 

It seems, therefore, that the definition is better 
founded upon a simple hypothesis, which serves to 
shew how such a figure may be understood to be 
described. And this is the method followed by 
Euclid himself, where he had the same choice of 
methods, in his definition of a sphere. 


Der. XXIX. 


A Segment of a circle is the figure contained by 
a straight line and the part of the circumference 
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which it cuts off; a part of the circumference, thus 
cut off, is caled.an Arch; and the straight line which 
cuts off, or sübténds, an arch, is called a Chord. 
Cor. Any chord of a circle falls within the circle. 
If the chord pass through the centre of the circle; 
it manifestly falls within the circle; for no point in 


it can be further from the centre, than each of it's 
two extremities, which are in the circumference. 

But let the chord ALB, in the circle ACBD, not 
pass through the centre E; and any point F of AB 


having been taken, suppose EA, EF and EB to be 
drawn. And since (Def. 28. Cor.) EA = EB, theré- 
fore (Th. 13.) the L EAB = L EBA: but (Th. 11.) 
the £ EFB > L EAB, and therefore the 2 EFB 
> EBF; therefore (Th. 16.) EB > EF; but the 
extremity B, of EB, is not further from the centre 
than the circumference is; wherefore the extremity 
F of EF is nearer to the centre than the circum. 
ference is; therefore the point F is within the circle: 
and the same may, in the same manner, be shewn of 
any other point of 4B. Wherefore, the whole of 
AB falls within the eircle. 


- 


Place of the Centre in a given. Circle. 97 


Der. XXX. 


A Diameter of a circle is a chord which passes 
through the centre. 

Con. 1. The centre of a circle divides each of 
it’s diameters into two equal parts. 

Cor. 2. A circle is divided by it's diameter into 
two equal parts. 

For if one of the parts, into which any diameter 
divides the circle, were applied to the other, so that 
they might have that diameter for a common 
boundary, it is plain that they would coincide; else 
the straight lines drawn from the centre to the cir- 
cumference could not all be equal. 

Cor. 3. If the diameters, or the halves of the 
diameters, of two circles be equal, the circles them- 
selves shall be equal. 

For if the one circle were applied to the other, so 
that their centres and their planes might coincide, it 
is evident that the circles must wholly coincide with 
one another; else their semidiameters, and there- 
fore also their diameters, could not be equal, as they 
are supposed to be. 

Con. 4. The semi-diameters of equal circles are 
equal to one another ; and therefore, also, their dia- 
meters are equal to one another. 


Der. XXXI. 


A Semi-circle is the’ figure contained by a dia- 
N 
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meter and the part of the circumference cut off by 
the diameter. 


Der. XXXII. 
A Sector of a Circle is the figure contained by 


two straight lines, drawn from the centre, and the arch 
of the circle that is intercepted between them. 


THEOREM XXXVI. 


If a straight line, drawn through the centre of a 
circle, bisect a chord of the circle, which does not 
pass through the centre, tt shall cut it at right an- 
gles; and, if it cuts it at right angles, it shall bisect 


(4 


Let ABC be a circle, of which Æ is the centre; 
and let CD, which passes through the centre Æ, 


A 


ES 


bisect the chord AB, which does not pass through 
the centre, in the point F: CD cuts AB at right 
angles. s 


For (Def. 28. Cor. 1.) the point Æ, in CD, is equi- 
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distant from Æ and B; therefore (hyp. and Th. 24. 
Cor. 3.) the EFA, EFB are right angles. Where- 
fore CD, drawn through the centre E bisecting the 
chord AB, that does not pass through the centre, 
cuts the same at right angles. 

Again, let CD cut AB at right angles in F; then 
(Def. 28. Cor.) the point E, in CD, is equidistant 
from 4 and B ; therefore (Th. 19. Cor. 3.) FA= FB. 
Wherefore, if a straight line, &c. e. E. D. 


TuronEM XXXVII. 


The straight line which bisects at right angles 
any chord of a circle passes through the centre of the 
circle. 

If the chord be a diameter, it's bisection is (Def. 
28. 30.) itself the centre of the circle. 

And if the chord be not a diameter, the centre is 
(Def. 28. Cor. 1.) equidistant from it's extremities; 
the centre cannot, therefore, be out of the straight 
line which bisects the chord at right angles; for if it 
were, it would (Th. 21. Cor.) be at unequal distances 
from the extremities of the chord. Wherefore, the 
straight line, &c.  &. E. D. 


Turorem XXXVIII. 


ff in a circle two straight lines cut one another 
which do not both pass through the centre, they do 
not bisect each the other. 


Let ABCD be a circle, and 4C, BD two straight 
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lines in it which cut one another in the point E, and 


do not both pass through the centre: AC, BD do not 
bisect one another. 

For, if it is possible, let 4E = EC, and BE = ED: 
if one of the lines pass.through the centre, it is plain 
that it cannot be bisected by the other which does 
not pass through the centre: but if neither of them 
pass through the centre, let F be the centre of the 
circle, and join ÆF: and because FE, a straight line 
through the centre, bisects another AC, which does 
not pass through the centre, it shall (Th. 36.) cut it 
at right angles; wherefore FEA is a right angle: 
again, because the straight line FE biseets the 
straight line BD which does not pass through the 
centre, it shall cut it at right angles ; wherefore FEB 
is a right angle: and FEA was shown to be a right 
angle; therefore the ¿ FEA is equal to the FEB, 
the less to the greater, which is impossible: there- 
fore AC, BD do not bisect one another. Wherefore, 
if ina circle, &c. @. E. D. 


THEOREM XXXIX. : 


| Jf a point be taken within a circle, from which 


e* 5*9 «., 
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there fall morethan two equal straight lines to the 
circumference, that point is the centre of the circle. 


— . If from the point A, taken within the circle BDC, 
there fall more than two equal straight lines, namely, 


B 
C 


AB, AC, AD, to the circumference, the point 4 is 
the centre of the circle BDC. 

For suppose BC and CD to be drawn, and to be, 
bisected in Æ and F; suppose also AE and AF 1o be 
drawn. Then since (Th. 24. Cor. 3. and hyp.) AE 
is perpendicular to BC, the centre of the circle is 
(Th. 37.) in £4; in the same manner it may be 
shewn that the centre is also in FA ; therefore, it 1s 
in A, the intersection of EA and FA: for (Def. 8. 
Cor. 1.) EA and FA cannot meet one another in any 
other point than 4. Wherefore, if a point, &c. 
@. E. D. 


THÉ 
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SECTION II. 


On the primary relations of straight lines, drawn 
from. given point, either within or without a 
circle, to the circumference, in respect of position 
and of equality or inequality. 


ra (enm 


THEOREM XL. 


If any point be taken in the diameter of a circle, 
which is not the centre, of all the straight lines which 
can be drawn from it to the circumference, the great- 
est is that in which the centre 1s, and the other part 
of that diameter is the least ; and, of any others, that 
which is nearer to the line which passes through the 
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centre is always greater than one more remote : and 
from the same point there can be drawn only two 
straight lines that are equal to one another, one upon 
each side of the shortest line. 


Ler ABCD be a circle, and AD its diameter, in 
which let any point F be taken which is not the 
centre : let the centre be E; of all the straight lines 
FB, FC, FG, &c. that can be drawn from F to the 
eircumference, FA is the greatest, and FD, the other 
part of the diameter 4D, is the least: and of the 
ethers, FB is greater than FC, and FC than FG. 


Suppose BE, CE, GE, to be drawn; and because 
two sides of a triangle are greater (Th. 17.) than the 


third, B E, EF are greater than BF; but AE=EB; 
therefore AE, EF, that is, AF is greater than BF: 
again, because BE = CE, and FE is common to the 
£x BEF, CEF, the two sides BE, EF are equal to 
the two CE, EF; but the / BEF is greater than the 
L CEF; therefore (Th. 21.) the base BF is greater- 
than the base FC’: for the same reason, CF is greater 
than GF: again, because GF, FE are (Th. 17.) 
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greater than EG, and EG — ED; GF, FE are greater 
than ED: take away the common part FE, and the 
remainder GF is greater than the remainder FD: 
therefore FA is the greatest, and FD the least of all 
the straight lines from F to the circumference; and 
BF is greater than CF, and CF than GF. 

Also there can be drawn only two equal straight 
lines from the point F to the circumference, one upon 
each side of the shortest line FD: at the point E in 
the straight line EF, let the £ FEH be supposed to be 


made equal to the 2 GEF, and FH to be drawn: then 
because GE = EH, and EF is common to the two 
Ay GEF, HEF; the two sides GE, EF are equal 
to the two HE, EF; and the GEF = 4 HEF; 
therefore (Th. 20. Cor.) FG - FH: but, besides FH, 
no other straight line can be drawn from F to the cir- 
cumference equal to FG; for, if there can, let it be 
FK; and because FK — FG, and FGz FH, FK 
FH; that is, a line nearer to that which passes 
through the centre, is equal to one which is more 
remote ; which is impossible. "Therefore, if any point 
be taken; &c. Q.E.D. 


Turorem XLI. 
Of the straight lines, which are drawn from any 


point without a circle to the concave circumference, 
the greatest is that which passes through the centre ; 
and of the rest, that, which is nearer to the straight. 
line that passes through the centre, is greater than 
the more remote. 
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Let ABC be a circle, and D any point without it, 
from which let the straight lines DA, DE, DF, 
DC be drawn to the concave circumference AE FC, 
whereof DA passes through the centre. The greatest 
is AD which passes through the centre; and the 
nearer to it is always greater than the more remote, 
viz. DE than DF, and DF than DC. 

Let M be the centre of the circle 4B C, and suppose 


— 00 9 


ee SNL. c 


ME, MF, MC, MK, ML, MH, to be drawn; ànd 


NE x 
because AM = ME, add MD to each, therefore A D 
is equal to EM, MD; but EM, MD are greater 
(Th. 17.) than ED; i.e. AD is greater than ED: 
again, because ME = MF, and MD is common to the 
as EMD, FH D; EM, MD are equal to FM, MD; 
but the 2 EMD is greater than the L FMD; therefore 
(Th. 21.) the base ED is greater than the base FD: 
O 
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in like manner it may be shewn that FD is greater than 
CD; therefore DA is the greatest; and DE greater 
than DF, and DF than DC. Therefore, of the 


straight lines, &c. e. E. D. 


Turorem XLII. 


_. Of the straight lines, which are drawn from any 

point without a circle to the convex circumference, the 
least is that which being produced passes through the 
centre; and of the rest, that, which is nearer to the 
least, is less than the more remote: and only two 
equal straight lines can be drawn from the point to 
the circumference, one upon each side of the least. 


* Let ABC be a circle and D any point without it, 
from which let the straight lines DG, DK, DL, DH 
be drawn tothe convex circumference, whereof DG 
produced passes through the centre: of these the 
least is DG; and the nearer to it is always greater 
than the more remote, viz. DK than DL, and DL 
than DH. | 

Let M be the centre of the circle and suppose 
MK, ML, MH, to be drawn and DG to be produced 
to M. 

Then because MK, KD (Th. 17.) are greater 
than MD and MK = MG, the remainder KD is 
greater than the remainder GD, that is, GD is less 
than KD: and because WK, DK are drawn to the 


* See the figure in p. 105. 
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point K within the triangle MLD from M, D, the 
extremities of its side MD, MK, KD, are less than 
ML, LD, whereof MK- ML; therefore the re- 
mainder DK is less than the remainder DL: in like 
manner it may be shewn, that DL is less than DH: 
therefore DG is the least, and DK less than DL, and 
DL than DH. 

Also there can be drawn only two equal straight 
lines from the point D to the circumference, one 
upon each side of the least: at the point M, in the 
straight line MD, suppose: the 4 DMB to be made 
equal to the 4. DMK, and DB to be drawn: and 
because .WK = MB, and MD is common to the 
i. KMD, BMD, the two sides KM, MD, are equal to 
the two BM, MD; aud the L KMD = L BMD; 
therefore (Th. 20. Cor.1.) DK = DB: but, besides DB, 
there can be no straight line drawn from D to the 
circumference equal to DK: for, if there can, let it 
be DN; and because DK is equal to DN, and also 
.to DB; therefore DB= DN, that is, the nearer to 
the least 1s equal to the more remote, which is im- 
possible. Therefore, of the straight lines, &c. a. E. D. 
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SECTION III. 


On the primary relations of the chords of a circle, in 
respect of position and of equality or inequality. 


DEFINITION XXXIII. 


"STRAIGHT lines are said to be equally distant from 
the centre of a circle, when the perpendiculars drawn | 
to them from the centre are equal: and the straight 
line, on which the greater perpendicular falls, 'is said 
to be farther from the centre. 
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THeoremM XLIII. 


Equal chords in a circle are equally distant from 
the centre; and chords which are equally distant from 
the centre are equal to one another. 


Let the chords 4B, CD, in the circle ABCD be 
B D 


equal to one another : they are equally distant from 
the centre. 


Let Æ be circle’s centre, and from Æ suppose EF 


and EG to be drawn at right angles to 4B and CD, 
and E, A and E, C to be joined. Then (hyp. and 
Th. 36.) AB is bisected in F and CD in G; but 
(hyp.) 4B— CD ; therefore, (Def. 11. Cor. 6.) AF= 
CG; also (Def. 28. Cor. 1.) £4 — EC, and the 4 EFA, 
EGC being right angles are (Th. 2.) equal to one 
another; and (Th. 11. Cor. 3.) the other angles of the 
two 2. AFE, CGE are acute angles; therefore 
(Th. 23. Cor.) EF — EG; i. e. (Def. 33.) AB and 
CD are equally distant from the centre, E, of the 
circle. 


Again, if the chords 4B, CD be equally distant 
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from £ the centre, i. e. if the perpendiculars EF, 
EG, be equal to one another, then 4B— CD. 

For, the two right-angled A AFE, CGE, having 
the sides AE, EF, equal to the sides CE, EG, each 
to each, AF (Th. 23. Cor.) is equal to CG. And 
it may be shewn, as before, that 4B and CD are the 
doubles of AF and CG. Therefore AB — CD. There- 
fore, equal chords, &c. @. E. p. 


Tueorem XLIV. 


The diameter is the greatest chord in a circle; 
and of all others, that, which is nearer to the centre 
us greater than the more remote; and the greater is 
nearer to the centre than the less. 


Let ABCD be a circle, of which Æ is the centre, 
and AD a diameter; and let the chord BC be nearer 


to E than is the chord FG; AD is greater than any 
chord, which is not a diameter, and BC is greater 
than FG. . 

From £ suppose EB, EC and EF to be drawn, and 
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also EK and EA at right angles to FG and BC 
respectively. And since EHA=EB and ED = EC, 
EA+ED, or AD,=EB+BC; but (Th. 17.) EB 
--BC» BC; therefore 4D > BC. 

Again, since (hyp.) BC is nearer than FG to E, 
EH< EK; and they BHE, FKE, of the a EH B, 
EKF, are right angles, and (Def. 28. Cor.) EB = 
EF; therefore, (Th.20. Cor. 3.) BH > FK; and 
(hyp. and Th.36.) BC and FG are the doubles of 

BH and FK; therefore BC FG*. | 
Lastly, if BC> FG, its half BH 2 FK, the half 
of FG; therefore (Th. 20. Cor.3. EH« EK; i.e. 
BC is (Def.30.) nearer to the centre than FG. 
Therefore, the diameter, &c. @. E. D. 


pe"-————— —— RHENUM GERD ECCE 


* This may also be proved, by supposing a part equal to EH 
to be cut off from EK, and a chord to be drawn through the ex- 
tremity of that part at, right angles to EK; which chord will 
(Th. 43.) be equal to BC, and (Th. 21. and Def. 28. Cor. 1.) greater 
than FG. Wherefore, also BC> FG. 


Elements of Blane Geometry. - 


Boox I. Cuaprer III. 


SECTION IV. 


On the mutual contact of a straight line and a 
i circle. 


—O-— 


THEOREM XLV. 


The straight line, which is at right angles to the 
diameter of a circle, at the extremity of the diameter, 
meets the circle only in that point : and no other 
straight line, supposed tó, be drawn from the same 
extremity of the diameter, can fall wholly within the 
space that lies between the circumference of the circle 
and the straight line at right angles to the diameter. 


Mutual Contact of-a Straight Line and Circle. 13 
Let ABC be acircle, of which the centre is D 


and the diameter 4B; and let FAF be at right angles 
to AB at it’s extremity 4: EAF shall meet the circle 
only in the point A. 

Take any point E, in EAF, suppose ED to be 
drawn, and let it meet the circumference in C. And 
since (hyp.) the L DAE is a right angle, the L AED 
is (Th. 11. Cor. 1.) less than a right angle; therefore 
(Th. 16.) DE > DA; but (Def. 28. Cor. 1.) DA = 
DC; therefore DE > DC; and C is in the circum- 
ference ; therefore the point E is without the circle 
ABC: and in the same manner it may be shewn that 
every other point, but 4, of EAF is without the 
circle; wherefore EAF meets the circle in no other 
point than the point 4. 

Again, no other straight line, drawn from 4, can 
fall wholly within the space, which lies betwen EAF 
and the circumference. 

For, let 4G be any other straight line drawn 
through A; if a perpendicular be supposed to be 

P 
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drawn from D to AG, it cannot coincide with DA, 
G) |E 


because then (Th. 2.) 4G would coincide with 4E, 
which is contrary to the supposition ; and this perpen- 
dicular may be shewn to be less than DA, in the 
same manner as D4 was shewn to be less than DE 
in the former part of the proposition ; wherefore the 
extremity of the perpendicular, which is in 4G, 
lies within the circle; therefore 4G does not fall 
wholly within the space that lies between EAF and 
the circumference. Therefore, the straight line, &c. 
a. E. D. 


SCHOLIUM. 


'The theorem last demonstrated forms a foundation 
for the next following definition. 


Der. XXXIV. 


. A straight line is said to touch a circle, when it 


Mutual Contact of a Straight Line and Circle. 115 


meets the circle, and, being produced, does not cut 
it: and the straight line itself, which touches a circle, 
is called a Tangent. 

Con. 1. A circle and it's tangent have only one 
point that is common to them both. 

For if any point within the circle, but not in the 
circumference, were common to them both, it is 
plain that the tangent would cut the circle: and if 
any other point in the circumference besides that in 
which the tangent meets the circle, were common to 
them both, the part of the tangent lying between 
those two points, would (Def. 29. Cor.) fall within . 
the circle; and, therefore, in this case also, the tan- 
gent would cut the circle: which is contrary to the 
definition. 

Con. 2. 'The straight line, drawn at right angles 
to the diameter of a circle, from the extremity of the 
diameter, touches (Th. 45. and Def. 34.) the circle: 
and there cannot be more than one straight line, 
which touches a circle in the same point. 


' SCHOLIUM. 


As it is plainly possible for a straight line to be at 
right angles to another straight line, at any given 
point in it, a straight line may always be supposed to 
be drawn touching a circle at any given point in it's 
circumference. 


j THeorEM XLVI. 
If a straight line touches a circle, the straight line, 
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drawn from the centre to the point of contact, shall 
be perpendicular to the line touching the circle. . 


Let the straight line EF touch the circle ABC in 


the point 4; let D be the centre, and draw the 
straight line DA: DA is perpendicular to EF. 

For, if it be not, from the point F let ACE be 
supposed to be drawn perpendicular to EF; and 
because DEA is a right angle, DAC is (Th. 11. 
Cor. 1.) an acute angle; and to the greater angle 
(Th. 16.) the greater side is opposite; therefore DA 
> DE; but DA=DC;; therefore DC is greater than 
DE, the less than the greater, which is impossible ; 
wherefore DE is not perpendicular to EF: in the 
same manner it may be shewn, that no other is per- 
pendicular to it besides DA, that is, DA is perpen- 
dicular to EF. Therefore, if a straight line, &c. 
Q. E. D. 


TureonEM XLVII. 
Jf a straight line touches a circle, and if from the 
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point of contact a straight line be drawn at right 
angles to the touching line, the centre of the circle 
shall be in that line. 


Let the straight line DE touch the circle ABC, 
A. 


D C E 


in, C, and from C let CA be drawn at right angles to 
DE ; the centre of the circle is in CA. 

For, if not, let F'be the centre, if it be possible, and 
suppose CF to be drawn; because DE touches the 
circle 4BC, and FC is drawn from the centre to the 
point of contact, FC is (Th. 46.) perpendicular to 
DE ; therefore FCE is a right angle: but ACE is 
also a right angle; therefore (Th. 2.) the /, FCE is 
equal to the 4 ACE, the less to the greater, which is 
impossible: wherefore F is not the centre of the 
circle ABC: in the same manner, it may be shewn, 
that no other point, which is not in C4, is the centre; 
that is, the centre is in CA. Therefore, if a straight 
line, &c. à. E. p. 


THE 


glements of Plane Geometry. 


Boox I. CuHaprer III. 


SECTION V. 


On the mutual contacts and intersections of circles. 
—Ó0— 


THEOREM XLVIII. 


If the diameters of two circles be in one und the 
same straight line, and have a common extremity, 
the two circumferences, meeting one another in that 


point, shall not have any other point common to them 
both. 


Ler the two circles ABC, ADE, have their dia- 
meters AB, AD, in the same straight line, and ter- 
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minated by the same point A: the two circumferences 


shall have no point, but 4, common to them both. 
For, ifit be possible, let another point C be comman 
to them both, and, first let both the diameters be on 
the same side of the point 4; let F be the centre of 
the circle 4B C, and G the centre of the other circle 


ADE, and suppose FC and GC to be drawn. Then 
(Th.17.) CG + GF > FC, and FC= FA; therefore 
CG+GF> FA; take away the common part GF, 
» and CG > GA; but (hyp.) G is the centre of the 
circle ADE ; therefore, CG— G4; which is absurd. 
Therefore, in this case, the circumferences of the two 
circles have no point, but 4, which is common to 
them both. And when the diameters pf the two 
circles lie on contrary sides of their common extremity, 
the same proposition may be proved in the same 
manner. Wherefore, if the diameters, &c. a. E. p. 


SCHOLIUM. 


It is manifest, from Th. 48, that two circles may 
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so meet as not to cut one another: and on this pos- 
sibility is founded the next following definition. 


Der. XXXV. 


Circles are said to touch one another, which meet 
but do not cut one another, 


THEOREM XLIX. 


If two circles touch each other internally, the 
straight line which joins their centres being produced 
shall pass through the point of contact. 


Let the two circles 4BC, ADE, touch each other 
internally in the point 4, and let F be the centre of 


B 


the circle 4BC, and G the centre of the circle ADE: 
the straight line which joins the centres F, G, being 
produced, passes through the point 4. 

For, if not, let it fall otherwise, if possible, as 
FGDH, and suppose AF and AG to be drawn: and 
because AG, GF are (Th. 17.) greater than FA, that 
is, than FH, for FA = FH, both being from the same 
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centre; take away the common part FG ; therefore the 
remainder AG is greater than the remainder GH: but 
AG — GD ; therefore GD is greater than GH, the less 
than the greater, which is impossible. Therefore the 
straight line which joins the points F, G cannot fall 
otherwise than upon the point 4, that is, it must pass 
through it. Therefore, if two circles, &. @. E. D. © 


THEOREM L. 


If two circles touch each other externally, the 
straight line, which joins their centres, shall pass 
through the point of contact. 


.. Let the two circles ABC, ADE touch each other 
externally in the point 4; and let F be the centre of 


E 


Fc l 


the circle ABC, and G the centre of ADE: the 
straight line, which joins the. points F, G, shall pass 
through the point of contact Á. 

For, if not, let it pass otherwise, if possible, as 
FCDG, ánd suppose FA, A 1G, to be drawn: and 
because F is the centre of the circle ABC, 4F= FE: 
also because G is the centre of the circle ADE, AG= 

| Q ! 
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GD; therefore F4, AG are equal to FC, DG; 
wherefore the whole FG is greater than FA, AG; 
but (Th. 17.) it is also less; which is impossible : 
therefore the straight line which joins the points F, 
G shall not pass otherwise than through the point of 
contact A, that is, it must pass through it. There- 
fore, if two circles, &c. @. E. n. 

Cor. It is manifest from this proposition, and from 
Th. 48, that one circle cannot touch another exter- 
nally in more points than one. 


TurkonEM LI. 


If two circles touch one another internally, they 
shall not have the same centre. 


Let the two circles ABC, CDE, touch one 


another internally i in the point C: "a have not the 
same centre. 

For, if they have, let it be F; suppose FC, and 
any straight line FEB meeting the circumferences in 
E and B, to be drawn; and because F is the centre 
of the circle ABC, CF=FB.: also, because F is the 
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centre of the circle CDE, CF=FE: and it was 
shown that CF = FB; therefore FE is equal to FB, 
the less to the greater, which is impossible ; wherefore 
F is not the centre of the circles ABC, CDE. 
Therefore, if two circles, &c. Q.E.D. 


THEOREM LII. 


If two circles cut one another, they shall not have 
the same centre. 


Let the two circles ABC, CDG cut one another 


in the points B, C; they have not the same centre. 

For, ifit be possible, let Æ be their centre: suppose 
EC, and any straight line EFG meeting the cir- 
cumferences in F and G, to be drawn; and because 
E is the centre of the circle ABC, CE=EF: again, 
because E is the centre of the circle CDG, CE = 
EG: but, it was shown that CE=EF; therefore 
EF is equal to EG, the less to the greater, which is 
impossible: therefore E is not the centre of the 
cireles ABC, CDG. Wherefore, if two circles, &c. 
Q. E. D. 
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Tueorem LIII. 


One circumference of a circle cannot cut another 
in more than two points. 


If it be posssible, let the circumference FAB cut 
the circumference DEF in more than two points, 


viz. in B, G, F; let K be the centre of the circle 
ABC, and suppose KB, KG, KF to be drawn: and 
because within the circle DEF there is taken the 
: point K, from which to the circumference DEF fall 
more than two equal straight, lines KB, KG, KF, 
the point K is (Th. 39.) the centre of the circle DEF; 
but K is also the centre of the circle 4BC ; there- 
fore the same point is the centre of two circles that 
cut one another, which (Th. 52.) is impossible. There- 
fore one circumference of a circle cannot cut another 
in more than two points. G. E. D. - 


Elements of Blane Geometry. 


Boox I. e III. 


— 


Section VI. 


On the primary relations of angles at the centres, 
and at the circumferences of circles, and of the 
arches of circles, and the chords which subtend 
them, in respect of equality or inequality. 


* 


—()— 


Derinition XXXVI. ; 


Ax Angle in a Segment of a Circle is the angle 
contained by two straight lines, drawn from any 
point in the arch of the segment to the extremities of 
it’s chord: and such an angle is said to stand upon 
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the arch intercepted between the straight lines which 
contain the angle, and to be an angle at the cir 
cumference. | 


Dzr. XXXVII. 


A rectilineal figure is said to be inscribed in a 
circle, when all the angles of that figure are at the 
circumference of the circle. 


TuronEeM LIV. 
The opposite angles of any quadrilateral recti- 
lineal figure, inscribed in a circle, are together equal 
to two right angles. 


Let ABCD be a quadrilateral rectilineal figure 
inscribed in the circle. ABCD: any two of it's 


opposite augles are together equal to two right 


angles. 
‘Let E be the centre of the circle ; and first let E 


be within the figure 4BCD; and suppose EA, EB, 
ECand ED to be drawn. Then EA = ED; there- 
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fore (Th. 13.) thez EAD = L EDA; likewise, the 
LEDC= L ECD, the 4 ECB = L EBC, and the 
L EBA = L EAB; therefore, the four // EAB, 
EAD, ECB, ECD are together equal to the four 
“EDA, EDC, EBA, EBC; that is, the two 
ii DAB, DCB, are together equal to the two 4 ADC, 
ABC, and therefore make up the half of all the four 
angles of ABCD, or (Th. 35. Cor. 1.) the half of 
four right angles ; wherefore, the two / DAB, DCB 
are together equal to two right angles, as are also the 
two: ADC, ABC. 

But if the centre be without the figure ABCD, 


suppose, as before, EA, EB, EC, and ED, to be 


drawn ; then, it may be shewn, as in the former case, 
that the y EAB, ECB, ECD, are together equal 
to the 4 EBA, EBC, EDC; from these equals, take 
the Z EAD, EDA, which (Def. 28. Cor. 1. and Th. 13.) 
ave equal to one another, and there will remain the 
L DAB + £ DCB = 1. ADC + LABC ; whence it 
may be shewn, as in the former case, that the 4 DAB, 
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DCB are together equal to two right angles, as are, 
also, the two 4 ADC, ABC. And in like manner 
may the proposition be demonstrated, 1f the centre of 
the circle be in any one of the sides of the inscribed 
quadrilateral figure. Therefore, the opposite angles, 
&c. Q.E.D. 


THEOREM LV. 


The angles in the same segment of a circle are 
equal to one another. 


= Let ABCD be a circle, and let the 4 BAD, BED, 


E 


be in the same segment BAED: the 4 BAD = 
L BED. 

For in BCD take any point C, and suppose BC, 
DC, to be drawn. Then (Th. 54.) the 2 BAD, 
BCD are equal to two right angles, as are also the 
4L BED, BCD; therefore the g BAD, BCD are 
equal to the Z BED, BCD, and if from these be 
taken the common 4 BCD, there will remain the 
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L BAD = 4, BED. Wherefore, the angles, &c. 


Q. E. D. 

Cor. If a circle be divided into two segments, 
and if an angle in the one of them be a right angle, 
any angle in the other is also a right angle. But if 
any angle in either of the two segments be less than 
a right angle, any angle in the other is greater than 


a right angle. 


THEOREM LVI. 


The angle at the centre of a circle is double of the 
angle at the circumference, standing upon the same 
arch. 

Let AFBC be a circle, BEC an angle at the 
centre E, and BAC an angle at the circumference, 


B. 


standing upon the same arch BC: the L BEC is the 
double of the L BAC. 

Suppose CE to be produced to meet the cir- 
cumference in F, and FB to be drawn. And since 
EF=EB (Th. 13.) thee EFB = L EBF; but 

R 
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(Th. 12.) thez BEC= 4 EFB + £ EBF, therefore 
the / BEC is the double of the L BFC, or (Th. 55.) of 
its equal, the /, BAC. Therefore, the angle at the 
centre, &c. @. E. D. | 


Tueorem LVII. 


In a circle, the angle in a semicircle is a right 
angle; but the angle in a segment greater than a 
semicircle is less than a right angle ; and the angle 
in a segment less than a semicircle is greater than a 
right angle. 

Let ABCD bea circle, of which the diameter is 
BC, and centre E; and let CA divide the circle 


into the segments ABC, ADC, and suppose BA, AD, 
DC to be drawn ; the angle in the semicircle BAC 
is a right angle; and the angle in the segment ABC, 
which is greater than a semicircle, is less than a right 
angle; and the angle in the segment ADC, which is 
less than-a semicircle, is greater than a right angle. 


Suppose 4E to be drawn, and BA to be produced 
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to F; and (Th. 13.) because BE = EA, the L EAB 
= £ EBA; also, because 4E = EC the L EAC = 
L ECA; wherefore the whole L BAC is equal to the 
two / ABC, ACB; but FAC, the exterior angle of the 
A ABC, is equal (Th. 11.) to the two 4 ABC, ACB; 
therefore the L BAC = 4 FAC, and each of them 
(Def. 13.) is therefore a right angle: Wherefore the 
L BAC in a semicircle is a right angle*. 

And because the two 4 ABC, B AC, of the A ABC, 
are together less (Th. 12. Cor. 1.) than two right 
angles, and that BAC is a right angle, 4BC must be 
less than a right angle; and therefore the angle in a 
segment ABC, greater than a semicircle, -is less than 
a right angle. 

And because ABCD is a quadrilateral figure in a 
circle, any two of its opposite angles are equal (Th. 54.) 
to two right angles; therefore the 4 ABC, ADC are 
equal to two right angles; and ABC is less than a 
right angle ; wherefore the other 4DC is greater than 
a right angle. 

Cor. From this it is manifest, that if one angle 
of a triangle be equal to the other two, it is a right 


* If this theorem had been placed after Th. 60, (and Th. 58, 
Th. 59, Th. 60, are none of them made to depend upon it) then 
the first case of it might have been proved more concisely, as 
follows. 

Since (Th. 60.) the angles in each of the semicircles, that are 
on contrary sides of any diameter, are equal to one another, and 
since (Th. 54.) these angles are together equal to two right angles, 
it is plain that each of them is a right angle. 
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angle, because it's supplement 1s equal to the same 
two; and when an angle is equal to its supplement, 
it is a right angle. | 


SCHOLIUM. 


If BCD be a given circle, of which the centre is 
K, and A any given point without it; and if AK be 


A 


C 


drawn, and upon it as a diameter there be described 
a circle ABK, the circumference of which cuts the 
circumference of the circle BCD in B; then if AB 
be drawn, it shall touch the circle BCD in B. For 
if BK be drawn, the ABK is (Th. 57.) a right 
angle, and therefore (Def. 34. Cor. 2.) AB touches the 
circle BCD in the point B. 


TuroneM LVIII. 


` 


If a straight line touches a circle, and from the 
point of contact a straight line be drawn cutting the 
circle, the angles made by this line with the line 
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touching the circle, shall be equal to the angles which 

are in the alternate segments of the circle. | 
Let the straight line EF touch the circle 4BCD 

in B, and from the point B let the straight line BD 


be drawn cutting the circle: the angles, which. BD 
makes with the touching line EF, shall be equal to 
the angles in the alternate segments of the circle: that 
is, the L FBD is equal to the angle which is in the 
segment DAB, and the L DBE to the -— in the 
segment BCD. 

From the point B suppose BA to be drawn at right 
angles to EF, and take any point C in the arch BD, 
'and suppose AD, DC, CB, to be drawn; and because 
the straight line EF’ touches the circle ABCD in 
the point B, and BA is drawn at right angles to the 
touching line from the point of contact: B, the centre 
of the circle is (Th. 47.) in BA; therefore the L 4D B 
in a semicircle is (Th. 57.) a right angle, therefore the 
other two 4 BAD, ABD, are equal (Th. 12.) toa right 
angle: but ÆBF is likewise a right angle; therefore 
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the 1 ABF is equal to the angles BAD, ABD: take 
from these equals the common £4 ABD; therefore 
the remaining L DBF — £ BAD, which is in the 
alternate segment of the circle; and because 4BCD 
is a quadrilateral figure in a circle, the opposite 
4 BAD, BCD, are equal (Th. 54.) to two right an- 
gles; therefore the 4 DBF, DBE, being likewise 
equal (Def. 13. Cor. 2.) to two right angles, are equal 
to the y BAD, BCD; and DBF has been proved 
equal to BAD: therefore the remaining L DBE = 
L BCD in the alternate segment of the circle. 
Wherefore, if a straight line, &c.  &. E. D. 


TuronreM LIX. 


In equal circles, equal angles stand upon equal 
-arches, whether they be at the centres or circum- 


ferences. 
Let ABC, DEF, be equal circles, of which the 
2 D 
\ 6 A LM 
CERE 
L 


centres are G and H, and the equal / BGC, EHF, 
at their centres. The arch BKC is equal to the arch 
ELF. 


Angles at the Centres gnd Circumferences, &c. 135 


For if the circle 4BC be applied to the circle 
DEF, so that the centre G may coincide with H, and 
GB with it’s equal HE, GC will coincide with it's 
equal HF, because (hyp.) the L BGC= L EHF, and 
it is manifest that the circle 4BC will wholly coincide 
with the equal circle DEF; and the point B being 
on E, and the point C on F, the arch BKC will 
coincide with the arch ELF and be equal to it. 


Again, let BAC, EDF be equal angles at the 
circumferences of the equal circles ABC, DEF, of 
which the centres are G and H. 


Suppose GB, GC, HE, HF, to be drawn; and if 
BAC, EDF, be each of them less than a right angle, 
then (Th. 56.) the 7, BGC, EHF, being the doubles 
of the equal angles BAC, EDF, are equal to one 
another, and therefore, by the first case, they stand 
X upon equal arches ; therefore the 4 BAC, EDF stand 


upon equal arches. 


But if theg BAC, EDF, be not less than right 
angles; let each of them be supposed to be bisected : 
then, as hath been shewn, the arches which subtend 
their halves are equal, each to each; and, therefore 
the whole arches, on which the whole angles stand, 
are equal to one another. 


Con. Inthe same manner it may be shewn that, 
in the same circle, equal angles stand upon equal 
arches: and it is evident, also, that in equal circles, 
or in the same circle, the greater angle stands upon 
the greater arch. 
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THEOREM LX. 


Jn equal circles, the angles which stand upon equal 
arches are equal to one another, whether they be at 
the centres or circumferences. 


Let theg BGC, EHF at the centres, and BAC, 
EDF at the circumferences of the equal circles 4BC, 


2 D 


B C 


E F 
K 


L 


DEF, stand upon the equal arches BC, EF: the 
L BGC = L EHF, and the L BAC = L EDF. 

For if the 2 BGC be not equal to thez EHF, 
one of them is the greater: let BGC be the greater, 
and at the point G, in the straight line BG, let the 
L BGK be supposed to be made equal to the 
L EHF; but equal augles stand upon equal arches 


(Th. 59.) when they are at the centre; therefore BK 
= EF : but EF —BC ; therefore also BK is equal to 


BC, the less to the greater, which is impossible : there- 
fore the £ BGC is not unequal to the L EHF; that is, 
it is equal to it: and (Th. 56.) the angle at 44 is half 
of the 2 BGC, and the angle at D half of the L EHF: 
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therefore the angle at 4 is equal to the angle at D. 
Wherefore, in equal circles, &c. a. E. D. 

Cor. 1. In the same manner it may be shewn 
that in the same circle, the angles which stand upon 
equal arches are equal to one another: and it is evident 
that in equal circles or in the same circle, the angle 
which stands upon the greater arch is the greater. 

Cor. 2. The chord of any arch of a circle is 
parallel to the straight line that touches the circle in 
the point in which the arch is bisected. 

For (Th..58.) the angle made by the chord of either 
of the halves of the arch with the touching line is 
equal to the angle in the alternate segment; and this 
angle (Th. 60. Cor. 1.) is equal to the angle in the 
other segment, made by the chord of the arch, with 
the chord of it's half; therefore (Th. 5.) the chord of 
the arch is parallel to the line which touches the arch 
at it’s bisection. 


TugonEM LXI. 


In equal circles, equal chords cut off equal arches, 
the greater equal to the greater, and the less to the 
less. : 

Let ABC, DEF be equal circles, and BC, EF, 


equal chords in them, which cut off the two greater 


arches BAC, EDF, and the two less BGC, EHF: 
| QM P mis 
the greater, BAC, is equal to the greater, EDF, and 


KON ZT 
the less, BGC, to the less, EHF. 
Let K, L, be the centres of the circles, and 
suppose BK, KC, EL, LF to be drawn : and because 
08 
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the circles are equal, the straight lines from their 


D 


centres are equal; therefore BK, KC, are equal to 
EL, LF; and the base BC is equal to the base 
EF; therefore the angle BKC is equal (Th. 24. 
Cor. 1.) to the angle ELF : but equal angles stand 
(Th. 59.) upon equal arches when they are at the 


1N 
centres; therefore BGC = EHF. But the whole 
circumference ABGC is equal to the whole DEHF; 


the remaining part therefore of the circumference, 


et aw ii 
viz. BAC, is equal to the remaining part EDF. 
Therefore, in equal circles, &c. @. E. D. 

Cor. In the same circle equal chords cut off 
equal arches. 


SCHOLIUM. 


It is evident, from the definitions of a circle and of 
a diameter, that any two diameters of a circle bisect 
one another; and it has been shewn (Th. 38.) that 
no two chords of a circle, which are not diameters, 
can bisect each the other. Any two equal chords of 
a circle, which cut one another, have, however, this 
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property, * that the segments of the one, between the 
point of intersection and the circumference, are equal 
to the segments of the other, between the same point 
of intersection and the circumference, each to each.” 
This property obtains, whether the two equal chords 
cut one another within the circle, or whether it be 
necessary to produce them, in order that they may 
meet one another without the circle: and it is easily 
demonstrated by means of Th. 61, Th. 59, and 
Th. 15. 


Turorem LXII. 


In equal circles equal arches are subtended by 
equal chords. 


Let ABC, DEF be equal circles, and let the 


A 


arches BGC, E HF, also be equal; and join BC, EF: 
the chord BC is equal to the chord EF. 

Let K, L, be the centres of the circles, and sippe 
BK, _ KC, EL, LF to be drawn: and because BGC 
= EHF the L BKC = + ELF (Th. 60): and 
because the circles 4BC, DEF are equal, the straight 
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lines from their centres are equal: therefore BK, 
KC, are equal to EL, LF, and they contain equal 
angles: therefore the base BC 1s equal (Th. 20.) to 
the base EF. Therefore, in equal circles, &c. @. E. p. 

Cor. In the same circle equal arches are sub- 


tended by equal chords. 


SCHOLIUM. 


The circumference of a circle evidently admits of 
being divided into any number of equal parts; and 
if the points of division be supposed to be joined by 
straight lines, there will result (Th. 62.) an equilateral 
rectilineal figure which is inscribed in the circle. 
There is not, therefore, any absurdity in supposing it 
possible for such a figure to be inscribed in any given 
circle. 


THE 


 $SSlentenio of Plane Geometry. 


Boox Il. Cuaprer III. ` 


SECTION VII. 


On the comparison of segments, and of sectors of 
circles, in respect of equality or inequality. 


—Ü— 


DEFINITION XXXVIII. 


SrMILAR segments of circles are those in which the 
angles are eqhal. And similar sectors are those of 
which the arches subtend equal angles at the centres 
of their circles. 

Con. The segments into which two equal circles 
are divided by equal chords, are similar (Th. 61.60.) 
each to each. 
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SCHOLIUM. 


Since (Th. 55.) the angles in the same segment 
of a circle are equal to one another, if an angle in any 
one segment be equal to an angle in another segment, 
any other angle in the one shall be equal to any other 
angle in the other segment. There is therefore no 
ambiguity in the last definition. 


Toeorem LXIII. 


Upon the same straight line, and upon the same 
side of it, there cannot be two similar segments of 
circles, not coinciding with one another. 


If it be possible, let the two similar segments of 
circles, viz. 4CB, ADB, be uponthe same side of the 


same straight line ABP, not coinciding with one an- 
other: then, because the.circle ACB. cuts the circle 
ADB in the.two points 4, B, they cannot (Th. 53.) 
cut one another in any other point: one of the seg- 
ments must therefore fall within the other ; let 4CB 
fall within ADB; suppose any straight line BCD, 
and also ÆC and AD, to be drawn: and because 
the segment ACB is similar to the segment ADB, 
and that similar segments of circles contain ( Def. 37.) 
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equal angles; the / 4CB — 4. ADB, which (Th. 11. 


Cor.) is impossible. Therefore, there cannot be two 
similar segments of a circle upon the same side of the 
same straight line, which do not coincide. a. E. D. 

Cor. From this, and from Th. 55, it is manifest, 
that equal angles, which are subtended by the same 
straight line and are on the same side of it, cannot be 
in two segments of circles that do not coincide with 
one another : if, therefore, one of the equal angles be 
in any segment of a circle, the other is in the same 
segment. 


l Turorem LXIV. 


Similar segments of circles upon equal straight 
lines, are equal to one another. 


Let AEB, CFD, be similar segments of circles, 


E F | 


C NCC 


A. B © b 


upon the equal straight lines 4B, CD; the segment 
AE B is equal to the segment CFD. 

For, if the segment AEB be supposed to be ap- 
plied to the segment CFD, so as that the point 4 
may be on C, and the straight line 4B upon CD, the 
point B shall coincide with the point D, because 
AB is equal to CD: therefore the straight line 4B 
coinciding with CD, the segment AEB must (Th. 63.) 
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coincide with the segment CFD, and therefore is 

equal to it. Wherefore similar segments, &c. a. E. D. 
THeorem LXV. 


In equal circles the sectors which are bounded by 
equal arches are equal to one another. 


Let the sectors KBGC, LEHF, in the equal 
circles 4BC, DEF, be bounded by the equal arches 


A D 


BGC, EHF: the sector KBGC is equal to the 
sector LEAF. 
D EN aua. 

In BGC, EHF, take any points G, H, and 

suppose BC, BG, GC, EF, EH, HF, to be drawn. 
it gett ; 

Then (hyp.) BGC= EHF, and the circles are equal ; 
therefore (Th. 62.) BC= EF; also BK, KC, are 
equal to EL, LF, each to each; therefore (Th. 24.) 
the A BKC= A^ ELF. 

Again, since the circles are equal, their whole cir- 
cumferences (Def. 28. Cor. 2.) are equal; and (hyp.) 


a ? dao. 
BGC= EHF ; therefore BA C= EDF and (Th. 60.) 
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the; BGC = L EHF; therefore (Def. 38.) the seg- 
ments BGC, EHF, are similar; and as hath been 
shewn, they are upon equal straight lines BC, EF; 
therefore (Th. 64.) they are equal to one another ; 
and the œ~ BKC, ELF, have been proved to be equal 
to one another: therefore, the sector KBGC is equal 
to the sector LEHF. Wherefore, in equal circles, 


&c. Q.E.D. 
Cor. In equal circles, of two sectors bounded by 


unequal arches, that which is bounded by the greater 
arch is the greater. 
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SECTION VILI. 


On the comparison of circles, and sectors of circles, 


with plane rectilineal figures in respect of equality 
or inequality. 
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DEFINITION XXXIX. 


Å. RECTILINEAL figure is said to be described about a 
circle, when each side of that figure touches the 
circle. 
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Der. XL. 


The Perimeter of a rectilineal figure is the ag- 
gregate of the straight lines by which the figure is 
bounded. 


Der. XLI. 


The Altitude of a rectilineal figure is the straight 
line drawn perpendicular to the base, from the summit 
of the angle opposite to the base. 


THeorem LXVI. 


An equilateral rectilineal figure, inscribed in a 
circle, is also equiangular ; and if through the sum- 
mits of it’s angles, straight lines be drawn touching 
the circle, the figure thus described about the circle 
shall also be equilateral and equiangular. 


Let ABCD be a circle, of which K is the centre ; 


and let AB, BC, CD, &c. be sides of an equilateral 
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figure inscribed in the circle; the zg 4BC, BCD, &c. 


are equal to one another. 


, For Up.) 4 AB = BC = CD ; therefore (Th. 61.) 


AB - BC- 3- CD, and íno-ÉcD. wherefore, also 
ADC= BAD, and (Th. 60.) the /, ABC = L BCD. 


And, in the same manner, may the remaining angles 
of the’ inscribed figure be shewn to be equal to one - 
another and to theg ABC, BCD; wherefore, the 
inscribed figure is equiangular. 

Again, through the points 4 A, B, C, D, &c. of the 
inscribed figure, suppose EAF, FBG, GCH, HDI, 
&c. to be drawn touching the circle; and K, B, and K, 
C, to be joined. And since (hyp. and Th. 46.) the 
(LL KBG, KCG, are right angles, the GBC, GCB, 
are less than right angles, and therefore (Ih. 10. 
Cor. 1.) the tangents drawn through B and C will 
meet one another. In the same manner it may be 
shewn that the tangents drawn through Æ and B, 
through C and D, &c. will meet one another: they 
will, therefore, inclose a figure; and this figure shall 
be equilateral and equiangular. 

For suppose KA, KF, KG, and KH, to be drawn, 
The 4 KAF, KBF, KBG, KCG, KCH are (Th. 46.) 
right angles; KG is common to the two right-angled 


. [XKBG, KCG ; and KB=KC;, therefore E 23. 


Cor.) GB=GC, and the L BKG = 4 CKG; 

the 4. BKG is the half of the 4, BKC: in the same 
manner, it may be shewn that the / BKF is the half 
of the L AKB; but (hyp. Th. 61. Th. 60.) the 
L AKB= L BKC; therefore, the L BKF— L BKG; 
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and KB is common to the two right-angled 7 KBF, 
KBG ; therefore, (Th. 19. Cor. 1.) FB- BG. In 
like manner, it may be shewn that GC = CH; and 
it has been proved that BG — GC; wherefore, FG, 
the double of BG, is equal to GH, the double of 
GC. And in the same manner may the other sides 
of the circumscribed figure be shewn to be equal to 
one another and to FG or GH; the figure 1s there- 
fore equilateral. 

And, since the sides of the A. AFB are equal to 
the sides of the ~ BGC, each to each, (Th. 24. 
Cor. 1.) the AFB = L BGC. In the same manner 
may the remaining angles of the circumscribed figure 
be shewn to be equal to one another and to the 4 AFB, 
BGC: wherefore the circumscribed figure is also 
equiangular, as well as equilateral. ‘Therefore, an 
equilateral, &c. @. E. D. 

Con. 1. From the demonstration it is manifest, 
that if two tangents of a circle meet one another, the 
parts of them, between the point in which they meet, 
and the points of contact, are equal to one another : 
and that the triangles, contained by the sides of an 
equilateral figure inscribed in a circle, and the tangents 
passing through the extremities of those sides, are 
(Th. 24.) equal to one another, and have their sides 
and angles equal, each to each. 

Cor. 2. Itis also evident from the demonstration, 
that if any rectilineal figure EFGHI be described 
about a circle ABCD, each of it's y EFG, FGH, &c. 
is bisected, by the straight line drawn from the centre 
to the summit of the angle: if, therefore, the cir- 


150 Elementary Theorems of Plane Geometry, 


cumscribed figure be equiangular, it will be equila- 
teral ; for, KG is common to the two Z4. KFG, KHG 
and the g KFG, KGF, KGH, KHG are equal, and 
therefore (Th. 19. Cor. 1.) FG — GH: and so on; 
and each of it's sides will (Th. 19. Cor. 1.) be bisected 
in the point in which it touches the circle; wherefore, 
also, if the several points, in which a circle is touched 
by an equilateral and equiangular rectilineal figure 
described about it, be joined, the figure, thus inscribed 
in the circle, will (Th. 20. Cor. 1.) be equilateral, and 
consequently (Th. 66.) equiangular. 


fr 


SCHOLIUM. 


It has been shewn (Th. 66. and Cor. 2.) that an 
equilateral rectilineal figure, inscribed in a circle, is 
also equiangular, and that an equiangular rectilineal 
figure described about a circle is also equilateral. But 
the propositions which are the converse of these two 
are not necessarily true. 

First, let 4B, BC, CD*, &c. be the sides of an 
equiangular figure inscribed in the circle 4CD. Then 
(hyp.) the L ABC = L BCD; therefore (Th. 59.) 


Et 
ADC = BAD, and consequently, ABC = BCD; 


take from these equals BC, and AB = CD ; and 


therefore (Th. 62.) 4B — CD. Thus it may be 
shewn that, the first, third, fifth, &c. sides, of the in- 


* See the fig. in page 147. 
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scribed equiangular figure, are equal to one another, 
and that the second, fourth, &c. sides are equal to one 
another. If, therefore, the inscribed equiangular 
figure have an odd number of sides, it will be equi- 
lateral; or having an even number of sides, if any two 
contiguous sides be equal, all it’s sides will be equal to 
one another. But, the circumference of a circle being 
supposed to be divided into any number of equal 
arches, since each of these arches may be supposed to 
be similarly divided into two unequal parts, the greater 
part of any one arcli equal to the greater part of any 
other, and. the less to the less, it is evident, if the 
chords of these several parts be drawn, that (Th. 60.) 
the figure thus inscribed in the circle, will be equi- 
angular, but (Th. 62. Cor.) will not be equilateral. 
Secondly, let EF, FG, GH, &c. be the sides of an 
equilateral figure described about the circle 4CD; 
and let KF, KG, KH, be supposed to be drawn. 
Then (Th. 66. Cor. 2.) the KGF — L KGH, and 
(hyp) GF = GH, and KG is common to the two 
ix. KFG, KHG, therefore (Th. 20. Cor. 1.) the 
LKFG- LKHG ; i.e. the half of the L EFG is 
equal to the half of the 2 GHT; therefore, the L EFG 
— L GHI. And thus it may be shewn that the 
first, third, fifth, &c. angles, of an equilateral figure, 
described about a circle, are equal to one another, 
and that the second, fourth, &c. angles are also equal 
to one another, 1f, therefore, the circumscribed 
equilateral figure have an odd number of sides, it will 
be equiangular; or, having an even number of sides, 
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if any two contiguous angles be equal, all it's angles 
will be equal to one another. But, independently of 
this last condition, if a figure, described about a circle, 
have an even number of sides, it may be equilateral, 
without being at the same time equiangular. 

Lastly, it was shewn (Th. 66. Cor. 2.) that the 
sides, of an equilateral and equiangular figure described 
about a circle, are each ofthem bisected, in the points 
in which they severally touch the circle: and it may 
easily be proved, conversely, that if the sides ofa recti- 
lineal figure, described about a circle, be each of them 
‘bisected in it's point of contact, the figure shall be 
equilateral and equiangular. 


Tueorem LXVII. 


An equilateral rectilineal figure inscribed in a 
circle is equal to a triangle which has it's base equal 
4o: the perimeter of the inscribed figure, and it's 
altitude equal to the perpendicular drawn to any of 
the sides of that figure from the circles centre : and 
any rectilineal figure described about a circle is equat 
to a triangle which has its base equal to the perimeter 
of that figure, and it's altitude equal to the circles 
semi-diameter. 

Let ABC be a circle, of which K is the centre, 
and let the inscribed figure 4CB be equilateral; also 


‘suppose KD to be perpendicular to any ‘side BC, of 
the figure 4CB: ACB is equal to a triangle, which 
has it's base equal to the perimeter of ACB and its 
altitude equal to KD. 
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Suppose KA, KB, KC, to be drawn ; the altitudes 
of the 2. KAB, KAC, KBC, are (hyp. and Th. 43.) 


Fi GG L R M V N P 


equal to one another: suppose, also, that LM- BC, 
and that in LM produced, MN = CA, and NP = 
AB; therefore, LP = BC+ CA+ AB, the perimeter 
of the inscribed figure 4CB. And if upon LM, 
MN, NP, the isosceles ~ QLM, SMN, TNP, 
having their sides equal to KA, or KB, or KC, be 
supposed to be described and the perpendicular QR 
to be drawn, then (Th. 24.) the A QLM = A KBC, 
QL = KB, the L QLR = L KBD and (Th. 19. 
Cor.1.) QR=KD; in the same manner it may be 
shewn, that the 2 SMN, TNP, are equal to the 
A~ KCA, KAB, and have their altitudes each equal - 
to that of the A KBC, or KCA, or KAB ; and since 
the equal 2. QLM, SMN, TNP, have equal alti- 
tudes, they are (Th. 10. Cor. 4. and 5.) between the 


same parallels; if, therefore, *QN and QP be drawn, 
(Th. 30.) the A SMN = A QNM, and the A TNP 
= A QNP ; therefore the aggregate of the A QLM, 


* The straight lines 9N, 9P, are wanting in the figure. 
U 
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QMN, QNP, is equal to that of the a QLM, 
SMN, TNP ; therefore the whole A QLP is equal 
to the whole rectilineal figure ABC, and it has itẹ 
base LP equal to the perimeter of ABC, and it's 
altitude QR equal to KD, the perpendicular drawn 
from the centre to any side BC of ABC. 

Again, let EFGH be any rectilineal figure de- 
scribed about the circle ABC, touching it in the 
points B, J, C, 4; and, from the centre K, suppose 
straight lines, KA, &c., KE &c., to be drawn to the 
several points of contact, and to the summits of the 
angles of EFGHI: then will the figure be divided 
into as many triangles as it has sides, each of them - 
having (Th. 46.) a semi-diameter of the circle for it’s 
altitude; so that these triangles, which make up the 
whole figure EFGH, have equal altitudes : wherefore, 
it may be shewn, as in the former case, that they are 
equal to a triangle having it's base equal to the peri- 
meter of EFGH, and its altitude equal to K4, the 
semi-diameter of the circle. Therefore, an equilateral, 
&c. Q.E.D. 

Con. 1. A figure, which is bounded by two 
semi-diameters, and any number of equal chords, of 
a circle, is equal to a triangle, having it’s base equal to 
the aggregate of the chords, and it's altitude equal to 
the perpendicular drawn to any of them from the 
centre : also, a figure, which is bounded by any number 
of tangents to a circle and any two straight lines 
drawn to them from the centre, is equal to a triangle, 
having it's base equal to the aggregate of the tangents, 
and it's altitude equal to the circle's semi-diameter. 
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Cor. 2. An equilateral rectilineal figure inscribed, 
in a circle, is less than a triangle which has it’s base 
greater than the perimeter of that figure, and an alti- 
tude equal to the perpendicular let fall, from the centre, 
on any side of the figure: and a rectilineal figure de- 
scribed about a circle is greater than a triangle which 
has it's base less than the perimeter of that figure, and 
it's altitude equal to the semi-diameter of the circle. 


THEOREM LXVIII. 


If from the greater of two unequal magnitudes 
there be taken it’s half, and from the remainder it's 
half, and so on, there shall at length remain a mig- 
nitude less than the less of the two proposed magni- 
tudes. 

Let AB and CD be two unequal magnitudes, of 
which 4B is the greater; if from AB there be taken 


g B 


A G 


F 


C D É 


it's half, and from the remainder it's half, and so on, 
there shall at length remain a magnitude less than 
CD. 


To CD let there be added a magnitude equal to 
itself, as DE, and to DE another such magnitude, 
EF, and so on, until the whole CD EF be greater, 
as it manifestly may be, than 4B: also, let AG be 
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the half of AB, GH the half of GB, and so on, until 


there be as many such divisions in the magnitude 
AB, as there are parts in the whole magnitude CDEF: 
and if there be only two divisions in AB, the half of 
AB < CD, because (hyp.) the double of CD > AB. 
But if there be more than two divisions in 4B, and 
also in CDEF, take AG from AB, and EF from 
CDEF, and, since CF» AB, there will have been 
taken from AB it’s half, and from CDEF less than 
it’s half; therefore, CE > GB ; again, from GB take 
it’s half GH, and from CDE take DE which is not 
greater than it’s half, and there will remain HB< CD. 
Therefore, if from the greater, &c. a. E. p. 

Con. If from the greater of two unequal mag- 
nitudes there be taken more than it’s half, and from 
the remainder more than it's half, and so on, there 
will at length remain a magnitude less than the less 
of the two proposed magnitudes: or, if there be a 
series of magnitudes, of which the number is unlimited, 
and the second of which is not greater than half the 
first, the third not greater than half the second, and 
so on, there shall be amongst them a magnitude less 
than any given magnitude of the same kind with them. 


THEOREM LXIX. 


A polygon may be inscribed in a given circle, and 
another polygon may be described about the circle, so 
that the difference of the two polygons shall be less 
than any given finite plane surface. 


Let ABCD be the given circle, and X à given 
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finite plane surface: a polygon may be inscribed in 


the circle ABCD, and another polygon may be 
described about it, so that their difference shall be 
less than the surface X. 

Suppose, first, the circumference of the circle to 
be divided into four equal parts in the points 4, B, 
C, D, and AB, BC, CD, DA to be drawn; also, 
through 4, B, C, D, suppose there to be drawn the 
tangents HAE, EBF, FCG, and GDH, which may 
be shewn to meet one another, as in Th. 66 ; and the 
difference between the figures 4BCD and EFGH, 
is the aggregate of the 7 AEB, BFC, CGD, DHA, 
which (Th. 66. Cor. 1.) are equal to one another. 1f, 
then, this aggregate be not less than X, suppose the 
arch AB to be bisected in L, and LA, and LB, and 


QLM touching the circle in L and meeting EA and 
EB in M and N, to be drawn; wherefore (Th. 60. 
Cor. 2.) PQ is parallel to 4B; and if 4P and BQ be 
drawn perpendicular to 4B, PABQ will be a paral- 
lelogram, and (Th. 32.) the A. ALB is the half of 
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the PABQ: but thet PABQ > AMNB ; there- 
fore the A. ALB is greater than the half of ANB; 
much more, then, is the A BNL + A LMA less 
than the half of the A EBA: and if straight lines 
be drawn touching the circle at the bisections of the 
remaining arches BC, CD, DA, the same consequence 
will follow; so that there will thus be a polygon 
inscribed in the circle 4BCD, and another polygon 
described about it, having their difference less than 
half of the difference of the two polygons first de- 
scribed. Likewise, if tangents be drawn through the 


bisections of BL, LA, &c:, the same consequence will 
again follow; and soon. Wherefore (Th. 68.) there 
will at length be two polygons one inscribed in the 
circle ABCD, the other described about it, the dif- 
ference of which shall be less than the given surface 
X. Therefore, a polygon may, &c. 4. E. p. 

Con. 1. Much more, then, may there be a po- 
lygon inscribed in a given circle, and another polygon 
described about it, so that the difference between 
the circle itself and either of the polygons, shall be 
less than any given finite plane surface. 

For the circle is, in all cases, manifestly -greater 
than the inscribed and less than the circumscribed 
polygon. | 

Cor. 2. If a plane figure be greater than any 
polygon that can be inscribed in a given circle and 
less than any polygon that can be described about the 
circle, it shall be equal to the circle. 

For, if the plane figure exeeed the given circle by 
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any given difference, every polygon described about 
the circle must (hyp.) exceed the circle by a greater 
difference, which (Th. 69.) is absurd. And if the plane 
figure be less than the circle, by any given difference,- 
then every polygon inscribed in the circle must (hyp.) 
beless than the circle by a greater difference, which also 
(Th. 69.) is absürd. Wherefore, the plane figure 
and the given circle cannot be unequal ; ; 1. e. they are 
equal to one another. 


Con.3. In the same manner, it may be shewn, 
in general, that, if each of two given invariable 
magnitudes be thus a limit between the same two 
variable magnitudes, i.e. if there always be a difference, 
between each of the variable and each of the invariable 
magnitudes, which yet may become less than any 
assignable, then, the two given invariable magnitudes 
shall be equal to one another. 

Con. 4. Itis manifest from the demonstration of 
Th. 69, that a polygon may be inscribed in a given 
circle, which shall exceed any rectilineal figure that is 
less than the circle; and also that a polygon may be 
described about a given circle, which shall be less than 
any rectilineal figure that is greater than the circle. 


Assumption Il. 


The circumference of a circle is greater than the 
perimeter of any rectilineal figure inscribed in the 
circle ; and it is less than the perimeter of any recti- 
lineal figure described about the circle. 
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SCHOLIUM. 


That a circular arch is greater than the chord, and 
less than the aggregate of the two tangents, between 
which it lies, has been assumed, both by Archimedes 
and also by many subsequent writers, as if the truth 
of that proposition were sufficiently evident of itself. 
A demonstration of it may, however, be arrived at, 
by the following steps. 

(§.1.) Ifa given arch of a circle be bisected, if 
it’s half be again bisected, and so on continually, an 
arch may be found the chord of which, as well as each 
of the two tangents between which it is contained, 
shall be less than any given finite straight line. 


Either the given arch is less than the semi-circum- 
ference, or it is not. 


First, let the given arch ACB, of the circle ACBG, 


be less than the semi-circumference, and let K be the 
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centre; suppose ACB to be bisected in C, AC in D, 
and 4B, AD, and the diameters DKG, CKE, to be 
drawn, of which EC cuts AB in F: aud since the 
point C is equidistant (hyp. and Th. 62.) from A and 
D, as 1s also (Def. 28. Cor.) the point K, KC bisects 
(Th. 20. Cor. 5.) AB at right angles in F; suppose 
also DF to be drawn and produced to meet the cir- 
cumference in H, and from H, HL to be drawn at 
right angles to EC, and therefore (Th. 6.) parallel to 
BA, sothat HL will meet the circumference between 
the points E and 4. And since (Th. 1. Cor.) the 
L EKG= L DKC, EG=DC (Th. 59.); and (hyp.) 
um ~ ~ ~ Pon N 
DC-— AD: therefore EG = AD, and GLA > LAD; 
therefore (Th.60. Cor.1.) the L 4DG > L LHD; but 
HL is parallel to BA; therefore (Th. 10.) the 2 LHD 
— L AFD: wherefore the 4, ADG > L AFD; much 
more then is the L ADF > L AFD; therefore (Th. 
16.) AF, which is the half of 4B, is greater than 4D; 
and in the same manner a chord may be found, which 
shall be less than the half of AD, and so on, con- 
tinually ; wherefore (Th. 68. Cor.) a chord may thus 
at length be found which shall be less than any given 
finite straight line. 

Next, let AD, BD, touch the given arch ACB 
in the points 4, B, and let FE touch it in it's bi- 
section C, and meet DA in F, and DB in E, and 
suppose AC and BC to be drawn. Then (hyp. and 
Th. 66. Cor. 1) AF- FC- CE = EB, and DA = 

X 
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DB; therefore DP— DE; but (Th. 17.) DF DE 


> FE; therefore DF > FA, and DE» EB; 1. e. 
AF and BE are each of them less than the half of 
DA or DB; and in the same manner a tangent may 
be found, which shall be less than the half of AF, 
and so on ; therefore (Th. 68. Cor.) a tangent may 
thus be found which shall be less than any given 
straight line. 

But, if the given arch be greater than the semi- 
circumference, it's half will be less than the semi- 
circumference ; and this case will thus be reduced 
to the former case. 

(S. 2.) A given arch of a circle having been bi- 
sected, and it's halves having been bisected, and so on 
continually, and tangents having also been drawn 
through the extremities of the given arch and through 
the several points of bisection, .so as to meet one an- 
other, the given arch is the common limit* of the 


* The mathematical meaning of the word limit has been already 
explained, in Th. 69. Cor. 3. 
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aggregate of the tangents, and of the aggregate of 
the chords of the arches, into which it will thus have 
been divided. 


Either the given arch is less than the semi-circum- 


e s . À . ' 
ference of the circle, or it is not. First, let ACB be 


less than the semi-circumference; and suppose both - 
AB to be drawn, and 4D, BD, touching the circle, 
of which ACB is an arch, at the extremities 4, B, 
of ACB: suppose, also, K to be the centre of the 
circle, and KA, KB, KD to be drawn, of which KD 
cuts the circumference in C, and AB in E. Then 
(Th. 66. Cor. 1. and Def. 28. Cor.) DA= DB, and 
KA — KB ; therefore (Th. 20. Cor. 5.) the angles at 
E are right angles, and the L AKD= 4 BKD; there- 
fore (Th. 59.) AC= BC; therefore (Th. 62.) AC= 
BC, these lines being supposed to be drawn. Let 
now KG be any straight line drawn from K, cutting 
AB in F, and ACB in G: and since (hyp. and 
Th. 57.) the 4. ACB is obtuse, the 2 ABC is (Th. 11. 
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Cor. 3.) acute; therefore (Th. 16.) AB >AC; in 
like manner, the / AEC having been shewn to be a 
right ht angle, it t may be proved that AC> EC, and KF 
> KE; but KC= KG, and of KC the part KE< KF 
the part of KG ; therefore the remainder EC » FG; 
and it has been dein that 4B > AC, and AC> EC; 
much more then is 4B > FG; i.e. the distance 
between any point in an arch, that is less than the 
semi-circumference, and it's chord, measured in a 
straight line drawn from that point to the centre, is 
less than the chord. But if the arch ACB be bisected, 
if it's halves be also bisected, and so on continually, 
it may thus be divided into arches the chords of which 
shall ($. 1.) be each of them less than any given 
straight line; and therefore the distance between 
every point in each of those arches and the cor- 
responding point of it’s chord, measured in the 
‘direction of a straight line drawn from the centre, 
will be Jess than any given straight line. It is ma- 
nifest, therefore, that the arch 4CB is the limit of 
the aggregate of the chords of the parts into which 
it may be divided led by that continual bisection. 


Again, let KHI be any straight line, drawn from 


K, cutting ÁCB in H, and BD in Z. And, since the 
A KCB is isosceles, the /, KCB is (Th. 13. Cor. 2.) 
acute, and therefore the L DCB is obtuse and (Th. 11. 
Cor. 3.) -therefore greater than the; DBC; where- 
fore (Th. 16) CD < BD; also since (hyp. and 
Ih. 46.) the; KBD is a right angle, the ¿ KID is 
an obtuse angle, and KD > KI; but KC, a part of 


9 
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KD, is equal to KH, a part of KI; therefore HI 


« CD, aud, as hath been shewn, CD« BD; much 
more, then is HI< BD. And if tangents be supposed 
to be drawn through C, and again through the bi- 


m Fo 

sections of 4C and BC, and so on, tangents may thus 
be found ($. 1.) which shall each of them be less 
than any given straight line: much more, then, will 
the distance, between every point in each of the 
resulting arches and the corresponding point of it's 
tangent, measured in the direction of a straight. line 
drawn from the centre, be less than any given straight 
line. It is manifest, therefore, that the arch 4CB is 
. the limit of the aggregate of the tangents of the parts 
into which it may be divided by that continual 
bisection. 


But if ABQ be the given arch, and it be greater 
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than the semi-circumference, suppose it to be biseeted 


z s en — : 

in B; then will AB, BQ'be each of them less than 
the semi-cireumference; and this case will thus be 
reduced to the former case. 


(§. 3.) If two variable magnitudes, of which the 
one continually increases whilst the other continually 
decreases, have a common limit, and if the decreasing 
magnitude be always greater than the other variable 
magnitude, it shall always be greater than their 
common limit ; and the other, viz. the continually in- 
creasing magnitude, shall always be less than their 
common limit. 


Let 4 be the common limit of the two variable 
magnitudes X and Y, of which X is always greater 
than F, and continually decreases, whilst F increases : 


X» A4, and F « A. 


For, by the definition of a limit, neither X nor F 
can ever be equal to 4; therefore, either X > 4, or 
X< A: if it be possible let X< 4; and since (hyp.) 
F may be greater than any magnitude that is less 
than 4, F may be greater than X, which is contrary 
to the supposition: wherefore, since X cannot be 
either equal to Æ or less than 4, X >A. And in 
like manner, it may be shewn that Y< 4. 


(§. 4.) The arch of a circle, lying petaen its 
chord and the two tangents, drawn from its ex- 
tremities and produced so as to meet one another, is 
greater thon the chord, and less than the aggregate 
of the two tangents. 
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Let * ACÈ be the arch of a circle, having AB for 
it’s chord, and let 4D, BD, which meet in the point 
D, touch the ee) of which 4CB is an arch, in the 
points 4, B: ACB>AB; and ACB< AD + BD. 

Let ECF be supposed to touch the circle at the 
point of bisection C of ACB, and AC, BC, to be 


drawn. Suppose, also, tangents to be drawn at the 


points of bisection of AC and BC, and so on eon- 
tinually. Then (Th. 17.) 4D-- DB» AB, AF + 
FC» AC, CE + EB » BC; also (Th. 18.) 4D+ DB. 
> AC--CB, and (Th. 34.) 4F+ FC--CE + EB 
> AB. And, if G and H be the points of bisection 
of AC and BG, and the chords AG, GC, BH, HC, 
be supposed t to be drawn, then (Th. 17.) 4G + GC 
+ CH+HB>AC+CB. Thus it may be shewn 
that the aggregate of the tangents is always greater 
than the aggregate of the chords of the arches, and 
that the aggregate of the tangents continually de- 
creases, whilst that of the chords continually increases : 
and ($. 2.) the arch ACB is the common limit of 
these two aggregates; wherefore (4. 3.) the aggregate 
ofthe tangents is always greater than the arch, and 
the aggregate of the chords is always less than the 
arch, But (Th. 17. and Th. 34.) AB is always less 


* See the fig. in page 162. 
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than the aggregate of the chords of the arches, into 
which ACB is subdivided by the continual bisection; 


and (Th. 17.) 4D+DB is always greater than the 
aggregate of the tangents drawn at the extremities of 


~~ —— Z> — 
those arches : therefore, ACB > AB, and ACB< AD 
+ DB. 


THEorREM LXX. 


A circle is equal to a triangle, which has it’s base 
equal to the circumference, and it’s altitude equal to 
the semi-diameter, of the circle. 


For if any given circle be not equal to such a 
triangle, it is either greater, or less, than it. If it be 
possible, let the given circle be greater than such a 
triangle; then (Th. 69. Cor. 1.) a polygon may be in- 
scribed in the circle, which shall be greater than that 
triangle: but (4ssump. 2.) the perimeter of that 
inscribed polygon is less than the circle’s circumference, 
and therefore (Th. 67. Cor. 2.) the polygon is less 
than a triangle having its base equal to the circum- 
ference, and it's altitude equal to the semi-diameter of 
the circle; and it has been shewn that the inscribed 
polygon is also greater than such a triangle ; which 
is absurd. Therefore, the given circle cannot be 
greater than a triangle, which has it's base equal to 
the circumference, and it's altitude equal to the semi- 
diameter, of the circle: and in like manner it may 
be shewn that a circle cannot be less than such a 
triangle; therefore, it is equal to it. Wherefore, a 
circle, &c. @. E. p. 
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Cor. 1. It may, in the same manner, be proved, 
that any given sector of a circle is equal to a triangle, 
which has it’s base equal to the arch of the sector, 
and it’s altitude equal to the semi-diameter of the 
circle. | 
Con.2. A circle is equal to the half of the rect- 
angle contained by it's circumference and its semi- 
diameter. l 

For such a rectangle is (Th. 32.) double of the 
triangle, to which the circle has been proved (Th. 70.) 
to be equal. 

Con. 3. A straight line which is at the same 
time greater than the perimeter of any equilateral 
polygon that can be inscribed in a given circle, and 
less than the perimeter of any equilateral polygon 
that can be described about the circle, is equal to the 
circle's circumference. 

For it may be shewn, in the same manner as in 
Th. 70, that the circle is equal to: a right-angled tri- 
angle having such a line adjacent to the right angle, 
for it's base, aud having its altitude equal to the 
semi-diameter of the circle; the which triangle is, 
therefore, (Th. 70.) equal to the right-angled triangle 
that has it’s base adjacent to the right angle, and | 
equal to the circumference, and that has it's altitude 
equal to the semi-diameter of the circle; wherefore 
(Th. 19. Cor. 2.) this line is equal to the circum- 
ference of the circle. 


Elements of Plane Geometry. 


Boox. I. 
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CHAPTER IV. 


ON PROPORTIONALITY. 
duces | 
SECTION I. 


On the multiples of magnitudes compared with one 
another. 


Derinition XLII. 


A. Less magnitude is said to be a Part, or Measure, 
of a greater magnitude, when the less is contained 
a certain number of times exactly in the greater. 


On the Multiples of Magnitudes, &c.. Vii 


SCitQLIUM. 


This, and the two next followme definitions, apply 
to angles, as well as to other geometric1 magnitudes. 
For angles, although unlimited, one way, 1 extent, 
plainly admit of the kind of relation therein describea. 
It was shewn (Th. 56.) that the angle at the centre of 
a circle is the double of the angle, at the circumference, 
when they have the same base. This then is one 
instance of the less of two angles being eontained a 
certain number of times exactly in the greater ; and 
it is easy to conceive innumerable other instances. 


Der. XLIII. 


A greater magnitude is said to be a Multiple of a 
less, when the greater is measured by the less, that is, 
when the greater contains the less a certain number of 
times exactly. 

Cong. 1. The aggregate of any two multiples of 
a magnitude shall contain the magnitude a number 
.of times, exactly, that is equal to the number of 
times that'the magnitude is contained in the first 
multiple, together with the number of times that it is 
contained in the second. 

-Cor. 2. The difference between any two unequal 
multiples of a magnitude shall contain the magnitude 
either exactly once, or a number of times, exactly, that 
is equal to excess of the number of times which the 
greater multiple contains the magnitude, above the 
number of times which the less multiple contains it. 
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Con. 3. If the first of three magnitudes be any 
multiple of the second, and if the second be any 
multiple of the third. £e first shall also be a deter- 
minate multiple c£ the third. 

Thus if -/ contain B, p times, and B contain C, 
g tm» the number of times that 4 contains C is, 


A. 
pe e e 
B — 


Gee | , 
C 


manifestly, the number which contains p times the 
number q: for if A be supposed to be divided into 
parts equal to B, their number will be the number p, 
and each of them will contain the, magnitude C, 
q times. 


Der. XLIV. 


Multiples that contain the magnitudes, of which 
they are multiples, the same number of times, are 
called Equi-multiples of those magnitudes. 

Con. 1. Equi-multiples of the same, or of equal 
magnitudes, are equal to one another. 

Cor. 2. A multiple of a greater magnitude is 
greater than the same multiple of the less. 

For, from every one of the parts of the multiple 
of the greater magnitude there may be cut off'a portion 
that shall be equal to the less; and the aggregate of 
these portions, which is less than the multiple of the 
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~greater magnitude, is (Cor. 1.) equal to the equi- 
multiple of the less magnitude. 

Con..3.. Those magnitudes, of which the same, 
or equal magnitudes, are equi-multiples, are equal to 
one another. 

For if not, their equi-multiples would (Cor. 2.) be 
unequal. 

Cor. 4. That magnitude of which a multiple is 
greater than the same multiple of another, is greater 
than that other magnitude. 

For if not, it is either equal to, or less than, that 
other magnitude: but it-cannot be equal to it, for then, 
(Cor. 1.) the two equi-multiples would be equal ; 
neither can it be less; because, then, (Cor. 2:) it’s mul- 
tiple would be less then the equi-multiple of the other 
magnitude: which is contrary to the supposition. 
wherefore, that magnitude is the greater, the mul- 
tiple of which exceeds the same multiple of the other. 


THeor—eM LXXI. 
If any number of magnitudes be equi-multiples 


of as many, each of each, what multiple soever any 
one of the first is of it's part, the same multiple shall 
the aggregate of all the first be of the aggregate of 
all the other. 


| First, let any two magnitudes AB, CD, be equi- 
multiples of as many others E, F, each of each: 
whatsoever multiple 4B is of E, the same multiple 
shall 4B + CD be of E 4 F. 
For, let 4G, GH, HB, be parts of 4B each equal 
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to E, and let CI, IK, KD, be parts of CD each equal 


G- H B 


to F: then (hyp.) the number of parts of 4B, is 
equal to the number of the parts of CD; and since 
AG = E, and CI —F, therefore AG + CI = E +F; 
likewise GH+IK=E+F; HB+KD=E+F; it 
is plain, therefore, that .4B+-CD contains E+ F as 
often as 4B contains Æ. 

And the same demonstration, it is manifest, may 
be applied to any number of such magnitudes, which 
has here been applied to two. If, therefore, any 
number, &c. a. E. p. 


á 
SCHOLIUM. 


This proposition, and those which follow, may, 
in the same manner, be shewn to hold in numbers 
also, as well as in magnitudes. 

Thus let the numbers AB, CD be equi-multiples 
of the numbers Æ and F; let 4B be divided into 
numbers 4G, GH, HB, each equal to E; likewise, 
let CD be divided into numbers CI, IK, KD, each 
equal to. then, it is. manifest, as before, that AG 
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+ CI=E +F, GH+IK=E+F; HB+KD=E+ 


G H 
AsecejecojoooB 


E o e e 


I K 
C, a uere suse D 


Fee 


F; and consequently that 4B + CD contains E + F, 


as often as 4B contains E. 


TursongM LXXII. 


If the first magnitude be the same multiple of the 
second that the third is of the fourth, and the Fifth 
the same multiple of the second that the sixth is of 
the fourth; then shall the first together with the 
fifth be the same multiple of the second, that the 
third together with the sixth is of the fourth. 

Let A, B, C, D, E, F, be six magnitudes, of which 
A, the first, is the same multiple of B, the second, 
that C, the third, is of D, the fourth ; and Æ, the fifth, 
is the same multiple of B, that F, the sixth, is of D; 
then since (Def. 43. Cor. 1.) 4+ E contains B the 
same number of times that C+ contains D, it is 
plain (Def. 44.) that 4+ E is the same multiple of 
B, that C+ F is of D. o. E. n. 


Tuoeorem LXXIII. 
If the first be the same: multiple of. the. second, 


176 Elementary. Theorems of Plane Geometry, 


which the third is of the fourth; and if of the first 
and third there be taken equi-multiples, these shall 


be equi-multiples, the one of the second, and the other 
of the fourth. 


Let 4, B, C, D, be four magnitudes, of which 4 
is the same multiple of B, that Cis of D; and of 4 
and C let there be taken any equi-multiples * p4, pC; 
then p4 is the same multiple of B, that pC is of D. 

For let 4 contain B, q times; then (hyp.) C con- 
tains D, q times ; and (Def. 43. Cor. 2.) the number 
of times that pA contains B is therefore the same as 
the number of times that pC contains D. a. E. p. 


TuH&kEoREM LXXIV. 


If one magnitude be the same multiple of another, 
which a magnitude taken from the first is of a mag- 
nitude taken from the other; the remainder shall be 
the same multiple of the remainder, that the whole is 
of the whole, 


Let A, B, be two magnitudes, of which 4 is made 


* In this chapter on Proportionality, the great letters of the 
alphabet are commonly used to designate magnitudes; and a great 
letter of the alphabet with a small letter placed before it denotes 
any multiple of the magnitude represented by the great letter. 
Thus pA signifies a multiple of the magnitude 4, which contains 
A any arbitrary number of times, for which arbitrary number p 
is put. But any particular number may be substituted for p. And 
the same small letter placed before two different great letters, will 
accordingly designate equi-multiples of the magnitudes represented 
by those great letters. Thus p4, and pB, denote equi-multiples 
of the magnitudes represented by A and B. 
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up of the two parts C and D, and B is made up of 
the two parts E and F; also let Æ be the same 
multiple of B, that C is of E ; then shall D, also, be 
the same multiple of F, that 4 is of B. 

For let A= pB; therefore C= pE: then (hyp. 
` and Th. 71.) pE+pF=C+ D; aud (hyp) C=pE; 
therefore D=pF’; i.e. D is the same multiple of F, 
that Æ is of B. Therefore if any magnitude, &c. 
a. E. D. 


TurongM LXXV. 


If two magnitudes be equi-multiples of two others, 
and if equi-multiples of these be taken from the first 
two, the remainders are either equal to these others, 
or equi-multiples of them. 

Let the magnitudes 4 and B be equi-multiples of 
C and D, and let pC and pD, any other less equi- 
multiples of Cand D, be taken from 4 and B, each from 
each ; then shall the remainders be either equal to C 
and D respectively, or they shall be equi-multiples of 
C and D. 

For (hyp.and Def. 43. Cor. 3.) the first remainder 
contains C the same number of times exactly, as the 
second remainder contains D exactly ; either once, or ' 
more than once: that is, the remainders are either 
equal to C and D respectively, or they are equi- 
multiples of C and D. 


Tueorem LXXVI. 


Of two unequal magnitudes equi-multiples may 
! | 
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be taken, such that the greater of them shall be greater; 
and the less of them less, than some multiple of a third 
given magnitude. 


Let 4 and B be two magnitudes, of which Æ is 
the greater, and let C be à third magnitude: equi- 
multiples may be taken of 4 and B, such that the 
multiple of 4 shall be greater, and that of B less, 
than some certain multiple of C. 

Let D be the magnitude, which together with B, 
the less, shall be equal to 4; then, it is plain that 
some equi-multiples may be taken of B and of D 
such that each of them shall be greater than C; let, 
therefore, nB >C, and nD- C; also let qC be the 
first multiple of C that is greater than nB, and let 
pC be the next less multiple; so that n B is not less 
than p C; and (hyp.) n DC; therefore n B--nD 
>qC+ C; therefore (hyp. and Th. 71.) nA>qC; 
and gC was taken greater than nB; therefore nA 
>qC; and nB<gqC. Wherefore, of two unequal 
magnitudes, &c. @. E. D. 


Blements of Plane Geometry. 


Boox I. Cocaine: IV. 


SECTION II. 


On the comparison of ratios. 


—()— 


DEFINITION XLV. 


Or two magnitudes of the same kind, if the less can 
be multiplied, so as to exceed the greater, the two 
magnitudes are said to have a Ratio to one another. 


Der. XLVI. 


There are three kinds of ratio : if two finite homo- 
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geneous magnitudes, be equal, they are said to have 
to one another a Ratio of Equality ; if they be un- 
equal, the greater is said to have to the less a Ratio 
of Majority, and the less is said to have to the greater 
a Ratio of Minority. 


Der. XLVII. 


Any two finite homogeneous magnitudes are called 
the Terms of the ratio, which those magnitudes have 
to one another: and the first named, or the first 
written, magnitude, is called the Antecedent term, and 
the other the Consequent. 


Der. XLVIII. 


Two Ratios are said to be equivalent to one an- 
other, when the antecedents, taken any the same 
number of times, have toward the consequents taken 
any the same number of times, the same kind of 
ratio. 

Thus, if A, B, C, D, be four magnitudes, and pA, 
p C, be any equi-multiples of 4 and C, and if like- 
wise q B, q D, be any equi-multiples of B and D, then 
if pC » —«qD accordingly as p4 >= < q B, the 
ratio of Æ to B is said to be equivalent to the ratio of 
C to B. 


SCHOLIUM. 


This definition of equivalent ratios, which forms, as: 
it were, the basis of our reasoning on the comparison 
of ratios, has been adopted, principally on account of 
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the facility with which it may be applied, as a criterion, 
for determining the proportionality of geometrical 
magnitudes. The subject of proportionality, however, 
seems to require more elucidation than can well be 
given to it, by the mere demonstration of the pro- 
positions in which it is usually comprised. We shall, 
therefore, endeavour, more at length, to explain the 
mature of proportionality, in this preliminary Scho- 
lium. | f 

. (S. 1.) The principal object of the science of Geo- 
metry is the measurement of extension: and this 
measurement consists entirely in ascertaining the 
relation, as to quantity, which a proposed magnitude 
bears to some other magnitude of the same kind with 
itself, which may be considered as a standard, or, at 
least, as a known magnitude. When, therefore, two like 
magnitudes are compared, it may first be considered, 
whether they are equal; that is, whether the one, or 
all the parts into which it may have been divided, can 
be applied to the other, so as wholly to coincide with 
it. In this case, the two magnitudes are said to have — 
to one another a ratio of equality. But if the two 
magnitudes under comparison be unequal, the greater 
is said to have to the less a ratio of majority ; and 
the less is said to have to the greater a ratio of mi- 
nority. 

Thus there are three kinds of ratio: and, if (4) 
and (B) be two homogeneous magnitudes, and (C) 
and (D) two other homogeneous magnitudes, then 

if d= Band C= D, or, if A > B and C» D, or, lastly, 
| wf A< B and C< D, in each of these cases, Æ is said 
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to have to B the same kind of ratio, that € has 
to D. 

(S. 2.) Now almost all the theorems, which have 
hitherto been demonstrated, in this book, concerning 
the comparison of like magnitudes, as to their relative 
quantity, can serve only to ascertain whether of two 
such magnitudes, the one has to the other a ratio of 
equality, or not; that is, whether the one is equal to, 
or greater than, or less than, the other. But this 
conclusion is not sufficient for the purpose of measur- 
ing extension. For that purpose, if two like mag- 
nitudes be not equal, it is of importance further to 
ascertain, whether the greater of them contains the 
less, an exact number of times; or whether, if one 
of them be divided into a certain number of equal 
parts, the other is equal to some exact multiple of 
one of those parts : and thus Geometry connects itself 
with Arithmetic. 

(§. 3.) If a known magnitude can be shewn to 
contain another, or to be contained in it, an exact 
number of times, that other magnitude, manifestly, 
may be considered as being thereby determined, in 
respect of it’s quantity. If, for example, 64= B, 
whenever the quantity of (4) is known, the quantity 
of (B) is known also: or if 4 =3C, and if (4) be a 
standard, or known magnitude, the quantity of C is 
thereby determined, as being equal to the third part 
of (4). This, in reality, is nothing more than an 
expression of the result of actual measurement, as it 
is practised in the case of lines. If a yard (4) be 
taken as the standard measure, and if, by an actual 
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application of it to the successive parts of another 
straight line (B), it is found to be contained in that 
line (B) exactly six times, (B) is said to be mea- 
sured, and it’s quantity is considered as being known. 
And so of any less straight line (C) which is found to 
be contained exactly three times in the standard lineal 
measure (4). 


(S. 4.) In such instances as these, then, there is 
a certain multiple of the one of the two magnitudes, 
under comparison, which is exactly equal to the other 
magnitude: and if of these equals any equi-multiples 
be taken, it is evident that they, also, must be equal 
to one another; and that they, likewise, will exhibit 
the relative quantity of the two magnitudes, which 
are to be compared. This relation, therefore, when it 
has once been determined, by finding a multiple of 
one of the two magnitudes, that is equal to the other, 
may afterwards be expressed in a number of ways, to 
which there is no limit. If m.4 — B, and if pA, and 
q B, be any equi-multiples of (mA) and of (B), then 
pA - 4B, and the quantity of (B) compared with that 
of (A) will thence be as completely determined, as it 
is by the equation m.4— B. Conversely, also, if 
5A — qB, and if the number (p) bea multiple of (q), 
it is evident that there is some number (m), such 
that md=B. And, likewise, if (p) be a part of (q), 


there is some number (n) such that A=n B. 


($. 5.) But, further, if (4) and (B) be two like mag- 
nitudes, if (p) and (q) be two numbers, neither of 


which is a multiple of the other, and if p.4—q B, 
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then, also, will the known quantity of (4) absolutely 
determine the quantity of (B). 

-. Let, for example, 3 4=5 B, and let 4 be a known 
magnitude: therefore, the fifth part of (4) is also 
known; let, then (C) be the fifth part of (4); 
therefore, 3.4 —15 C; but (hyp.) 3.4 — 5 B ; therefore 
15 C= 5 B, and (B) itself is, therefore, equal to three 
times the known magnitude (C). So, in general, if 
p and q be put for any numbers whatever, if p4 — 9B, 
and if (C) be the g^ part of the known magnitude 
(4), then B = pC: it is evident, also, that, if of these 
equals, (B) and (pC) any equi-multiples be taken, 
they will be equal to one another, and will likewise 
exhibit the relation, as to quantity, which the mag- 
nitude B has to the known magnitude (C), (C) being 
a definite part of the known, or standard, magnitude 
(A). In this case, therefore, the one magnitude is 
determined, by it's being equal to an exact number of 
certain equal parts of the other. 

($.6.) If, then, in the comparison of two homo- 
geneous magnitudes, there could always be found a 
multiple of the one equal to the other magnitude, or 
if there could always be found a multiple of the one 

equal to a multiple of the other, the known quantity 
of the one of the two magnitudes would always exactly 
determine the quantity of the other. , It becomes, 
therefore, very important to know whether a possibility 
of finding equal multiples of two proposed magnitudes, 
of the same kind, does én all cases obtain, or not. 
7.) Now, if two homogeneous ‘magnitudes, 
(A) iud (B), have a common measure, (Af), equal 


Comparison of Ratios. . ¥85 


muiltiples of them may always be found. For if (4) 
contain (M) any number of times, exactly, as p times, 
and if (B) contain (M ) any other nuiiber of times, 
exactly, aš g times, it is evident that p times (M Ji 
taken q times, is eqiial to g times (M), taken p times; 
according to a well known arithmetical theorem ; 
and therefore g times (4) is equal to p times (B). 
($. 8.) On the other hand, if two proposed homo- 
geneous magnitudes AB, and CD, have not a common 


Pd 


C SaaS: | SAR F 
measure, no multiple of the one can be found which 
shall be equal to a multiple of the other. 

For, if it be possible, let some multiple 4E, of 
AB, be equal to a multiple CF, of CD; let three 
times 4B, for example, be equal to twice CD. Then, 
it is evident that the half of 4B will be found six 
times in 4H; therefore, the half of 4B will, also, be 
found six times in CF, which (hyp.) is equal to AE; 
therefore, the half of 4B will be found three titnes 
in CD which (hyp.) is the half -of CF; therefore, 
AB and CD have a common measure, which: is 
contrary to the hypothesis. And the same absurdity 
may, in like manner, be demonstrated, whatever be 
the multiples of 4B and CD, which are supposed to 
be equal. ‘Therefore, if two magnitudes have not a 

AA 
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common measure, there are no multiples id them that 
are equal to one another. 

The question, whether a multiple of the one of two 
proposed homogeneous magnitudes can always be 
found that shall be equal to some multiple of the 
other, is, therefore, reduced to this, namely, whether 
two such magnitudes have ałways a common measure. 
Now, to shew that there are homogeneous magnitudes 
which have not a common measure, we have only 
first to demonstrate that if magnitudes have to one 
another a certain kind of relation, they cannot have 
a common measure; and then, to prove, that the side 
of any given square has to it's diameter that particular 
kind of relation. | 

($. 9.) First, then, 4B, the less of two proposed 
homogeneous magnitudes, having been taken, as often 


as it can be, from CD the greater, the remainder as 
often as it can be from AB the less, and so on, if a 
remainder can be found, that is less than any given 
magnitude of the same kind with it, the two proposed 
magnitudes, 4B and CD have no common measure. 

For, if it be possible, let Æ measure 4B and CD: 
and let 4B be taken, as often as it can be, from CD; 
let the remainder FD be taken as often as it can be 
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from AB, and so on, until (hyp.) a remainder GB is 
found, which is less than Æ: and since E measures 
4 B, it necessarily measures CF, which is a multiple 
of AB; it also measures CD; and it, therefore, 
measures FD, the difference between CD and CF: 
in like manner, it may be shewn that Æ measures 
GB; which, since GB is less than E, is impossible. 
Therefore 4B and CD have not any common 
measure, | 

(S. 10.) Let, now, AB be the side of the square 
ABCD, of which AC is the diameter, and let L be 


any straight line: let the angle 4CB be bisected by 
CF, and from F let FE be drawn at right angles to 
AC; wherefore (Th. 19.) the two triangles CEF, 
CBF are equal, CE is equal to CB, and to AB, and 
EF is equal to BF; and since the angle 4EF is a 
right angle, and the angle E AF half a right angle, 
the angle AFE is (Th. 12.) half a right angle, and 
(Th. 15.) the side 4£ is, therefore, equal to EF and 
consequently equal, also, to FB: so that AE is the 
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remainder, when 4B has been taken from AC; and 
since (Th. 16.) AF i is greater than AE, much more 
is AB, or CE, greater than AE ; therefore 4B is 
greater than the half of 4C, and cannot be taken more 
than once from 4 C. Again, if FG be drawn bisect- 
ing the angle AFE, and if GH be drawn at right 
angles to AF it may be shewn, as beforé, that HF is 
equal to EF, and to FB, that AH is equal to HG 
and to GE, and that AG is greater than AH, and 
than GE; and that, therefore, 4F, which is greater 
than AE, is also greater than AH: so that AH is 
the remainder, when AE has been taken as often as 
it can be from AB: and, if the same process be 
repeated by bisecting the angle AGH, since the side 
AH of a square will then again have to be taken from 
it’s diameter AG, it is manifest that there will still 
be a remainder; and so on continually. But since 
from AC, in the first place, and then from each of the 
successive remainders, there will thus have been taken 
more than it’s half, a remainder will (Th. 68. Cor.) 
at length have been found, that is less than L, how- 
ever little Z may have been assumed. Wherefore, 
(§. 9.) 4B and AC have no common measure; and 
therefore ($. 8.) there is no multiple of the one that 
is equal to a multiple of the other. It appears, then, 
that there are homogeneous magnitudes, which have 
no common measure, and of which, therefore, no 
multiples can be taken, so as that from the known 
quantity of one of the magnitudes the quantity of 
another of them may thereby be absolutely deter- ' 
mined, Such magnitudes are called incommensurables ; 
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and it would be easy, if it were necessary to -our 
present purpose, to exhibit other instances of them, 
besides that of the side and the diameter of a square. 
(§. 11.) Butalthough when two incommensurable 
magnitudes, the quantity of one of which is known, 
are to be compared, no multiples of them can be taken, 
which, being equal to one another, may serve to 
determine absolutely and exactly the quantity of the 
other, yet multiples of the two magnitudes may be so 
taken, as very nearly to determine the quantity of the 
other. For if the less of two such magnitudes be 
taken as often as it can be from the greater, if the 
remainder be likewise, taken as often as it can be 
from the less, and so on, continually, a remainder 
will at last be found, that shall be less than any given 
magnitude, of the same kind, how little soever it be. 
But each of these successive remainders is, in reality, 
the difference between two certain multiples of the 
two proposed magnitudes; wherefore, two multiples 
of those magnitudes may, it is evident, be found, the 
difference between which shall be less than any assigned 
magnitude of the same kind : and, thus, if the quantity 
of one of the proposed magnitudes be known, that of 
the other will, thereby, be very nearly determined. 
Let A and B, for example, be any two incommen- 
surable magnitudes, of which A is the greater; when 
B has been taken as often as it can be from 4, let 
the remainder be R, which is consequently less than 
B: agam, when R has been taken as'often as it can 
be from B, let the remainder be R'; and when R’ 
has been taken as often as it can be from R, let the 
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remainder be R”; and so on. None of these re- 
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B R R R” 


mainders will exactly measure that which immediately 
precedes it; for if it did, it would also measure the 
other preceding remainders, and the two magnitudes 
A and B, which (hyp.) have no common measure. 
There will, therefore, always be a remainder, however 
far the operation of taking one remainder, as often as 
it can be from the next preceding remainder, be 
carried. And since R is the remainder, when more 
than it's half has been taken from J, since R” is the 
remainder when more than it's half has been taken 
from R, and so on, a magnitude will (Th. 68. Cor.) 
at length be found, that shall be less than any given 
magnitude M, of the same kind as 4 and B. But, 
from the operation, it is manifest that R is the dif- 
ference between A and a multiple of B ; that R is the 
difference between B and a multiple of R, that is, of 
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the former difference between A and a multiple of B; 
wherefore R’ is the difference between a multiple of 
4 and a multiple of B: in the same manner, it may 
be shewn that R”, and every succeeding remainder, 
is the difference between a multiple of 4 and a mul- 
tiple of B. And it has been shewn that a remainder 
may be found, that shall be less than any assigned 
magnitude M, however little it be. There are, there- 
fore, certain multiples of the two incommensurables 
A and B, which have a difference that is less than 
any given magnitude whatever; which are, con- 
sequently, very nearly equal to one another; and 
which thus very nearly determine the mutual relation 
of the two magnitudes in respect of quantity. 

($. 12.) What has hitherto been said, in this 
Scholium, applies only to that mutual relation, singly 
considered, of two homogeneous magnitudes, which is 
called Ratio. But, further, the ratio, which one 
magnitude has to another of the same kind, may be 
compared with the ratio which a third has to a fourth 
of the same kind. And the most simple and general 
comparison, of two ratios, is that which goes no farther 
than to determine whether they be both of the same 
kind; that is, whether they be both of them ratios of 
equality, both of them ratios of majority, or both of 
them ratios of minority. Ratios admit, however, of 
a mode of.comparison more particular, and more exact, 
and which, at the same time, leads to results of much 
greater importance to the science of Geometry. And, 
first, if A, B, C, be magnitudes of the same kind, and 
if A contain B as often, exactly, as B contains C; or 
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if 4 bé contained in B as often, exactly, as B is 
contained in C; or if p times Æ be equal to g times 
B, and p times B be also equal to g times C; it is 
plain that the mutual relation of A-arid B, in respect 
of quantity, is the same as that of B and C: likewise, 
if 4 and B be homogeneous magnitudes, and if C 
and D be magnitudes of the sáme kind with 4 and 
D, or; at least, of the same kind with one anóther, and 
if A be the same part, or multiple, of B, that C is of 
D, or if pd=qB, and, at the same time, p C «9 D, in 
any of these cases, the mutual relation of Æ and B, 
in respect of quantity, is manifestly the same as that 
of C and D. | 

. (§.13.) This identity of mutual relation is called 
Proportionality ; the magnitudes between which it 
obtains, are called Proportionals ; and the two ratios, 
thus compared, are said to constitute a Proportion, 
and they have by some been called equal, by others 
similar ; by others the same. Objections may, how- 
ever, be made to each of these terms, when they are 
so applied. The term equal ought to be confined, in 
Geometry, to such magnitudes as can be supposed 
to be so placed, as wholly to coincide with one an- 
other. The word similar conveys an indefinite idea ; 
for similarity admits of degrees. And things, which 
are really separate, cannot with strict propriety be 
called the same. Let, then, the ratios, which con- 
stitute a proportion, be called equivalent ratios. The 
proportionality of four magnitudes, which are denoted 
by 4, B, C, D, is more concisely expressed by 
saying, that 4 is to B as C is to D; or by writing 
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the letters, which denote the magnitudes, with inter- 
vening signs; viz. A: B: C: D. 

If, then, of four magnitudes, either all of the same 
kind, or two and two of the same kind, the first be 
the same multiple of the second, or the same part of 
the second, that the third is of the fourth, or if the first 
contain the same number of certain equal parts of the 
second, exactly, that the third does of the fourth, the 
ratio of the first to the second is said to be equivalent 
to the ratio of the third to the fourth: and this may 
be considered as the primary notion of proportionality, 

(S. 14.) But, if four magnitudes 4, B, C, D, either 
all of the same kind, or two and two of the same kind, 
be incommensurables, no such identity of mutual 
relation, in respect of quantity, between the first two 
and the second two, as that which has been spoken of, 
can be exhibited. For A does not, in that case 
measure B, nor does B measure 4; neither can any 
multiples of 4 and B be found that are equal to one 
another: the same may be said of C and D. In 
magnitudes, therefore, that are incommensurable, we 
must look for some other mark of the existence of this 
kind of identity of mutual relation in respect of 
quantity. 

(15.) Now, it has already been shewn, in the 
Scholium to Th. 30, that four magnitudes A, B, C, 
D, may be so related, as that when any equi-multiples 
of the first and third, as p.4 and pC, have been taken, 
and any equi-multiples, as q B and q D, of the second 
and fourth, have likewise been taken, p and g being 


put for any numbers whatever, if p4<qB then pC 
B B 
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<qD; ifpA=qB, then pC=qD; if pA» qB,then 
pC»4D ; which is also denoted more concisely thus, 
if pA>=<qB, then pC >= « q D : and this pro- 
perty will obtain whether the four magnitudes 4, B, 
C, D, be incommensurables or not. ‘To such a rela- 
tion of four magnitudes it is expedient to give a name: 
and if it can be shewn to include in it, the primary 
notion of proportionality, we may, then, without 
impropriety, make use of that same appellation, 
whereby to express it. 

One of the cases of proportionality, as that term 
has been already explained, the relation last described, 
evidently includes; namely, that in which if pA= 
qB and pC « qD, the magnitudes 4, B, C, D, are 
said to be proportional. 

Again, let 4, B, C, D, be called proportionals, 
when, if p4>=<qB, pC>=<qD: then 4, B, 
C, D, being proportionals according to that definition, 
if A=m B, C=m D; or if B=mA, then D=mC. 

For, first, let 4 — m B: let A and C be taken any 
the same number of times, as twice; and let mB and 
mD be taken, each of them, that same number of 
times, namely, twice; so that the multiples of the four. 
magnitudes are 24, 2m B, 2C, 2m D. It is mani- 
fest that equi-multiples have thus been taken of the 
first and third, and again of the second and fourth: 
and (Ayp.) 4 —m B, and therefore 2.4 — 2m B ; there- 
fore (def.) 2 C 2m. D, and therefore C=m D. 


In like manner, if A, B, C, D, be proportionals 
according to the last definition, and if B=mA, it 
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may, by taking for the equi-multiples 2m Æ, 2 B, 
2m C, 2 D, be shewn that D=mC. 

Conversely, also, when four magnitudes 4, B, C, 
D, are so related as that m4 =n B. and m C=n D, if 
any multiples whatever be taken of 4 and B, as pA 
and q B, then, accordingly as pA > = < q B, pC> 
=<qD. | 

For, first, let pA>qB; therefore pnA>qmB; 
but (hyp.) m A=n B; therefore pnB>qmB; there- 
fore pn 7» qm; therefore pn D>qmD; but (hyp.) 
nD=mC; therefore pn C 2 qmD; therefore pC 
> gD. 

In the same manner it may be shewn, that pC 
< qD, when pA < qB, and that pC=qD, when | 
p 4=q B, if m —n B, and at the same time m C= 
nD: the same mode of proof, also, applies to the 
cases in which either m, or », denotes unity; that 
is, to the cases, in which A is either a multiple or a 
part of B. 

Thus it appears, that the extended notion of pro- 
portionality, which was exemplified in the Scholium 
to Th. 30, does really comprehend that which is more 
familiar to the minds of the greater number of men, 
and which was first explained. Whenever, therefore, 
we can prove four magnitudes to be prope:tionals, 
according to our forty-eighth definition, we may 
thence conclude, if the magnitudes be commensura- 
bles, that the third is the same multiple, the same 
part, or the same number of certain equal parts, of the 
fourth, that the first'is of the second. And in this 
ease, the propriety of calling the ratio of the first to 
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the second, eguivalent to the ratio of the third to the 
fourth, is very manifest. 

But when four incommensurable magnitudes are 
related to one another in the manner specified in the 
forty-eighth definition, the definition does not of itself 
directly indicate any such identity of relation, between 
the two first and the two last of them, as hath been 
shewn to obtain in the case of commensurable mag- 
nitudes, that are proportionals. Certain multiples 
may, however, be taken, as was shewn, of the first 
and second, the difference of which multiples shall 
be less than any assigned magnitude, of the same kind 
with them : and so of the third and fourth. If, then, 
we can demonstrate, in virtue of our forty-eighth de- 
finition, that there are equi-multiples of the first and 
third of four incommensurable magnitudes, and equi- 
multiples again of the.second and fourth of them, 
such that the multiples of the two first magnitudes are 
very nearly equal to one another, and the multiples 
of the two second are, also, very nearly equal to one 
another, we may consider the two ratios under com- 
parison, as being very nearly equivalent, even ac- 
cording to the sense, in which the ratios of commen- 
surable magnitudes have been considered as equi- 
valent. Now that there are such equi-multiples of 
incommensurable proportionals, may easily be shewn, 
taking for granted certain propositions which will 
afterwards be demonstrated, and to which we shall 
refer. 

For, let 4, B, C, D, be four incommensurable 
magnitudes, that are proportionals according to the 
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 forty-eighth definition: let B be found at most p 
times in Æ, and, when pB has been taken from 4, 
let the remainder be R; so that 44 — p B+R; like- 
wise, let C=qD + S: then shall q be equal to p. 
For, if it be possible, let p >q; therefore (g+1) is 
not greater than p; and (hyp.) A=pB+ R; there- 
foe 4 2 (q--1) B; also (hyp) 4: B:: C: D, 
therefore (Th. 93. Cor.) 4 : (q--1) B: C: (q 1) 
D; and it has been shewn that 4 > (q +1) B, there- 
fore (Th. 84.) C>(q+1) D: but (hyp.) C=qD+ 
S; therefore C«g D + D, that is (Ih.72.) C< 
(g+1) D: but it has been shewn that C > (g+1). 
D: which is absurd ; therefore p is not greater than 
q: and, in like manner it may be shewn that p is not 
Jess than 9 ; therefore p=q; therefore if d= p B4- 
R, C=pD+4S. 
Again, since 4: B:: C: D, 
^. (Th.93. Cor.) A :pB:: C: pD; 
but (hyp.) R is the difference between Æ and p B, 
and § is the difference between C and pD; there- 
fore (Ih.88.) R: pB: S: pD; 
^. (Th. 96. Cor.) R: B :: S: D; 
^. (Th. 79) B: R: D: S. 

And thence it may be shewn, that R is found as 
often in B, as S is found in D, in the very same 
manner, as B was shewn to be contained in 4, as 
often as D is contained in C: and so of the subsequent 
remainders. It is manifest, therefore, from §. 11, 
that, in the same number of steps, multiples of 4 and 
B may be found, which have a very small difference, 
and multiples of C and D may also be found which 
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have a very small difference ; and that of these, the 
first and third are equi-multiples of A and C, and 
the second and fourth are equi-multiples of B and 
JD. There can, therefore, be taken equi-multiples of 
the first and third of four incommensurables, and 
equi-multiples of the second and fourth of them, such 
that the multiple of the first shall be very nearly 
equal to the multiple of the second, and that the mul- 
tiple of the third shall, also, be very nearly equal to 
that of the fourth. And although these multiples 
have not exactly equal differences, yet may their 
differences be made to become so small, as, in both 
cases, to be less than any finite magnitude of the same 
kind with themselves. In our forty-eighth definition, 
| then, there is also included that which we have called 
the primary notion of proportionality, so far as, by 
approximation, it is applicable to incommensurable 
magnitudes. l 


Der. XLIX. 


Any two equivalent ratios are called a Proportion : 
and magnitudes, of which the ratios are equivalent to 
one another, are called Proportionals. 


— 


SCHOLIUM. 


When three magnitudes are proportionals, it is 
usually expressed by saying, the first is to the second 
as the second to the third ; in like manner as when four 
magnitudes are proportionals, the first is said to be to 
the second, as the third to the fourth : and, conversely, 
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when the first of three magnitudes is said to be to the 
second as the second to the third, or when the first of 
four magnitudes is said to be to the second as the 
third to the fourth, it is meant, that the magnitudes 
are proportionals. The proportionality of three mag- 
nitudes 4, B, C, is also expressed, in writing, as follows, 
viz. 4: D :: B: C; in like manner as that of 
four magnitudes 4, B, C, D, is expressed ; viz. 4 : B 
3 C: D. | | 
Der. L. 
Magnitudes are said to be Continual Proportionals, 
when the first 1s to the second as the second to the 


third; and the second is to the third as the third to 
the fourth ; and so on. 


Der. LI. 


When three magnitudes are continual propor- 
tionals, the second of them is said to be a mean Pro- 
portional between the other two. 


Der. LII. 


The first and the last of any number of propor- 
tionals are called the Extremes, and the others are 


called the Means. 
Der. LIII. 


In proportionals the antecedent terms are said to 
be homologous to one another: and the consequents 
are also said to be homologous to one another. 
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TuHeorEM LXXVII. 


The ratios, which equal magnitudes have to the 
same magnitude, are equivalent to one another: and 
the ratios, which the same has to equal magnitudes, 
are also equivalent to one another. 


Let 4 and B be equal magnitudes, and C any 
other: then 4: C:: B: C; also C: 4::C: B. 

Let pA and pB be any equi-multiples of 4 and 
B, and let gC be any multiple of C: then since 
(hyp.) A= B, therefore p.4 «p B ; therefore if p 47 
=<qC, pB>=<qC;; therefore (Def. 48.) 4: C 
2 B:C. 

Again, since pA=pB, if qC>=< pA, qC> 
= <pB; and therefore C : Æ :: C: B. Wherefore, 
the ratios, &c. 4. E. p. 


4 


TukongzM LXXVIII. 


Magnitudes which have equivalent ratios to the 
same magnitude, are equal to'one another : and those 
to which the same magnitude has equivalent ratios 
are, also, equal to one another. 


First, let 4: C :: B : C; then A=B. If not, 
one of them is the greater; let 44 be the greater; 
then (Th. 76.) there are some equi-multiples, p4 
and p B, of A and B, and some multiple gC, of C, 
such that pd>qC and pB« qC; wherefore A is not 
to Cas B is to C; which is contrary to the hypo- 
thesis; therefore A is not unequal to B; i.e. d= B. 
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Secondly, let O : Æ :: C: B; then, if 4 be not 
equal to B, it may be shewn, in the same manner as 
before, that multiples q C, p Æ, p B, may be taken, such 
that gC < pA and >pB; and therefore C is not to — 
A, as C is to B; therefore in this case also, A=B. 
Wherefore, magnitudes, &c. &.E. D. 

Con. It is manifest, from the denionstration, 
that the ratios which unequal magnitudes have to 
the same magnitude, are notequivalerit to one another : 
neither are the ratios which the same has to unequal 
magnitudes, equivalent to one another. 

Tueorem LXXIX. 

If the first of four magnitudes be to the second 
as the third to the fourth, then shall the second of 
them be to the first as the fourth is to the third, 

Let 4:B:C:D; then B : 4 :: D: C. 
Let there be taken of 4 and C any equi-multiples 
pA, pC; and of B and D any equi-multiples 9 B 
qD : then (hyp.) A : B :: C © D; therefore (Def. 48.) 
pC»-«9qD accordingly as pA>=<qB; there- 
fore if q B > =< pd, then gD>=<pC; therefore 
(Def. 48.) B : 4: D: C. If, therefore, the first, 
&éc. Q.E.D. 


Der. LIV. 


When it is said of four proportional magnitudes, 
that they are proportionals, taken inversely, it is 
meant that the second of them is to the first as the 
fourth is to thé third : and the making such a change 
in the order of four proportionals is called znvertendo. 

Cc 
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Turorem LXXX. 


If the first of four magnitudes be the same mul- 
tiple of the second or the same part of it, that the — 
third is of the fourth, the first is to the second, as 
the third to the fourth. | 

| First, let 4 = pB, and C=pD; - 

|" then. d : B :: C: D. : 
For of A and C let there be taken any equi-multiples 
yA, qC, and of B. and D, any equi-multiples 7 B, 
rD. Then since Æ = p B, if gA >= <r B, q times 
pB > =<rB, and therefore (Def. 43. Cor. 3.) q times 
p >=<r; and therefore q times p D > = <r D; or, 
PIN c" D,qC>=<rD,; therefore (Def. 
48) 4: B :: C: D. . 
Secondly, let pA=B, and pC— D ; then, also, 
AB SC + De 
For then, as hath been Hew 
| B: A= D: C; 
^S (tnvertendo) 4 : B :: € :. D. 
If, therefore, the first, &c. a. E. p. 


| THEOREM LXXXI. 


Ratios that are equivalent to the same ratio are 
equwalent to one another. | 

Let 4: B :: C: D; alsolet E&E: F:: C: D; 
then 4 : B: E:F. 

For take of 4, C, and E, any equi-multiples p.4, 
p C, p E, and of B, D, and F, any equi-multiples q B, 
qD, qF: then. since 4 : B :: C : D, therefore 
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(Def. 48.) if pA>= «gB, pC>=<qD; also 
since C : D: E: F; if pC»2— «4D, pE>= 
«gF; therefore if pee qB, pE>=<qF; 
therefore (Def. 48.) A : B :: E : F; wherefore, 
ratios that are, &c. Q. E. D.. "4$ 3 

Con. Ratios, that are equivalent to equivalent 
ratios, are also equivalent to one another. 


Tueorem LXXXII. 


If the first of four proportional magnitudes be a 
multiple, or a part, of the second, the third is the 
same multiple, or the same part, of the fourth. 

If A: B:: C: D, and if 4—pB, then C= pD. 
For (hyp. and Th.80.) 4 : B :: Lee : D; 

and (hyp) 4: B:: € : D; 
epum 81 » C: D: : pD D; 
'. (Th. 78.) C=p D. 
Again, if 4 : B : T D, and if pA= B, then, 
pC-D. 
For (hyp) 4: B C: D; 
'. (invertendo) B: A : D: C; 
and (hyp.) B=p A; therefore, as in the former case, 
D=pC; that is, C is the same part of D that 4 is 
of B. Therefore, if the first, &c. @. E. p. 


THEOREM LXXXIII. 


If any number of magnitudes be proportionals, 
as one of the antecedents is to it’s consequent, so shall 
all the antecedents taken together be to all the con- 
sequents. 
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Let any number of magnitudes 4, B, C, D, E, 
F, be proportionals; then 4 : B :: 4-- C+ E: B+ 
D+F. 

Take of A, C, E, any equi-multiples p 4, pC, p E, 
and of B, D, F, any equi-multiples q B, q D, qF: 
then (hyp. and Def. 48.) if p.42 — « qB, pC>= 
<qD; and ifpC>=<qD, pE>=<qF; there- 
fore if pA >=< qB, pA+pC+pE>=<qB+ 
qgD+qF; i.e. (Th. 71.) all the antecedents taken 
p times > =< all the consequents taken q times; 
therefore (Def. 48.) 4: B: 44+C+E: B+D+F. 
Therefore if any, &c. @.E. D. 


Turorem LXXXIV. 


If the first of four proportional magnitudes be 
greater than the second, the third is also greater 
than the fourth; and if equal, equal; and if less, 
less. 


Let 4:B:: C: D and first let 4» B; then, 
C » D. 

Take the doubles of the four magnitudes ; and since 
(hyp.) A> B, twice 4 7 twice B ; therefore (hyp. and 
Def. 48.) twice C > twice D; therefore C2 D. In 
like manner it ean be shewn if 42 B, that C=D; 
and if Æ< B, that C< D. 1f, therefore, the first, &c. 
Q: E. D. 


THEoREM LXXXV. 


If four magnitudes, of the same kind, be pro- 
portionals, then if the edid be greater than the third, 
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the second shall be greater than the fourth ; and if 
equal, equal ; and if less, less. 

Let 4, B, C, D, be four magnitudes of the same 
kind, and let A : B :: C: D; also first let 4>C; 
then B> D. 

- Since (hyp.) A» €, there may be taken (Th. 76.) 
of A and C, some equi-multiples p4, p C, and of B 
some multiple q B, such that pA >q B, and pC< qB; 
and since (hyp.) 4: B :: C: D, and that p4>qB, 
therefore (Def. 48.) pC>q D; but gB>pC; much 
more then is gB>qD; therefore (Def. 44. Cor. 4.) 
B>D. | 

In like manner, it may be shewn, if Æ < C, that 
BebB. . 

And, if 4—C, then (Th. 78.) B=D. If, there- 
fore, four magnitudes, &c. a. E. D. 

Cor. If 4, B, C, D be magnitudes of the same 
kind, and if 4 : B :: C : D, then accordingly as 
B>=<D, A>=< EC. 

For (hyp. and Th. 79.) B: 4: D: C; 
^. (Th. 85.) accordingly as B > = < D, A>=<C. 


THeorem LXXXVI. 


The ratio which two magnitudes have to one an- 
other, is equivalent to the ratio which ther equi- 
multiples have to one another. 


If pA and p B be any equi-multiples of the two 
magnitudes 4 and B, then 4: B :: pA: p B. 

For since 4: B: A4: B:: A: B, and so on, 
therefore (Th. 83.) 4 : B :: 4+A4+A (p times) : 
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B+B+B+&c. (p times); i.e. 4: B:: pA: pB. 
Wherefore, the ratio, &e. @. E. D. 

Con. If four magnitudes be proportionals, the 
first shall be to the second, as any multiple of the 
third is to the same multiple of the fourth ; and any 
multiple of the first shall be to the same multiple of 
the second, as the third is to the fourth; also any 
multiple of the first shall be to the same multiple of 
the second, asany multiple of the third is to the same 
multiple of the fourth. 

Let A: B :: C: D, 

then (Th. 86. and 81. Cor) 4: B :: gC: qD; 
likewise p.d : pB :: C : D; 

`. (kyp. and Th. 81. Cor.) p.d : pB :: qC: qD. 


THEOREM LXXXVI I. 


If four magnitudes.of the same. kind be propor- 
tionals, the first shall also be to the third as tke 
second is to the fourth. 


If 4, B, C, D, be four magnitudes, of the same 
kind, and if Æ : B :: C: D, then, also, 4: C :: B 
: D. 

For (hyp. and Th. 86. Cor.) pd : pB :: qC: qD; 
therefore ale 85) if p4 > = dw pB>=<qD; 

*, (Def. 48.) 4: C: B: D. 


Wiha, if four magnitudes, &c. Q. E. D. 


‘Der. LV. 


When it is said of four proportional magnitudes 


Comparison of Ratios. 207 


of the same kind, that they are proportionals, taken 
alternately, it 1s meant that the first of them is to the 
third as the second is to the fourth: and the making 
such a change in the order of four proportionals is 
called alternando. 


TursongEM LXXXVIII. 


Jf the first together with the second, of four 
magnitudes, be to the second, as the third together 
with the fourth is to the fourth, then shall the first 
be to the second as the third is to the fourth. 

If 4--B: B: C--D:D, then 4: B: C: D. 
Take of (4+ B) and of (C+D) any equi-multiples 
p (4+ B) and p (C+D), and of B and D any equi- 
multiples.g B and q D; then (Th. 71.) pA+pB, and 
p C +p Dare equi-multiples of (4+ B) and of (C+D); 
also .4.B-Fp B, and qD * pD, are equi-multiples of 
B and D; wherefore, (hyp. and Def. 48.) if p.44- 
pB>=<qB+pB, then pC+pD>=<qD+pD; 
from the two former of these aggregates take away the 
same magnitude p B, and from the two latter the same 
magnitude p D, and it is manifest that accordingly as 
pA>=<qB, pC>=<qD; and pand q may be 
any numbers whatever; therefore (Def. 48.) ÆA : B :: 
€: D. If, therefore, the first, &c. Q.E.D. 


Der. LVI. 


When the first together with the second of four 
magnitudes is to the second, as the third together 
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with the fourth is to the fourth, and it is therefore ` 
said that the magnitudes are proportionals taker . 
separately, it is meant that the first is to the second 
as the third is to the fourth ; and the making of this 
inference is denoted by the word dividendo. 


Tueorem LXXXIX. 


If the first of four magnitudes be to the second as 
the third is to the fourth, the first and second, tó- 
gether, shall be to the second as the third and fourth, 
together, to the fourth. 

If 4: B :: C: D,then, 44+ B : B:: C+D: D. 
Take of 4 and C any equi-multiples p 4, p C, and 
if B and D any equi-multiples g B, gD; then, first, 
if p>gq, itis manifest, that. p 4 +p B>qB, and pC 
+pD>qD; and (Th. 71.) pA--pB, and p C--p D, 
are equi-multiples of 4 + B and of C+ D, respectively, 
as g B and q D are of B and D. 

In the same manner, if p —q, it may be shewn that, 
p times 4+ B >q B, and p times C+ D >q D. 

Lastly, if p <q, let their difference be r; then 
(Def. 43. Cor. 1.) pB+rB=qB; also, since (hyp:) 
A: B:: C: D, therefore (Def. 48.) if p.42 > = <rB, 
p€>=<rD; therefore adding pB to the two 
former of these multiples, and p D to the two latter, 
if pA+pB>=<pB+rB, then pC+pD>=< 
pD-+rD,; i.e. (Th.71.) if p times 4+ B> = <qB, 
then p times C+ D>=<qD. Therefore whatever 
equi-multiples be taken of 4+ B and of C+ D, and 
whatever equi-multiples be taken of B and D, if.the 
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first multiple 2 = «the second, the third multiple > 
= < the fourth; therefore (Def. 48.) 

A--B: B: C+D: D. 
Wherefore, if the first, &c. a. E. D. 


SCHOLIUM. 


If it be granted, according to the assumption of 
Euclid (E. ii. 12.), that three finite magnitudes being 
given, of which the second and third are of the same 
kind, there is always some magnitude, which shall be 
to the first as the second is to the third, the pre- 
ceding proposition may thence be demonstrated in a 
more succinct manner, as follows. | 

Let 4: B :: C: D,then 4 -B: B: C+D: D. 
For there is (assump.) some other magnitude, which 
is to B as C+D is to D, and which (Th. 84.) is 
greater than B, because C+ D» D; let it, then, be 
E+B. 

EB: B::: C+D: D; 
. .. (dividendo) E : B:: C : D; 
and (hyp) 4: B:: C : D; 
~. (Th,81)E:B:: 4 : B; 
^. (Th. 78.) E—A, and +». E--B— A--B; 
^. A+B: B: C+D: D. @ E.D. 


Der. LVII. 


When it is said of four proportionals, that they 
are proportionals taken jointly, or by composition, it 
is meant, that the first together with the second is to 
the seeond, as the third together with the fourth is to 

DD 
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the fourth: and the making of this inference is de- 
noted by the word Componendo. 


TlursonEM XC. 


If a whole magnitude be to a whole, as a magm- | 
tude taken from the first, is to a magnitude taken 
from the other; the remainder shall be to the re- 
mainder, as the whole to the whole. 


Let a magnitude which is made up of the two 
parts A and B, be to a magnitude, which is made up 
of the two parts C and D, as the part B is to the 
part D; then shall the remainder 4 be to the re- 
mainder C, as the whole 4 + B is to the whole C + D. 

e since (Ayp.) A+B : Ege B :D, 
*« (alternando) < A+B: B zz C+D: D; 
.. (dividend) A : Bo: C : D; 
z (elrernando) A-: C : B :D; 
" (hyp. andTh.81.) 4 : C : A+B: C+D. 
If, therefore, &c. Q. E. p. 

Con. If the magnitudes 4+ B, C+D, B and 
D be proportionals, it has been shewn, that A : 
C : B : D; wherefore, if any nurfiber of mag- 
nitudes, of the same kind, be proportionals, the dif- 
ferences of the homologous terms shall, also, be like 
proportionals. 


THoeorem XCI. 


If four magnitudes be proportionals, the first is 
to it’s excess above the second, as the third is to it’s 
excess above the fourth. 
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If 4 -B: B :: C+D: D, then 44+8: A 
C+D: C. 
For (dividendo) A: B: C : D; 
'. (invertendo) B: A: D :€; 
N Mmm B+dA: A: : D tC : C. 
Wilerefore, if four, &c. | Q. E. D. 


Turorem XCII. 


If four magnitudes of the same kind are propor- 
tionals, the greatest and least of them together are 
greater than the other two together. 


Let the four magnitudes 4, B, C, D, be of the 
same kind; also, let 4 : B :: C: D; and let A be 
the greatest of them, and consequently (Th. 84, 85.) 
D the least; then shall A4-- D» B 4 C. 

For let A= E +C, and B=F+ D; then since 
(hyp) E-C : F+D: €: D, 

(Th.90. Cor) C: Dos E:F 
But (hyp.) C 2 D; therefore (Th. 84.) E >F; there- 
fore if C+D be added to both E+C+D>F+1D 
+C; but E--C - 4; and F+ D=B; therefore A + 
D>B+C. If, therefore, &c. a. E. p. 

Con. 1. If three magnitudes be continual pro- 
portionals, the aggregate of the extremes 1s greater 
than the double of the mean term. 

Cor. 2. It is manifest, from the demonstration, 
that if three magnitudes be continual proportionals, 
the excess of the greatest of them above the mean, is 
greater than the excess of the mean above the least. 
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Der. LVIII. 


When it is said of four proportional magnitudes, 
the first of which exceeds the second, that they are 
proportionals by conversion, it is meant, that the first 
is to it’s excess above the second as the third is to it’s 
excess above the fourth; or that the two consequents 
may be changed each of them into the remainder 
left, when it has been taken from it’s antecedent: 
and the making of this inference is denoted by the 
word Convertendo. 


Tueorem XCIII. 


Jf four magnitudes be proportionals, and if any 
equi-multiples be taken of the first and third of them 
and likewise of the second and fourth, the multiple of. 
the first shall be to the multiple of the second, as the 
multiple of the third is to the multiple of the fourth. 


Let 4: B:: € : D, and let there be taken of 4 
and C any equi-multiples p4, pC, and of B and D 
any equi-multiples qB, gD; then pA: qB:: pC 
For let there be taken, of pA and pC, any equi- 
multiples E and F, and of qB and gD any equi- 
multiples G and H; then (Th.73.) E and F are 
also, equi-multiples of 4 and C, and G and H are 
equi-multiples of B and D; and since (hyp.) Æ : B :: 
C : D, therefore (Def. 48.) if E>=<G, F>= 
<H; therefore (Def. 48.) pA : 9B :: pC: qD. 
If, therefore, four magnitudes, &c. a. E. D. - 


Comparison of Ratios. 213 


_ Con. In the same manner it may be shewn that 
the first of four proportionals is to any multiple of - 
the second, as the third is to the same multiple of 
the fourth : and, likewise, that any multiple of the 
first is to the second, as the same multiple of the 
third is to the fourth. j 


THEOREM XCIV. i 


If there be three magnitudes and other three 
which, taken two and two ìn their arder, have equi- 
valent ratios, then if the first be greater than the 
third, the fourth shall be greater than the sixth; if 
equal, equal ; and if less, less. 

Let there be three magnitudes 4, B, C, and other 


A, B, C, 
D, E, F. 


i (4: B: D: E 
B: C: E: Fè 
Then if 4> 2«C, D>=<F. 

First, let A>C; then (Th. 76.) there are some 
equi-multiples, p 44 and p C, of -A and C,.and some 
multiple q B; of B, such that p.424 B, and gB>pC; 
since then, pd>qB, and (hyp) A: B: D: E, 
therefore (Def. 48.) p D 24 E; likewise, since qB > 
pC, and that B : C :: E : F, therefore (Def. 48.) q E 
pF; and it has been shewn that p D2 4g E; much 
more, then, is pD >pF; therefore (Def. 44. Cor. 4.) 
D F. : 


three D, E, F, and le 


214 Elementary Theorems of Plane Geometry, 


Secondly, if A< C, it may, in the same manner 
be shewn that D< F. 
Lastly, let 44— C; then 


Der. LIX. 


When there are any number of magnitudes, and 
as many others, and the first is to the second of the 
former set, as the last but one to the last of the 
others, and the second is to the third of the former 
set, as the last but two to the last but one of the 
others, and so on, the magnitudes are said to be 
proportionals when taken in a perturbate order. 


THEOREM XCV. 


If there be three magnitudes, and other three, 
which, taken two and two in a perturbate order, have 
equivalent ratios, then if the first magnitude be 
greater than the third, the fourth shall be greater 
than the sixth; and if equal, equal, and tf less, less. 


Let there be three magnitudes 4, B, C, and other 


' Comparison of Ratios. 215 


Then, if 42 2 «C, D>=<F. 

First, let 42 C; then (Th. 76.) there may be 

taken of A and C, certain equi-multiples pA, p C, 
and of B some multiple g B, such that p 47 gB, and 
gB>pC: since then, p.42 q B, and (hyp.) A: B: 
E : FE, therefore (Def. 48.) p £24 F; in like manner, 
since g B 2 pC, and (hyp.) B: C :: D: E, therefore 
qD>pE; and it has been shewn that pE >q F; 
much more, then is gD>qF; therefore (Def. 44. 
Cor. 4) DF. | 

Secondly, if A< C, it may, in the same manner be 
shewn that D< F. 

Lastly, let 4= C; then since 


(hyp) B: C: D : E, 

| +. (Th. 79.) Cv Be E * D: 
also since C= A, ~». (hyp) C: B: E: F; 
.(Th.81.) £2: D: E: F5 


fe (Th. 78.) D=F. 
Wherefore, if there be three magnitudes, &c. &. E. p. 
FHeoremM XCVI. 
If there be any number of magnitudes and as 
many others, which, taken two and two, in their order, 


have equivalent ratios, the first shall be to the last 


of the former magnitudes, as the first is to the last of 
the others. 


First, let there be three magnitudes 4, B, C andi 


o». 


A B, C, | 
E, F 


as many others D, E, F, and let 
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A:B: D: E 
BC EX 
then shall 4 : C: D: F 
For, let there be taken of 4 and D any equi-multi- 
ples p4, p D; of B and £ any equi-multiples q B, 
qE; and of C and F any equi-multiples r C, r F; then 
: (pA: gB:: pD: qE 
Mm m 9a) F CM gE : ri 
e. (Th. 94.) if pA> = <r, pD>=<rF; 
^. (Def. 48.) 4: € :: D: F. 
Next, let there be four magnitudes 4, B, C, D, and 
other four E, F, G, H, which taken two and two in 


their order have equivalent ratios; then shall 4 : 
Diu. | 
For, by the first case, Æ : C :: E : G, 
and (hyp) C: D:: G: H, 
^. (by the first case) 4: D :: E : H. 
And, in the same manner, may the proposition be 
demonstrated, whatever be the number of magnitudes. 
If, therefore, there be any number, &c. @..E. p. 
Cor. If p4: qB :: pC: qD, then A: B :: 
C : D. ; | 
For since (hyp.) pA : qB :: pC: qD, 
and (Th.80.) B : B : 4D: D; 
~. (Th.96) p4: B : pC: D; 
^ (Th.79. B : pd: D : pC. 
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Again, (Th. 80.) p4: A :: pC: C; 
.(Th.96) B : 4: D: C; 

: (Th.79) 4 : B C 


? 


: D. 
And, in the same manner it may be m 
if 4: qB :: C : qD, that 4 : B:: C: D, 
and, also, if 
ok: Bagi: B d de C: D. 


SCHOLIUM. 


If there be any number of magnitudes 4, B, C, 
D, and as many others E, F, G, H, which, taken 


two and two in their order, have equivalent ratios, 
it has been proved that 4: D :: E : H. And, if the 
' magnitudes .4, B, C, D, be changed into 4, B, C’, 
D’, so tht 4: B :: A: B;B:C::B:C'*5 
C:D:C :D'; sil (Th.81.96) A: D':: E: 
H. However, therefore, the magnitudes 4, B, C, 
D may have been changed, if only the ratios of the 
first to the second, of the second to the third, and so 
on, continue to be equivalent to the ratios of the first 
to the second, of the second ‘to the third, and so on, 
respectively of the original terms, the ratio of the 
first to the last of the magnitudes will continue to be 
equivalent to the same ratio. 

This sort of permaneney, belonging to the ratio of 

EE 
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the first to-the last of any number of homogeneous 
magnitudes, which is dependent upon the ratios of the 
first to the:second, of.the second to the third, and so 
on, continuing to be equivalent, each to each, has, 
perhaps, given rise to the notion of Compound Ratio, 
which is defined as follows. 


Der. LX. 


When there are any number of magnitudes, of 
the same kind, the ratio of the first to the last of 
them, is said to be compounded of the ratio which 
the first has~to the second, and of the ratio which 
the second has to the third, and so on, unto the ratio 
which the last but one has to the last, inclusively. 

Cor. It follows, therefore, from Th. 96, that 
ratios which are compounded of equivalent ratios, the 
terms being taken in their order, are equivalent to one 
another. 


Der. LXI. 


When three magnitudes.are proportionals, the 
ratio: which the first has.to the third, being com- 
pounded of two equivalent ratios, namely, of. the ratio 
which the first has to the second and. of that which 
the second has to the third, is said to be the duplicate 
ratio of either of those two ratios: and, when four 
magnitudes are continual proportionals, the: ratio 
which the first has to the: fourth,. being compounded 
of ¿hree equivalent ratios, is said to be the. triplicate 
ratio of that which it has to the second. In like 
manner, the first of five continual proportionals is said 
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to have to the last, a ratio quadruplicate of that which 
it has to the second; and so on. 


SCHOLIUM. 


A ratio is not, strictly speaking, a species of quan- 
tity ; any more than the kind of connexion, indicated 
by the word fraternity, is a species of quantity. A 
ratio is, indeed, a relation founded on quantity; but 
yet it is merely a relation, and not a quantity. One 
ratio cannot, therefore, with.strict propriety be said 
to be the double, or the triple, or any other multiple, 
of another ratio. It is only in virtue of the definition 
previously laid: down, that the terms duplicate, tri- 
plicate, and so on, can be applied to ratios; and all 
that they really signify is the number of ratios which 
precede the last ratio in a set of equivalent ratios, the 
terms of which are continual aioe 


THEOREM XCVI I. 


If there be any number of magnitudes, and as 
many others, which taken two and two, in a pertur- 
bate order, have equivalent ratios, the first shall be 
to the last of the former magnitudes, as the first is 
to the last of the others. 


First, let there be three — A, B, C, and 


as many others, D, E, F, and let, 
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fA: B: E:F} , WW. 
ia.c.p gi ie 4:Cu DEF. 

For let there be taken of 4, B, and D, any equi- 


p^, pB, qC, 
pD, qE, qF. 


multiples p4, pB, pD, and of C, E, and F, any 
equi-multiples g C, qE, q F; then 
(hyp. and Th. 86. Cor.) på : pB :: gE: qF, 
- (hyp. Th. 93) pB : qC :: pD : qE; 
*. (Th. mI «qC, N int 
. (Def. 48) 4 : C: D : BF. 
Next, let there be four magnitudes 4, B, C, D, 
and other four E, F, G, H, which taken two and two, 


e 


A, 


3 3 D, 
E, H 


C 
, G, 


rrj 


in a perturbate order, have equivalent ratios; then, 
also, shall 4: D :: E : H. 
For (1st Case) 4: C.: F: H, 
and (hyp) C : D:: E: F; 
n (ist Case) 4: D: E: H. 
And, in the same manner may the proposition be 
demonstrated, whatever be the number of magnitudes. 
If, therefore, there be, &c. a. E. p. 
Con. Ratios which are compounded of equivalent 
ratios, when their terms are taken in a perturbate 
order, are equivalent to one another. 
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— 


Der. LXII. 


When there are any number of magnitudes and as 
many others, which, taken two and two, either in the 
order wherein they stand, or in a perturbate order, 
have equivalent ratios, the inference, that the first is 
to the last of the former, as the first is to the last of 
the others, is expressed by the term ex equali, —or 
ex (equo. | 


Tueorem XCVIII. 


If the first has to the second the same ratio which 
the third has to the fourth; and the fifth to the 
second, the same ratio which the sixth has to the 
fourth; the first and fifth together shall have to the 
second, the same ratio which the third and sixth to- 
gether have to the fourth. 


Let 4: B:: C: D, and E: B: T3 D, then, 
A+E:B:: C+F: D. 
For since (hyp.) E : B 
'. (convertendo) B : E 
also (hyp) 4 : B :: 
<. (ex equo) 4: E:: C 
*. (componendo) AFE : E 
also (hyp.) E : B:: 
*. (ex equo) AFE: B :: C+F: D. 
If, therefore, the first, &c. @.£. D. 
Cor. Hence, if 4: B: C: Djand A: E 
C: F, then, 4: B+E:: C: D+F. 
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For (hyp. and invertendo) B : A :: D : C, and 
E:A: F:C, 
.(Th.98) B-E: A : D+F: C; 
`. (immvertendo) A :B+E:: € : D+F. 


SCHOLIUM. 


Whatever has been proved, in the preceding section, 
of proportional magnitudes, might have been in like 
manner demonstrated of proportional numbers, or of 
any other proportional quantities, of which it is 
possible for multiples to be taken. Two of the four 
terms, therefore, or all the four terms of a proportion, 
may be numbers. In computing the numerical value 
of a proposed geometrical magnitude, the magnitude 
is, in'reality, compared with some standard magnitude 
of tlie same kind; and two numbers are found, the 
ratio óf the former of which to the latter 'is equivalent 
to the ratio which the proposéd magnitude has to the 
standard. Thus if the value of B is -to be computed 
by referring : to the standard 4, and if it is found 
that 4 : B :: 1:3, then B=3 4; for 

Qu. " Th. 93. "und 34:B:3:3; 
. (Th. 84.) 3 4B. 
In the saine manner, if 4:B 3:3: 1, it may 


be shewn that 3B= A, or B "€" 
Also, if A: B :: 2: 3, 

then (Th. 93.) 3A: 2B TT 6 
 29B-—34; or Bas: 


ud fA: B : 2, then B z £4. 


What has thus been Mdh 1n some particular cases, 
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may, it is manifest, be demonstrated when any other 
numbers whatever constitute the two terms of. the 
second ratio; and there results this short rule, which 
is applicable to all.such cases, and which is known 
by the name of the Single Rule of Three, viz. that the 
product of the extremes is equal to the podus of the 
means. 

. Again, when a ratio is emule of other ratios 
to each of which an equivalent numerical ratio can be 
found, then is that compound ratio, equivalent to the 
ratio, which the product of all the numerical ante- 
cedents has to the product of all the numerical con- 
sequents. ... 

For, first, let there be three magnitudes A, B, C, 
and four numbers m, n, p, q, such that 


Ast Bi m:n 
BCs pS oO. 
b dei p 
Then (Th. 86. Cor 
en ( "i = 2: 


l `. (ex cequo) A:C:: mp : nq. 

Secondly, let there be four Bahn A, B, C, 
D, and let 4: B :: m:n, B:C : p:9q, C: D 

r: §, then shall 4: D :: mpr : nqs. 
A: B: mpr : npr 
For (hyp. and Th: 86. Cor.) 2n: C : pnr : qnr 
C: D rqn : sgn 
s (ex equo) 4 : D :: mpr : nqs. 
And the: same ——! is applicable, whatever be the 

number of magnitudes. 

Hence, if two proposed ratios be compounded of 
the same number of ratios which are equivalent, each 
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of the one set, to each of the other, taken in any order 
whatever, and if numerical ratios can be found equi- 
valent to the compounding ratios, each to each, then 
shall the two proposed ratios be equivalent to one 
another. For, it has been shewn, that each of the 
proposed ratios is equivalent to the ratio which the 
product of the numerical antecedents has to the pro- 
duct of the numerical consequents, and therefore 
(Th. 81.) they are equivalent to one another. 

Besides the methods, delivered in the preceding 
section, of investigating whether four quantities be 
proportional, the following may also, sometimes be 
used with great advantage. It is founded on an as- 
sumption which has been already mentioned (Schol. 
Th. 89.) and which seems to be very admissible ; viz. 
that if there be three quantities of which the two last 
are of the same kind, then, there is some quantity of 
the same kind, as the first, which is to the first as 
the second is to the third. The additional criterion 
of proportionality 1s this. ` 

If there be four quantities 4, B, C, D, and two 
others E, F, such that E : B :: F: D, and if E may 
be greater or less than 4, by a difference less than 
any assignable, and if also Æ is greater or less than 
C, accordingly as E is greater or less than 4; then, 
A: B : C: D. 

For if not, let (assump.) G : B :: C : D, and first 
let G be less than 4: then (hyp.) E may be greater 
than G and less than A, and therefore, also, F less 
than C; and (hyp) E: B:: F: D. 

. (Th. 79) B: & :: D: F; 
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also, G: B :: C: D; 

^ (Th.97) G: E: C: F. 
But (hyp.) G is less than Æ; therefore (Th. 85.) 
C is less than F; but it is also greater than F: which 
is impossible. ‘There cannot, therefore, be a quantity — 
less than 4, which is to B as C is to D. In the 
same manner it may be shewn that there cannot be 
a quantity greater than 4, which is to B as C is to 

D. Wherefore (assump.) A: B :: C: D. 


FF 
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CHAPTER V. 


ON THE PROPORTIONALITY OF LINES, OF PLANE FIGURES 
AND OF PLANE RECTILINEAL ANGLES. 


P 


SECTION I. 


On the proportionality of the sides, and the segments 
of the sides, and of the surfaces, of triangles. 


e PgPaPPIT GP PP PaPaPPSIPSIPOP ISP 


Turorem XCIX. 


Ir a straight line be drawn parallel to one of the 
sides of a triangle, it shall cut the other sides, or 
those produced, proportionally : and if the sides, or 
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the sides produced, be cut proportionally, the straight 
line which joins the points of section shall be parallel 
to the remaining side of the triangle. 


Let GH be drawn parallel to BC, one of the sides 


of the A ABC; BG : GA:: CH : HA, and AG: 
GB :: AH : HC. 

For, let there be taken of 4B and AC any equi- 
multiples AK and AL; and of AG and 4H any 
equi-multiples AM and AN; and suppose KL, and 
MN, to be drawn; then (Th. 25. Cor. 5.) KL and 
MN are parallel to BC and GH, and therefore 
(Th. 9.) they are parallel to one another; therefore if 
AK>=< AM, AL> =< AN; otherwise KL would 
cut MN to which it is parallel ; therefore (Def. 48.) 

AB : AG :: AC : AH; 
therefore (dividendo, or convertendo, 1f GH and BC 
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are on the same side of A, or (componendo) if GH and 
BC be on contrary sides of the point 4) 

BG : GA:: CH : HA; 
^. (invertendo) AG : GB :: AH: HC. 

Next, let the sides 4B, AC, or these produced, of 
the A ABC, be cut proportionally in the points G, 
H, and let G, H be joined; GH is parallel to BC. 

For if not, suppose GB to be parallel to BC; 
then as hath been shewn, 

BG : GA :: CP: PA; 

and (hyp.) BG : GA :: CH: PA; 

<. (Tb. 81.) CP : PA :: CH : HA; 

^. (comp. conv. or divid.) CA : PA :: CA : HA; 
-. (Th. 78.) AP = AH; vid i is absurd. 


Wherefore GP is not parallel to BC; and in the 
same manner it may be shewn that no other line, 
drawn through G, but GH, can be parallel to BC. 
Wherefore, if a straight line, &c.  &. E. D. 

Con. 1. From the demonstration it is manifest, 
that the sides of a triangle, and the segments, which a 
straight line drawn parallel to the base cuts off from 
those sides, are proportional. 

For, let GH be drawn parallel to the base BC, of 
the A. ABC; it has been shewn that 

AB : AG :: AC: AH; 
'. (alternando) AB : AC :: AG : AH. 

Con. 2. Two given straight lines are cüt pro- 
portionally by any number of parallel straight lines. 

H the given straight lines be parallel to one another, 
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the opposite segments, will (Th. 25. Cor. 1.) be equal 
to one another. 
But let the straight lines 4B, 4C, which meet in 


A, be cut, first, by the three parallels DE, FG, BC; _ 
thn 4D: DF :: AE : EG, 
and DF : FB :: EG : GC. 
For, suppose £B to be drawn, and let it cut FG 
in H. 
AD: DF: AE: EG) 
Then (hyp, and Th. 99.) DF : FB :: EH: HB 
(EH: HB: EG : Gc 
<. (Th. 81) DF: FB :: EG : GC. 
And, in like manner, by the help of this first case, 
may it be shewn that the straight lines 4B, AC are 
cut proportionally, whatever be the number of paral- 
lels. 
SCHOLIUM. 


It is manifest from the foregoing proposition, that, 
1f three finite straight lines be given, there 1s a fourth 
straight line, which is a fourth proportional to them. 


230 Elementary Theorems of Plane Geometry, 


For if 4G, GB* placed in the same straight line, 
be the two first, and if the third 4H be placed so as 
to make any angle with 4B, then, G, H being sup- 


posed to be joined, and BC to be drawn parallel to GH, 
meeting AH produced in C, HC is (Th. 99.) a fourth 
proportional to 4G, GB and AH: or if AH = GB, 
then HC is a third proportional to AG and GB. 
Further, if a straight line 4B t be divided into any 
number of parts, another finite straight line AC, 
placed so as to make an angle with 4B, may be 
similarly divided (Th. 99. Cor. 2.) if B, C be joined, 
and through the points of division, straight lines be 
drawn parallel to BC: and, if AB be taken any mul- 
tiple of 4D, so that the parts into which it is divided 
shall be equal to one another, then if B, C be joined, 


and DE drawn parallel to BC, as before, a part AE 
will be cut off from ÆC, which is the same part of it, 
that 4D is of AB. Thus, any part required may be 
supposed to be cut off from a given straight line. 


THEOREM C. 


If the angle of a triangle be divided into two equal 
angles, by a straight line which also cuts the base ; 
the segments of the base shall have the same ratio 
which the other sides of the triangle have to one 
another. And if the segments of the base have the 
same ratio which the other sides of the triangle have 


* See the figure in p. 227. 
+ See the figure in p. 229. 


Proportionality of Sides, &c. of Triangles. 231 


fo one another, the straight line drawn from the 
vertex to the point of section, divides the vertical angle 
into two equal angles. 


. Let the angle: BAC of any triangle 4 BC be divided 
into two equal angles by the straight line 4D: then 


E 


B D C 
BD: DC :: BA: AC. 

Through the point C suppose CE to be drawn 
parallel to DA, and BA produced to meet CE in E. 
Because AC meets the parallels 4D, EC, the L ACE | 
is (Th. 10.) equal to the alternate angle C4D: but 
(hyp.) the L CAD, — L BAD; wherefore the / BAD 
= LACE. 

Again, because the straight line B.4E meets the 
parallels 4 D, EC, the outward angle BAD is (Th. 10.) 
equal to the inward and opposite angle AEC: but 
the angle ACE has been proved equal to the angle 
BAD ; therefore also the / ACE— L AEC, and con- 
sequently (Th. 15.) the side AE is equal to the side 
AC: and because AD is parallel to one of the sides 
of the triangle BCE, viz. to EC, 

(Th. 99.) BD: DC :: BA: AE; 
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but AE = AC $. 
^. (Th. 77.) BD : DC :: BA: AC. 

Let now BD be to DC, as BA to AC, and suppose 
AD to be drawn ; the £ BAC is divided into two equal 
angles by the straight line 4 D. 

'The same construction being supposed to be made, 

since, BD : DC :: BA: AC; 
and (hyp. and Th. 99.) BD : DC :: BA: AE, 
^. (Th. 81.) BA: AC :: BA: AE; 

.. (Th. 78.) AC=AE, 

and (Th. 13.) Lthe 4EC = L ACE. 
But (Th. 10.) the 4 AEC is equal to the outward 
and opposite /. BAD; and the 4, ACE is equal to the 
alternate /, CAD: wherefore also the L BAD = 4 
CAD: therefore the angle BAC is cut into two 
equal angles by the straight line 4D. Therefore, if 
the angle, &c. @.E. p. 


THeoreM CI... 


The sides about the equal angles of equiangular | 
triangles are proportionals ; and those which are 
opposite to the equal angles are homologous sides. 

Let ABC, DEF, be equiangular triangles, having 
the 2 ABC = L DEF, and the 1 ACB = L DFE, 
and consequently (Th. 12.) the L BAC = L EDF. 
Then shall the sides about the equal angles of the 
A ABC, DEF, be proportionals, and those shall be 
the homologous sides, which are opposite to the equal 
angles. 
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For the /, E DF may be applied to the equal 7. BAC, 


B C 


so that DE shall coincide with 4B, and DF with 
AC; let DE and DF when so applied be terminated 
by the points G and H, in AB, and AC, produced if 
it be necessary, and let Æ F coincide with GH; there- 
fore (hyp. and Th. 6.) GH is parallel to BC; 

^. (Th. 99. Cor. 1.) 4B : AC :: AG : AH; 

i. e. AB: AC :: DE: DF. 

And, in the same manner it may be shewn, by 
applying first the L DEF to the equal 2 ABC, and 
then the 2 DFE to the equal L ACB that AB : BC 
: DE : EF; and that BC : CA :: EF : FD. 
Wherefore, the sides, &c. 4. E. D. 

Con. 1. It is manifest, from the demonstration, 
that a straight line drawn parallel to the base of a 
given triangle, cuts off from it a triangle, the sides of 
which and the sides of the given triangle, about equal 
angles, are proportionals. 

Con. 2. The sides of two equiangular A ABC, 
DEF, are also proportionals each to each, to which 
the equal angles are opposite. 

GG 
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For it has been shewn that 
AB : AC :: DE : DF; 
`, (alternando) AB : DE :: AC : DF; 
iid so of the remaining sides. 

Con. 3. Two triangles which have the three 
sides of the one parallel to the three sides of the other, 
each to each, being (Th. 10. Cor. 6.) equiangular, 
have the sides about the equal angles, proportionals. 

Con. 4. Two parallel straight lines: 4B, CD, 
which are cut by any number of straight lines PAC, 


P 


A B 


C F =H D 

PEF, PGH, PBD, that meet in the same point P, 

are cut by them proportionally. 
AE:CF:: PE: PF, 
For (hyp. and Cor. 1. and 2.) 22 . PF: EG: FH, 
^ (Th. 81.) AE: CF :: EG: FH, 
'. (alternando) AE: EG :: CF: FH. 
And in the same manner it may be shewn that 


EG : GB :: FH: HD. 
SCHOLIUM. 


The last Corollary, of Th. 101, indicates another 
method, by which a given straight line may be divided 
similarly to a given divided straight line; viz. by 
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placing the two given lines parallel to one another, 
and by drawing, from a point in which the straight 
lines joining their extremities meet, straight lines 
through the points of division of the given divided 
line: or else, if the straight lines joining the ex- 
tremities of the given lines be parallel, by drawing, 
through the given points of division, straight lines 
parallel to them. 


THeorem CII. 


If the sides of two triangles about each of their 
angles be proportionals, the triangles shall be equi- 
angular. 


Let the ~ ABC, DEF have their sides pro- 
portionals; so that AB : BC :: DE : EF; BC : CA 


B E 


: EF : FD; and therefore (ex equo) BA: AC :: 
ED: DF; then the L ABC= L DEF; the 4 BCA 
= L EFD; and the 4 BAC = L EDF. 

For, if AB= DE, then, (hyp. and Th. 85.) BC= 
EF, and 4C = DF, and therefore (Th. 24. Cor. 1.) 
the a. ABC, DEF are equiangular. 
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But, if 4B be not equal to DE, one of them is 
the greater; let J4B> DE, and from AB let there 
. be cut off 4G— DE ; also; from G let there be drawn 
GH parallel to BC: then (Th. 10.) the two œ~ AGH, 
ABC are equiangular ; 

^. (Th. 101.) AB : AC :: AG : AH, 
and (hyp.) AB : AC :: DEor AG : DF; 

'. (Th. 81.78.) AH — DF: 

Again (Th. 101.) BC : CA :: GH: HA, 

and (hyp.) BC : CA :: EF : FD; 
and it has been shewn that FD= HA; therefore 
(Th. 81.78.) GH=EF. Wherefore the three sides 
of the A DEF are equal to the three sides of the 
A AGH, each to each; therefore (Th. 24. Cor. 1.) 
the angles of the ~ DEF are equal to the angles of 
the A. AGH, each to each, to which the equal sides 
are opposite ; and the angles of the A. AGH have - 
been shewn to be respectively equal to the angles, of 
the A ABC; therefore the 7 ABC, DEF are equi. 
angular, and have their equal angles opposite to the 
homologous sides. If, therefore, the sides, &c. &. E D. 


THeEoreM CIII. 


If two triangles have one angle of the one equal 
to one angle of the other, and the sides about the | 
equat angles proportionals, the triangles shall be 
equiangular and shall have those angles equal that 
are opposite to homologous sides. 

Let the 74. ABC, DEF* have the £ BAC 1 in the 


* See the figure in p. 235. 
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one equal to the 4 EDF in the other, and the sides 
pe those angles proportionals; that is, BA : AC 

: ED: DF; the nx ABC, DEF, are equiangular 
and have those angles equal that are "— to ho- 
mologous sides. 

For the / EDF may be applied to the equal 
L BAC, so as to coincide with it; let then the 
A DEF, so applied, coincide with the A AGH; 

And since (hyp.) BA : AC :: GA : AH; 

'. (alternando) BA : GA :: AC : AH; 

-. (dividendo) BG : GA :: CH : HA; 
therefore (Th. 99.) GH is parallel to BC; therefore 
(Th. 10.) the A AGH is equiangular to the A ABC; 
i. e. the A DEF is equiangular to the A ABC, 
and the DEF= £ ABC, and the L EFD— L BCA. 
If, therefore, two triangles, &c. a. E. D. 


SCHOLIUM. 


Equiangular triangles have been shewn to have 
their sides about the equal angles proportionals. There 
may, also, be quadrilateral figures, and polygons, 
which are both equiangular to one another, and have 
the sides about their equal angles proportionals. 

For let 4BCDE be any given rectilineal figure 
having more than three sides, and let FG be any 
given finite straight line. Let 4C and AD be drawn 
from any one of the angular points of ABCDE to the 
opposite angular points C, D: at the point F let the 
L GFH be supposed to be made equal to the Z BAC, 
the L HFK = L CAD, the / KFL = L DAE; and 
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so on, if there be more angles; so that the whole 


C D H K 


L GFL is equal to the whole ¿ BAE : also let FH 
be a fourth proportional to BA, AC, GF; let FK be 
a fourth proportional to C4, CD, HF; and FL a 
fourth proportional to DA, AE, KF; and let GH, 
HK, and KL be drawn: then (hyp. and Th. 103.) 
the A ABC is equiangular to the A. FGH, the 
fx ACD to the A FHK, the A ADE to the 
A FKL; therefore the figure ABCDE is equi- 
angular to the figure FGHKL. | 
Again, since the triangles into which the two 
figures are divided, have been shewn to be equi- 
angular, each to each, 
'. (Th. 101.) CB : BA :: HG : GF, 
also 4E : ED :: FL : LK. 
Again, BA : AC :: GF : FH, 
AC: AD :: FH : FK, > 
AD : AE :: FK : FL; 
'. (ex equo) BA: AE :: GF : FL; 
and in the same manner it may be shewn, that 
ED : DC :: LK : KH, 
and DC : CB : KH : HG. 
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Wherefore, the figure FGHKL, which was imade 
equiangular to the given figure ABCDE, has its sides 
proportional to the sides about the equal angles of the 
figure ABCDE. It is allowable, therefore, to suppose 
the existence of rectilineal figures of any the same 
number of sides which have these properties, and to 
make the following definition. | 


Der. LXIII. 


Similar Rectilineal Figures are those which have 
their several angles equal, each to each, and the sides 
about the equal angles proportionals. | | 

Cor. Rectilineal figures which are similar to the 
same rectilineal figure are similar to one another. 
For (Def. 12. Cor. 1.) they are equiangular; and 
(Th. 81.) their sides about the equal angles are pro- 
portionals. 


TuronkeM CIV. 


If two triangles have one angle of the one equal 
to one angle of the other, and the sides about two 
other angles proportionals, then, if each of the re- 
maining angles be either less, or not less, than a right 
angle; or if one of them be a right angle : the tri- 
angles shall be equiangular, and have those angles 
equal about which the sides are proportionals. 


Let the two 2 ABC, DEF”! have the L ACB = 
L DFE, the sides about the two 4 A, and D, pro- 


* See the figure in p. 235. 
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portionals, viz. BA : AC :: ED : DF, and let the 
two remaining Æ ABC, DEF, be of the same species : 
the A. DEF is similar to the A ABC. 


For let the A EDF be applied to the A BAC, 
so that DF may coincide with AH, and let FE 
coincide, in direction, with HG, which meets 4B in 
G; and since (hyp.) the L DFE, or AHG, = L ACB, 
therefore (Th. 8.) GH is parallel to BC; therefore 
(Th. 101. Cor. 1.) 


BA : AC :: GA : AH or DF; 
but (hyp.) BA : AC :: ED: DF; 
^. (Th. 81.) GA : DF :: ED: DF; 
therefore (Th. 78.) 4G — DE: and it has been 
shewn that GH is parallel to BC; therefore (Th. 10.) 
the ZL AGH — 4, ABC; and therefore the L AGH is 
of the same species with the /, DEF; therefore 
(Th. 23. Cor.) HG = FE; therefore (Th. 20. Cor.) 
the angles of the A AGH are equal to the angles 
of the A. DEF, each to each; therefore the angles 
of the A. ABC are equal to the angles of DEF, 
each to each; therefore (Th. 101. and Def. 63.) the 
£x ABC, DEF, are similar to one another. If, there- 
fore, two triangles, &c. | Q. E. D. 


THEOREM CV. 


Two triangles are similar, which have two sides 
of the one proportional to two sides of the other, and 
have the homologous sides parallel, and the two sides 
of the one either tending toward the same parts 
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as the two proportional sides of the other, or towards 


opposite parts*. 


In the ~ ABC, DEF tet BA: AC :: ED:DF; 
let AB be parallel to DE, and AC parallel to DF, 


s^ 
> - 
S CU 
+ *. 


and let 4B and AC, DE and DF all tend to the 
same parts, or else, let 4B and AC tend to parts 
opposite to those, to which DE and DF tend: the 
A ABC is similar to the A DEF. | 

Since BA and BC cut one of the parallels AC, 
they shall (Th. 8. Cor. 1.) also’ cut the other DF; 
let them, all the lines having been produced if it be ~ 
necessary, cut DF in G and H; in like manner, let 
CB cut DE in K ; and since GH is parallel to the 


* This restriction is not made in E. xxxii, 6; without it how- 
ever the two triangles, which it is the object of the proposition 
to compare with one another, might not be equiangular ; the two 
angles, contained by the sides that are proportionals, instead of 
being equal, might be so related aS, peel to make up two 
right angles. 

HH 
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base AC of the A ABC, therefore (Th. 101. Cor. 1.) 
BA : AC :: BG : GH; likewise, because DK is 
parallel to GB, the base of the A BHG, 
D |. KD: DH :: BG: GH; 

^. (Th. 81.) KD : DH :: BA : AC; 

but (hyp.) ED : DF :: BA : AC; 

^ (Th.81) AD: DH :: ED : DF; 
and the 4 ADH, EDF, are either the same angle, 
or else vertical, and therefore (Th. 1. Cor.) equal 
angles ; therefore (Th. 103.) the 7 ADH, EDF are 
similar; and (hyp. and Th. 10.) the A KDH is equi- 
angular with the A BHG, and the A BHG is 
equiangular with the A. ABC; therefore (Th. 101.) 
the A. ABC is similar to the A DEF. Therefore 
two triangles, &c. q.E. p. 

Cor. If two triangles have two sides of the one 
proportional to two sides of the other, and have the 
homologous sides parallel, and the two sides of the 
one either tending toward the same parts as the two 
sides of the other, or towards opposite parts, the 
‘bases, or third sides, of the two triangles, shall either 
be parallel, or they shall be in the same straight line. 

For it has been shewn that the sides of the 
A~ KDH, EDF, are proportional ; therefore (Th. 99.) 
EF is parallel to HK or BC; or else if EF meets 
BC, it shall (Th. 8. Cor. 2.) be in one and the same 
straight line with. BC. 


THeorem CVI. 


: b -— 
4 right-angled triangle is similar to each of the 
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triangles into which it is divided by a perpendicular 
drawn from the right angle to the base. 


In the A ABC let the 2 BAC be a right angle, 
and from A let AD be drawn perpendicular to BC: 


A. 


B D 


the 2 ABC, ABD, ADC, are similar to one another. 
Because (hyp. and Th. 2.) the L B4C — 4 ADB, and 
the angle at B is common to the two A ABC, ABD, 
therefore (Th. 12.) the remaining £ ACB is equal to 
the remaining 7. BAD, and the A ABC is equiangular 
to the A ABD: likewise, because the angle at C is 
common to the two right-angled ~ ABC, ADC, 
these two triangles are equiangular, and the / CAD 
equal to the angle at B; therefore, also, since the 
angles at D are right angles, the A ABD is equi- 
angular to the A. ADC; therefore (Th. 101. and 
Def. 63.) the 2 ABC, ABD, ADC, being equi- 
angular, are similar to one another. Wherefore, in 
a right-angled triangle, &c. @. E. p. | 

Con. 1. The perpendicular drawn from the right 
angle of a right-angled triangle to the base is a mean 
proportional between the segments of the base: 'and 
each of the sides is a mean proportional between the 
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base, and the segment of the base adjacent to that 
side. 

For since the A ABD, ADC are similar, there- 
fore (Def. 63.) 


BD : DA :: DA: DC. 
Also, because the œ~ ABC, ABD, ADC, are 


similar, 
^ BC : BA :: BA: BD; 
and BC : CA :: CA : CD. 

Con. 2. Iffrom any point (D) in a given straight 
line (BC) a straight line (DA) be drawn at right 
angles to it, which is a mean proportional between the 
segments (BD, DC) of the given line, the given line 
shall subtend a right angle at the extremity 4 of the 
mean proportional. 

For the circumference of a.circle described upon 
BC as a diameter shall cut DA in A; if not let it 
cut DA in any other point than 4; then since 
(Th. 57.) BC will subtend a right angle at that point ; 
the perpendicular drawn from that point, which 
is either greater or less than AD, will (Th. 106. 
Cor. 1.) be a mean proportional between BD and 
DC; which is contrary to the hypothesis. Where- 
fore the circumference of a circle described upon BC 
as a diameter cannot cut the perpendicular 4D in 
any other point than 4; therefore (Th. 57.) BC 
subtends a right angle at 4. 

Cor. 3. If from any point (4) in the circum- . 
ference of a semicircle (BAC) a perpendicular (4D) 
be drawn to the diameter (BC) it shall be a mean 


e 
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proportional between the segments (BD, DC) into 
which it divides the diameter. 

For if 4, B and 4, C be joined, the ¿ BAC is 
(Th. 57.) a right angle, and therefore 4D is a mean 
proportional between BD and DC. 


SCHOLIUM. 


It is manifest from Th. 106, that if any two finite 
straight lines, BD, DC, be a given, there is a third 
straight line which is a mean proportional between 
them. For, if BD, DC, be supposed to be placed in the 
same straight line, and if 4 be the point in which 
DA, drawn from D perpendicular to BC, cuts the 
circumference of a circle described upon BC as a 
diameter, and if 4B and AC be drawn, then (Th. 57.) 
the 2 BAC is a right angle; and therefore (Th. 106. 
Cor) BD: DA :: DA : DC; i.e. DA is a mean 
proportional between BD and DC. > 


TuHeorem CVII. 


Triangles of the same altitude are to one another 
as their bases. 


Let the 74, ABC, ACD, have the same altitude ; 
then BC: CD :: A ABC: A ACD. 

For if there be taken CH any multiple of CB, 
and CG any multiple of CD, and if 4H and AG 
be drawn, the A ACH is (Th. 30.) the same mul- 
tiple of the A ACB, that CH is of CB; and the 
A ACG is, likewise, the same multiple of the 
A ACD, that CG is of CD; and (Th. 30. and 
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Th. 30. Cor. 2.) if CH >= < CG, the A ACH > 


A 


H B C D F G 


=< ACG ; therefore (Def. 48.) 
BC: CD :: a ABC: A ACD. 


Con. 1. In the same manner it may be shewn 
that triangles, which have equal altitudes, are to one 
another as their bases. 

Con. 2. Triangles upon equal bases are to one 
another as their altitudes. 

For if, on the equal bases, right-angled triangles be 
supposed to be constructed equal to the two given tri- 
angles, each to each, the equal bases may be taken 
for the altitudes of the two triangles so constructed, 
which (Cor. 2.) will therefore be to one another as 
their remaining sides about the right angles, that is, 
(Th. 31. and Th, 25. Cor. 3.) as the altitudes of the 
. two given triangles ; wherefore the given triangles are 
to one another as their altitudes. 


SCHOLIUM. 


It is manifest, from Th. 107, that, inasmuch as 
any required part can be cut off from the base of a 
triangle, so may any required part be cut off from the 
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triangle; as the base may be divided similarly to a 
given divided straight line, so may the triangle be 
divided into triangles, which shall have to one another 
ratios equivalent to any given ratios; also, two tri- 
angles of the same or equal altitudes being given, a 
third proportional to them, or a mean proportional 
between them, may be found, inasmuch as a third 
proportional to their bases, or a mean proportional 
between them, may be found: and, likewise, if three 
triangles, of the same, or of equal altitudes be given, 
a fourth proportional to them may be found. Or, iftwo 
triangles of the same altitude, and any straight line, be 
given, another straight line may be found which shall 
be a fourth proportional to them. And what is here 
said of triangles, it will afterwards appear, is applicable 
also to parallelograms. 


Der. LXIV. 


Two magnitudes are said to be reciprocally pro- 
portional to two others, of the same kind, when one 
of the former two is to one of the latter two as the 
remaining one of the latter two is to the remaining 
one of the former. 


Tueorem CVIII. 


Triangles, having one angle of the one equal to 
one angle of the other, if they have their sides about 
the equal angles reciprocally proportional, are equal 
to one another ; and if they be equal to one another, 
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they have their sides about the equal angles recipro- 
cally proportional. 

Let ABC, ADE, be equal triangles, which have 
the 2 BAC equal to the /, DAE; the sides about the 


B — D 


C E 


F Gil 
equal angles of the triangles are. reciprocally pro- 
portional; that is, CA : AD, :: EA : AB. 

Let the triangles be placed, so that their sides C A, 
AD be in one straight line ; wherefore also E44 and 
AB are in one straight line; and suppose BD to be 
drawn. Because the A 4BC = A ADE, and that 
ABD is another triangle 
7. (Th. 77.) 

| A CAB: A BAD :: a EAD: ^ DAB; 
but (Th. 107.) 


A CAB: A BAD :: CA : AD, 
and A EAD: A DAB:: EA : AB; 

*. (Th. 81.) 
CA : AD :: EA : AB; 


wherefore the sides of the œ~ ABC, ADE, about the 
equal angles are reciprocally proportional. | 


But let the sides of the Ds ABC, ADE, about the 
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equal angles be reciprocally. proportional, viz. CA to 
AD, as EA to AB; the A hasta is equal to the 
A ADE. 
Having joined BD as piores because, 
(hyp) CA : AD_:: EA : AB, 
and (Th. 107.) 
CA: AD :: A ABC: ABAD, 
and £4: AB :: A EAD  : ^ BAD, 
7. (Th. 81.) 
A BAe: A BAD : A EAD: A BAD; 
. (Th. 78.) the A 4BC= A^ ADE. 


Therefore — triangles, &c. a. E. p. 


| THEoREM CIX. 

Triangles which have an angle of the one equal to 
an angle of the other, have to one another a ratio 
that ts compounded of ratios equivalent to the ratios 
of the sides about the equal angles. 

Let ABC, ADE, be triangles which have the 
angles at 4 equal: the A. ABC has to the A ADE 


“a 


oe hl 4 
F G&H 
the ratio that is compounded of the ratios, equivalent - 
it 
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to the ratios which 4C has to AD, and which AB 
has to AE. ! | | | 

Let the triangles be placed, so that their sides C A, 
AD, may be in one straight line; therefore (Th. 3.) 
EA, AB, are, also, in one straight line: let BD be 
drawn, and, any straight line. F having been taken, 
let F: G :: C4: AD; and let G : H :: BA: AE; 
therefore the ratio of F to H is compounded of ratios 
which are equivalent to the ratios of the sides ; 


but (Th. 107.) A ABC: A ABD :: CA: AD; 
and (hyp.) CA : AD : F: G; - 
<. (Th. 81.) A ABC: A ABD:: F : G. 
In like manner, A ABD: A ADE:: G : H; 
^. (ex equo) tx ABC: A ADE:: F : H. 
That is, the A ABC has to the A ADE a ratio 
which is compounded of ratios equivalent to the ratios 
of the sides: Wherefore triangles, &c, a, E. D. 


THEoREM CX. 


Similar triangles are to one another in the du- 
plicate ratio of their homologous sides. 


Let ABC, DEF, be similar triangles, having the 
LBAC=LEDF, and let BA: 4C :: ED: DF, 
so that the side 4B is homologous to the side DE: 
the A ABC has to the A DEF the duplicate ratio 
of that which 4B has to DE. | 


For, any straight line G having been taken, let 
AB: 4C: G: H; and DE : DF: H: K; 
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then (Th. 109) A ABC: A DEF :: G : K; 
but (hyp)- AB : AC :: DE: DF; 

*. (Th. 81. ) G x . Al "fa H : K; 
therefore G has to K the duplicate ratio of that which 


G has to H, or of that which 4B has to DE; and 
it has been shewn that A ABC: A DEF :: G : 
K; therefore the A. ABC has to the A DEF the 
duplicate ratio of that which 4B has to DE. Where- 
fore similar triangles, &c. @. E. D. - 

. Con. 1. If a third proportional be found to two 
| homologous sides of two similar triangles, as the 
former side is to the third proportional, so is the 
former triangle to the latter. 

For, the former side has to the third proportional, 
the duplicate ratio of that which it has to the latter 
side, which is equivalent to the ratio of the former 
triangle, to the latter. 

Cor. 2. If two triangles, which have an angle 
of the one equal to an angle of the other, be to one 
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another in the duplicate ratio of a side of the one, 
adjacent to the one of the equal angles, to a side of 
the other, adjacent to the other of the equal - angles, 
the two triangles shall be similar. 

Let the /, BAC of the A ABC, be equal to the 
L EDF, of the A DEF, and let the A. ABC be to 


E x F 


the A. DEF in a ratio which is the duplicate of that 
of AB to DE: the A ABC shall be similar to the 
N DEF. | | | 

For if the z 4BC— 4 DEF, the two triangles 
will (Th. 12.) be equiangular and therefore (Th. 101.) 
they will, also, be similar: but if the 2 ABC be not 
equal to the 4, DEF, let the 4 ABH = 4 DEF; 
therefore the 2. ABH, DEF, are similar; therefore 
(Cor. 1.) if G be a third proportional to 4B and DE, 

ts ABH : A DEF :: AB: G; 
and (hyp.) : 

A ABC: A DEF :: AB : - 

', (Th. 81.) 

A ABH: A DEF :: N ABC : A DEF; 
therefore (Th. 78.) A ABH= A ABC; which 1s 
impossible; therefore the Z ABC is not unequal to 
the 4. DEF, and the two œ~ ABC, DEF are similar. 


THE 


Elements of Plane Geontetryp. 
Boox I. Cuaprter V. 
SECTION II. 


On the proportionality of the sides, and of the sur- 
faces, of parallelograms, and of polygons. 


—Q0-——- 
THEOREM CXI. 


The parallelograms about the diameter of any 
parallelogram, are similar to the whole, and to one 
another: and similar parallelograms, which have a 
common angle, and are similarly situated, are about 
the same diameter. 


Let ACDB be a parallelogram, of which the dia- 
E B 


C f D 


meter is BC, and EK, HF, the parallelograms about 
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the diameter : the IT EK, HF, are similar both to 
the whole C3 ABCD and to one another. 


Because HG and AB are both parallel to CD, 
they are (Th. 9.) parallel to one another; therefore 
(Th. 10.) the CHG= L CAB ; therefore (Th. 26. 
© Cor. 1.) the C3 HF is equiangular to the O 4D. 
, Again, because HG is parallel to 4B, the A CHG 
is (Th. 101. Cor. 1.) similar to the A CAB; for the 
same reason, because FG is parallel to DB, the 
A CFG is similar to the A. CDB, 

". CH: HG :: CA : AB, 

HG : GC :: AB: BC, 

GC : CF :: BC : CD; 

^. (ex equo) CH : CF :: CA: CD. 
Wherefore (Th. 25. Cor. 1.) the sides about the equal 
angles of the m HF, AD, are proportionals; and 
therefore (Def. 63.) the C3 HF is similar to the 
Cj AD. Inthe same manner it may be shewn that 
the C3 EK is similar to the ( 4D; therefore (Def. 

63. Cor.) the [7] AF is, also, similar to the O EK. 

Next, let the D ACDB, HCFG, be similar and 
similarly situated, and have the 4 4C D common: 
ACDB and HCFG are about the same diameter. 

For, let HG and FG, produced, meet BD and 


AB, in K and E, respectively, and let CG and BC 


be drawn. 


Then (hyp. and Th. 25. Cor. 1.) 4B = HK, and 


(hyp.) 
CA: AB or HK :: CH : HG, 
^. (Th. 90. Cor.) AH : KG : CH : HG, 


P 
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i.e. (Th. 25. Cor. 1) BK : GK :: CH : HG; 


and (Th. 10.) the, BKG = 4 CHG; therefore 
(Th. 103.) the £ BGK = L HGC; therefore (Th.3.) 
BG and GC are in one and the same straight line ; 
that is, the r1 HF and AD are about the same dia- 
meter CGB: Wherefore, the parallelograms, &c. 
Q. E. D. 


Turorem CXII. 


If an equilateral and eġuiangular polygon have 
the same number of sides as another equilateral and 
equiangular polygon, the two figures shall be similar 
to onother. 


For (Th. 35. Cor 4.) any angle of the one, is equal 
to any angle of the other figure: and (hyp.) the sides 
about equal angles, in each, are to one another in the 
same ratio of equality ; therefore (Def. 63.) the figures 
are similar. 


Cor. If through the angular points of an equi- 
lateral and equiangular rectilineal figure, inscribed in 
a circle, straight lines be drawn touching the circle, 
the figure, thus described about the circle, shall be 
similar to the inscribed figure. 


For (Th. 66.) it will be equilateral and equi- 
angular; and (Ayp.) it has the same number of sides 
as the inscribed figure; therefore (Th. 112.) the two 
figures are similar. | 
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| THeoreM CXIII. 
= The perimeters of similar polygons, inscribed in 
circles, are to one another as their diameters. 


Let ABCDE, FGHKL, be two circles, and in 
these the similar polygons 4BCDE, FGHKL ; and 


let BM and GN be diameters of the circles: as BM 
is to GN sois the perimeter of the polygon ABCDE 
to the perimeter of the polygon FGHKL. 


- For, let BE, AM, GL, FN, be drawn : and since 
(hyp.) BA: AE :: GF: FL and that the, BAE= 
-L GFL, therefore (Th: 103.) the A ABE is similar 
to the A FEL, so that the L AEB= L FLG ; but 
(Th. 55.) thez AMB = L AEB, and the £ FNG = 
L FLG; therefore the L AMB = L FNG; and (Th. 2.) 
the 4 BAM = L GFN, each of them (Th. 57.) 
being a right angle ; therefore (Th. 12.) the A 4BM 
is equiangular to the A FGN; therefore (Th. 101. 

Cor. 2.) AB : FG :: BM: GN. 
Again (hyp.) AB : BC :: FG : GH; 
*. (alternando) AB : FG :: BC: GH; 
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in the same manner it may be shewn that BC: GH 
: CD : HK; and so on; therefore (Th. 83.) the 
aggregate of the antecedents is to the aggregate of the 
conséquents, as AB i$ to FG, or (Th. 81.) as BM to 
GN; that is, the perimeter of the polygon ABCDE is 
to the perimeter of the polygon FGHKL as the dia- 
meter BM is to the diameter GN. Wherefore, the 
perimeters, &c. (Q.E.D. - 


Con. 1. If in each of two circles an equilateral | 
and equiangular polygon, be described, of the same 
number of sides, and if through the angular points of 
these polygons straight lines be drawn touching the 
circles, the polygons so described about the circles 
will, (Th. 112. Cor. and Def. 63. Cor.) be similar to 
the inscribed polygons; and to one another: and it 
may be shewn, as in the proposition, that their-peri- 
meters are to one another as their homologous sides, 
and therefore, also; as the diameters of the circlés. | 


Cor. 2. Ifa straight line be divided into any two 
parts, and if upon the whole line and each of the parts 
there be described similar polygons, the perimeter of 
the polygon which is described upon the whole ‘ine, 
shall be equal to the perimeters taken together of the. 
polygons which are described upon the two parts. 


For it was shewn, in the demonstration, that the 
perimeters of similar polygons are to one another as 
their homologous sides; therefore (Th. 98.) the ag- 
gregate of the perimeters of the polygons described 
on the two parts into which the line is divided, is to 
the perimeter of the polygon on the whole line, as the 

K K 
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aggregate of the two parts is to the whole, that is 
(Th. 84.) in a ratio of equality. 

Cor. 3. Hence, also, if upon each of two given 
unequal straight lines and upon their difference, there 
be described similar polygons, the perimeter of that 
- which is described upon the difference shall be equal 
to the excess of the perimeter of the greater of the 
other two above the perimeter of the less. 


SCHOLIUM. 


It may be easily shewn, also, that the perimeters 
of any similar polygons described about circles, are to 
one another as the diameters of the circles, 


TuroneM CXIV. 


. Parallelograms of the same altitude, or of equal 
altitudes, are to one another as their bases. 


For (Th. 25. Cor. 2.) they are the doubles of the 
triangles into which they are divided by their dia- 
meters; and (Th. 107.) these triangles are to one 
another as the bases of the parallelograms ; therefore 
(Th. 86. Cor.) the parallelograms are to one another 
as their bases. 

Con. Parallelograms upon equal bases, are (Th. 
107. Cor. 2. and Th. 86. Cor.) to one another as 
their altitudes. 


SCHOLIUM. 


Since (Schol. to Th. 33.) two parallelograms having 
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a common side, and therefore having also equal alti- 
tudes may be found that shall be equal to two given 
rectilineal figures, each to each, it is manifest, from 
Th. 112, that two straight. lines may always be found 
that shall be to one another as any two given recti- 
lineal figures are. 


) 


THEOREM CXV. 


= 


Parallelograms, having one angle of the one equal 
to one angle of the other, if they have their sides 
about the equal angles reciprocally proportional, are 
equal; and if they be equal, they have their sides 
about the equal angles reciprocally proportional. 


For, in the first case, the triangle contained by 
the diameter and the two sides of the one, is equal 
(Th. 108.) to the triangle contained by the diameter 
and the two reciprocally proportional sides .of the 
other; and therefore (Th. 25. Cor. 2.) the parallel- 
ograms are equal to one another. 

And, in the second case, the triangles, which are 
the halves of the equal parallelograms, are equal, and 
have an angle of the one equal toan angle of the other ; 
and therefore (Th. 108.) the sides about those equal 
angles, which are also the sides of the parallelograms, 
. will be reciprocally proportional. 

Con. 1. If four straight lines be proportionals the 
rectangle contained by the extremes is equal to the 
rectangle contained by the means: and if the rect- 
angle contained by the extremes be equal to the 
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rectangle contained by the means, the four — 
lines are proportionals. | 

For, if four straight lines be proportionals,. the 
rectangle contained by the extremes and the rectangle 
contained by the means, will be parallelograms, which 
have their sides about equal angles (Th. 2.) recipro- 
cally proportional; therefore (Th. 115.) they are equal 
to one another : and if the two rectangles be equal to 
one another, they will (Th. 115.) have their sides 
about the equal angles reciprocally proportional; so 
that the two sides of the one rectangle are the extremes, 
and the two sides of the other the means, of the four 
proportionals. 

Con. 2. Hence, if three straight lines be pro- 
portionals, the rectangle contained by tlie extremes 
is-equal to the square of the mean : and if the rectangle 
contained by the extremes be equal to the square of 
the mean, the three straight lines are proportionals. 

‘For, if the mean of three proportionals be taken 
twice, there will then be four proportionals, and 
(Cor. 1.) the rectangle contained by the extremes is 
equal to that contained by the means, that is, to the 
square of the mean proportional. Also, if a square 
be equal to a rectangle, the square may be considered 
asa rectangle contained (Cor. 1.) by two equal means, 
that is, by one mean proportional between the two 
sides of the other rectangle. 

Cor. 3. Hence if any three straight lines 4, B, 
C, be continual proportionals, the first shall be to the 


third, as the square of the first is to the square of the 
second. 
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For (Th. 114.) 4 is to C, as the square of 4 is 
to the rectangle contained by 4 and C, or (Cor. 2.) 
as the square of Æ is to the square of B. 


THeorem CXVI. 


Equiangular parallelograms have to one another 
the ratio, which is compounded of ratios — to 
the ratios of their sides. 


For (Th. 25. Cor. 2.) they are the doubles -of the 
triangles, into which they are divided. by: their: dja- 
meters; and (Th. 109.) these triangles are to one 
another in a ratio that is compounded of ratios equi- 
valent to the ratios of the sides about the equal 
angles; which sides are also the sides of the parallel- 
ograms; therefore (Th. 86. Cor.) the  equiangular 
parallelograms are to one another in a ratio that is 
compounded of ratios equivalent to the ratios of their 
sides. 

Con. 1. ` Equiangular parallelograms are to one 
another as, the rectangles contained by their sides. 

For the ratio of the parallelograms, and the ratio of 
the rectangles will (Th. 116.) be each equivalent to 
the same compounded ratio, and therefore (Th. 81 E 
they will be equivalent to one another. 

Con. 2. Hence also triangles, which" TNAM an ` 
angle of the one equal to an angle of the other, are to 
one another, as the rectangles contained by the sides 
about the equal angles. 

For (Cor. 1.) the parallelograms, which are their. 


doubles, will be to one another in that ratio; there. 
i 
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fore (Th. 86. Cor.) the triangles themselves will be to 
one another in that ratio. 

Con. 3. If the bases of four rectangles be | pro- 
portionals and their altitudes be also proportionals, the 
rectangles themselves shall, likewise, be proportionals. 

For the ratio which the first rectangle has to the 
second, is (Th. 116.) compounded of ratios equi- 
valent to those of which the ratio of the third rect- 
angle to the fourth is compounded ; therefore (Def. 60. 
Cor.) the first rectangle is to the second as the third 
is to the fourth. 


SCHOLIUM. 


It was shewn, in the Scholium to Th. 98, that a 
ratio, compounded of other ratios, to each of which an 
equivalent numerical ratio can be found, is equivalent 
to the ratio which the product of all the numerical 
antecedents has to the product of all the numerical 
consequents : it follows, therefore, from Th. 116, that 
equiangular parallelograms are to one — as the 
products of the numbers which are proportional to - 
their sides: and thus, two squares are to one another 
as the squares of any two numbers which are pro- 
portional to their sides. | 


bh 


THEOREM CXVII. 


Similar polygons have to one another the duplicate 
ratio of that which their homologous sides have. 
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Let ABCDE, FGHKL, be similar polygons, of 
which AB and FG, BC and GH, &c. are homologous 


A E F 
| E 
“iy N 
C D . 
sides: 4BCDE has to FGHKL the duplicate ratio 
of that which any side 4B, of the former, has to 
_ the homologous side FG, of the latter. From 4 and 
F, the summits of the equal angles BAE, GFL, let 
there be drawn to the opposite equal angles 4C, AD, 
FH, FK, dividing the polygons, since they have the 
same number of sides, into the same number of tri- 
angles: and since (hyp.) AB: BC :: FG : GH, and 
that the Z ABC = L FGH, therefore (Th. 103.) the 
triangles ABC, FGH, are similar; therefore the 2 BCA 
= LGHF; in the same manner it may be shewn 
that the œ~ AED, FLK, are similar ; and since (hyp.) 
the BCD = 4 GHK, the parts of which, viz. the 
L BCA, and L GHF, have been shewn to be equal, 
therefore the remainders: are equal; i.e. the 2 ACD 
= L FHK ; but, since the 7, ABC, FG H, are similar, 
^. AC: CB :: FH : dG; 
and (hyp.) BC : CD :: GH : HK; 


. (ex equo) AC : CD :: FH : HK; 
and it has been proved that the 4, 4C D = 1 FHK; 


LU 
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therefore (Th. 103.) the 2. ACD, FHK, are similar. 


In the same manner, the remaining triangles, into 
which the polygons are divided, if there be more of 
them, may be shewn to be similar: and (Th. 110.) 
the A. ABC has to the similar A. FGH the duplicate 
ratio of that which AC has to FH, and the A ACD 
has also the same ratio to the similar A FHK; 
therefore (Th. 81.) 

A ABC : A FGH :: [ ACD: A FHK: 

in the same manner it may be shewn, that 

ACD : [FHK :: A ADE : & FKL; 

therefore (Th. 83.) the A ABC is to the A FGH 
as the aggregate of the antecedents is to the aggregate 
of the consequents, i. e. as the polygon ABCDE is to 
the polygon FGHKL : but (Th. 110.) the A ABC 
has to the A. FGH the duplicate ratio of that which 
AB has to FG; therefore (Th. 81. ABCDE has 
to FGHKL the duplicate ratio of that which 4B has 
to FG. 

Con. 1. It appears from the — TN that 
similar polygons may be divided into the same 
number of similar triangles, having the same ratio to 
one another that the polygons have. 

Con. 2. In like manner it may be proved, that 
similar four-sided figures are to one another in the 
duplicate ratio of their homologous sides, as are also 
(Th. 110.) similar triangles : Wherefore, universally, 
similar rectilineal figures are to one another in the 
duplicate ratio of their homologous sides. 

Con. 3. Similar rectilineal figures are to one an- 
other as the squares of their homologous sides. 
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For (Th. 117.) the rectilineal figures, and the 
squares on their homologous sides, have to one an- 
other the same duplicate ratio; therefore (Th. 81.) 
the rectilineal figures are to one another as the squares 
of their homologous sides. | | 

Con. 4. Similar rectilineal figures are equal to 
one another, if two of their homologous sides be equal : 
and, conversely, rectilineal figures which are similar 
and equal, have their homologous sides equal, each to 
each. 

"Con. 5. If three straight lines be proportionals, 
as the first 1s to the third, so is any rectilineal figure 
on the first, to a similar and similarly described figure 
on the second. 

For (Def. 61.) the first òf these lines has to the 
third the duplicate ratio of that which it has to the 
second. 


SCHOLIUM. 


‘It is manifest, from Th. 117. Cor. 3. and from the 
latter part of the Scholium to Th. 116, that similar 
rectilineal figures are to one another as the squares of 
any two numbers that are proportional to two homo- 
logous sides. | | 


TusongM CXVIII. 


If four straight. lines be proportionals, the similar 
rectilineal figures similarly described upon them shall 
also be proportionals ; and if the similar rectilineal 

figures similarly described upon four straight lines 
LL 
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be proportionals, those straight lines shall be pro- 
portionals. . 


Let the four — lines 4B, CD, EF, GH, be 
proportionals, viz. 4B to CD, as EF to GH; and 


P dh a 
illbu.ta 


E F G H P R 
upon 4B, CD, let the similar rectilineal figures 
KAB, LCD, be similarly described; and upon EF, 
GH, the similar rectilineal figures MF, NH, in like 
manner. The rectilineal figure K AB is to LCD, as 
MF to NH. 

To AB, CD, suppose X to be a third proportional, 
and O to be a third proportional to EF, GH. 
Then (hyp) AB: CD : EF : GH; 
and ẹTh. 81. and hyp.) 
CD: X : GH : O; 
: (Th. 96.) AB: X : EF :, O. 
But (Th. 117. Cor. 5.) 
AB: X :: KAB : LCD, 
and EF: O :: MF: NH; 
'. (Th.81. KAB : LCD :: MF : NH. 
And if the rectilineal figure A4B be to LCD as 
MF to NH, then AB: CD :: EF: GH. 
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For let PR be a fourth proportional to 4B, CD 
and EF; and upon PR let there be supposed to be 
described the rectilineal figure SR, similar and simi- 
larly situated, to either of the figures MF, NH. 

Then (hyp.) AB : CD :: EF : PR; 
. (first case and hyp.) 
KAB : LCD :: MF: S R; 
also (hyp.) KAB : LCD :: MF: NH; 
*. (Th. 78.) NH = SR: 
And NH and. SR are, also, similar rectilineal figures 
and similarly situated; ~». (Th. 117. Cor. 4.) GH= PR. 
But (hyp.) AB : CD :: EF : PR; 
'. (Th. 77.) AB : CD :: EF : GH. 
If, therefore, four straight lines, &c.  &. E. D. 

Con. 1. ' Ifarectilineal figure be similar to each of 
two other rectilineal figures, and be also a mean pro- 
portional between them, its side shall be a mean 
portional between the sides, that are homologous to it 
of the other figures: and if the side of a rectilineal 
figure be a mean proportional between the sides that 
are homologous to it, of two other similar figures, 
that figure shall also be a mean proportional between 
the two others. 

Cor. 2. If four straight lines be proportionals, the 
squares described upon them shall, also, be pro- 
portionals: and if four squares be proportionals,. their 
sides shall, also, be proportionals. 


TuroneM CXIX. 


Similar polygons inscribed in circles are fo one 
another as the squares of their diameters. 
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Let ABCDE, FGHKL, be two circles, and in 
them the similar polygons ABCDE, FGHKL ; and. 


F 
G L 
N 


H K 


let BM, GN be diameters of the circles: as the square 
of BM is to the square of GN, so is the polygon 
ABCDE to the polygon FGHKL. 

For let BE, AM, GL, FN, be drawn. Then, it 
may be shewn, as in Th. 113, 


that BM: GN :: AB : FG; 


therefore (Th. 118. Cor. 2.) the square of BM is to 
the square of GN as the square of AB is to the square 
of FG, that is (hyp. and Th. 117. Cor. 3.) as the 
polygon 4BCDE is to the polygon FGHKL; there- 
fore (Th. 81.) the square of BM is to the square of 
GN as the polygon ABCDE is to the polygon 
FGHKL. 

Con. If in each of two circles an equilateral and 
equiangular polygon be inscribed of the same number 
of sides, and if through the angular points of these 
polygons straight lines be drawn touching the circles, 
the polygons so described about the circles, will be 
(Th. 112. Cor. and Def. 63. Cor.) similar to the 
inscribed polygons, and to one another. They will, 
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therefore, also be to one another as the squares of the 
diameters of the circles.. 


SCHOLIUM. 


The homologous sides of any similar polygons, 
described about circles, are to one another as their 
diameters; and, therefore, (Th. 117. Cor. 3. Th. 118. ` 
and Th. 81.) similar polygons described about circles 
are to one another as the squares of their diameters. 


THE 


Elements of Plane Geometry. 
Book I. Cuaprer V. 


a. 


SECTION III. 


On the proportionality of angles and circular arches. 


isin ame 


THEeorem CXX. 


In equal circles, angles, whether at the centres or 
circumferences, are to one another as the arches which 
subtend them. 


Ler ABC, DEF. be equal circles; and at their 
centres the Z BGC, EHF, and the 4 BAC, EDF 


=~ ~N 
at their circumferences; as BC to EF, so is the 
AL BGC to the EHF, and the £ BAC to the 
L EDF. 


a M rune: 
Suppose CK, KL, to be any number of arches, 


^ PS am, 
each equal to BC, and F.M, MN, to be any number 


Proportionality of Angles and Circular Arches. 271 


o~ 
whatever, each equal to EF: suppose, also, GK, GL, 
HM, HN, to be drawn. 


LN N AAN 
Because BC, CK, KL, are all equal, the 4 BGC, 


CGK, KGL are (Th. 60.) also all equal : Therefore 


“~ m 
what multiple soever BL is of BC, the same multiple 
is the 4, BGL of the; BGC: For the same reason, 


l ~ N 
whatever multiple EN is of EF, the same multiple 
| oN 
is the L E HN ofthe L EHF: And (Th. 60.) if BL > 
AN 
=< EN, the; BGL > = «the EHN. There 
, piam 
are, then, four magnitudes, the two arches BC, EF, 


A 
and the two y BGC, EHF; of the arch BC and of 
the 4 BGC, there have been taken any equi-multiples 


oN 
whatever, namely, BL and the BGL; also, of the 
m 
arch EF, and of the / EHF, there have been taken 


“om 
any equi-multiples whatever, namely, EN, and the 
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IN 

L EHN; and it has been proved that if BL >= 
ax 

< EN, then the ZL BGL > = «the Z EHN, 


m~ pays 
".(Def48) BC: EF :: L BGC : LEHF. 
But (Th. 56. and Th. 86.) 
LBGC: LEHF :: LBAC : L EDF; 


^ Pt. 
^. (Th. 81.) BC : EF : LBAC: L EDF. 


Wherefore, in equal circles, &c. a. E. p. 


Con. 1. Since, as an angle at the centre, or at the 
circumference of a circle, is to a right angle, so is the 
` arch subtending the angle to the fourth part of the 
circumference, therefore as an angle at the centre, or 
at the circumference, is to four right angles, so is 
(Th. 93; Cor.) the arch subtending the angle to the 
whole circumference. . 

Cor. 2. Hence, in unequal circles, the arches 
(A), (a), subtending equal angles (B), are to one an- 
other as the whole circumferences (C), (c), of the 
circles. | 

For (Cor. 1.) 

A :; C : B : four right angles :: a : c; 
^ (1h.81) 4: €: a :c6, 

". (alternando) A: a: C : c. 


SCHOLIUM. ` 


By producing the base of a triangle indefinitely, 
by cutting off, from the part produced, straight lines 
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equal to the base, and by joining the vertex of the 
triangle and the extremities of those lines it 1s easy 
(Th. 30.) to exhibit any assigned multiples of a given 
triangle. But with angles, and sectors of circles, the 
case is not the same. Fora multiple of a given angle 
may exceed the whole angular space about a given 
point; and asa multiple of a given arch of a circle 
may exceed the whole circumference, so may a mul. 
tiple of a given sector exceed the whole circle. Such 
kind of multiples, although they may be conceived 
by the mind, cannot be geometrically exhibited to the 
eye. ]t may be proper, therefore, to give another 
demonstration of Th. 120, founded on the criterion 
of proportionality established, in the latter part of the 
scholium which follows Th. 98. 


Let, then, 4BC, DEF, be equal circles, and let 
| LIN o 
BGC, EHF, be angles at their centres; BC: EF :: 


LBGC:LEHF. 

By continually bisecting the arch ZF and the 
arches into which it is subdivided, let EF be 
supposed to be divided into any number P equal 


parts; of which EK is one; suppose BL to be 
MM 
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equal to EK; and since (Th. 68.) there is no limit to 
wr diminution of these parts, it is evident that i in 


BC there 1 may be taken a multiple, ÉM, of ER, or 


of BE, which is equal to BR, such that MC, the 
difference between BM Pini BC shall be les than any 
assignable arch : -det BM be supposed to be so taken, 


and HK, GL, Gm to be drawn. Then it is manifest: 
from Th. 60, that the 2 HHFis the same multiple of the 


L.EHK that EF is of EK ; likewise that the Me. B GM 
is P same multiple of the2 BGE that BM i is of 
BL, and nd that the L EHK = L BGL, because Cup.) 
EK - BL; therefore (Th. 80.) 

lan m 

BM : BL :: LBGM. : LBGL, 
ao EE e T 
EK or BL: EF :: L EHK or BGL : LEHF; 
'. (Th. 94.) 

m Pm | 

BM : EF :: LBGM : LEHF. 

m ms 

Also (Th.60. and Cor. 1 ) if BM>=< BC, the 
LB GM >=<the MT GC; there are therefore, four 
magnitudes, viz. BG EF the e4 BGC, and the £ 
EHF, and two others, viz. BM and the L BGM, 
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such h that ÉM: EP :: LBGM : ‘= EHF, and that 
if BM, the difference of which jon BC C ~~ be made 


less than ny assignable arch, be > = < BC. then the 
om BGM M> = < the BGC; therefore (Schol. Th. 98. ) 


BC: ÉP: Ł BGC: 1 EHF. 
It follows, also, from "Th. 56. and Th. 86, that 
at the circumferences of equal circles, are to one an- 


| other as the arches on-which they stand. 


ES Tinon CXXI. | 


The circumferences of wn are to one another 
as their diameters. 

Let C and c be the circumferences of any two 
given circles, of which D and d are, respectively, the 
diameters; D : d :: C : c. 

For let L be a fourth proportional to D, d, and 
C; let pand q be the perimeters of any two equi- 
lateral polygons, of the same number of sides, in- 
scribed in the circles of which D and d are the dia- 
meters; and let P and Q be the perimeters of two 
equilateral polygons described about those circles, 
similar to the inscribed polygons :: 

Then since (hyp) D: d:: C: L 

and (Th. 113.) D: d: p : q, 

- (Th.81)) C: Lz:: p :4; 

and (alternando) € : p :: L : q. 

But (Assump. II.) C>p; ~». (Th. 84.) L»4. 


/ 
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In the same manner, by the help of Th. 113. Cor., 


it may be shewn that 


C:P#L: Q; 

but (Assump. II.) C< P; therefore L< Q. Since, 
then, L is greater than the perimeter of any equi- 
lateral polygon inscribed in the circle of which c is 
the circumference and less than the perimeter of any 
equilateral polygon described about the circle, it is 
(Th. 70. Cor. 3.) equal to the circumference c; 
therefore D:d :: C : c. Wherefore, the circum- 
ferences of circles, &c. @. E.D. 

Cor. 1.. The circumferences of circles are also 
(Th. 121. and Th. 88, 81.) to one another as their 
semi-diameters. 

Con. 2. In unequal circles, the arches subtending 
equal angles are to one another (Th. 120. Cor. 2. and 
Th. 121.) as the diameters, or (Th. 121. Cor. 1.) as 
the semi-diameters of the circles. 


THE 


Elements of Plane Geometry: 


Boox I. Cuaprer. V. 
> SECTION IV. 


On the proportionality of circles, of their sectors, and 
: of their segments. ' 


—0— 


Turorem CXXII. 


In equal circles, sectors are to one another as the 
arches by which they are bounded. 


Ler ABC, DEF, be equal circles, of which K and 
L L are the he centres, and KBGC, LEHF, sectors ; 
BGC: EHF :: sector KBGC : sector LE HF. 

For it is manifest from Th. 65, am and it’s corollary, 
that if any multiple be taken of BGC, it will be the 
arch of a sector, that is the same multiple of the sector 


KBGC; and if any multiple be taken of EHF it will, 
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likewise, be the arch of a sector that is the same mul- 


tiple of the sector LE HF; and, also, that accordingly ` 
A 


as the multiple of BGC>= < the multiple of EHF 
the multiple. of the former sector will be > = PA the 


multiple of the latter; therefore (Def. 48.) É GÒ : 
Eu :* sector KBGC : sector LEHF: Wherefore 


in equal circles*, &c. &. E. D. 

Cor. 1. Sectors of the same circle are to one an- 
other as their arches. 

Cor. 2. A sector ofa circle 1 is to the whole circle. 
as the arch of the sector is to the whole circum- 
ference. 

For (Cor. 1.) any sector is to a quadrant of the 
circle as the arch of that circle is to a fourth part of the 
circumference; therefore (Th. 93. Cor.) any sector is 


* This proposition might also easily be deduced from Th. 70. 
Cor. 1. For the sectors of equal circles are, according to that 
corollary, equal to the triangles of the same altitude, which have 
the arches of the sectors for-their bases: Therefore the sectors are 
to one another i as their arches. 
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to the whole circle as the arch of the sector is to the 
whole circumference. | 
Cor. 3. In equal circles, or in the same. circle, 
sectors are to oneanother (Th. 122. 120.) as the angles. 
subtended by their arches, at. the entres, or at the 
circumferences. 
Cor. 4. In unequal circles (K), (k), similar sectors, 
(S), (s), the arches of which (4), (a), subtend 
(Def. 38.) equal angles (B) at the centres, are to one 
another as the circles. 
For (Th. 122. Cor. 2. and Th. 120. Cor.1.) 
S: K:: LB : four right angles :: s : k; 
'. (Th. 81.) 
SK: s:k; 
'. (alternando) — 
S: sxx K:k 
Cor. 5. If a straight line be divided into any 
two parts, the circumference of the circle described 
upon the: whole line as a diameter, shall be. equal to. 
the cireumferences of the circles deseniben upon:each 
of the parts as. a, diameter. 


SCHOLIUM. - 


The pr addio proposition may, R be proved. in 
the same manner, as it was shewn, in the Scholium 
which follows Th. 120, that, in equal circles, angles at 
the centres are to one another as. the arches nre 
subtend them. | 
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THEOREM CXXIII. 


Circles are to one another as the squares of their 
diameters. 


Let 4BC, DEF, be two Side, and BC, EF 


N M 
^ D 
a E E F 
- 
H -. G 
L 


their diameters: as the square of BC is to the square 
of EF, so is the circle 4BC to the circle DEF. 

For if GH and LM be supposed to be equal to the 
circumferences of ABC and DEF, and if HK be sup- 
posed to be drawn perpendicular to GH and made equal 
to the half of BC, and MN to be drawn perpendicular 
to LM and made equal to the half of EF; and if K, 
G and N, L be joined, then (Th. 70.) the circle 
ABC is equal to the A KHG, and tbe circle DEF 
to the A NML: also (hyp. and Th. 121. Cor.) GH: 
HK :: LM : MN, and (Th. 2.) the, KHG = 
L NML, each of them being a right angle; therefore 
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^. (Th. 103.) the A. KHG is similar to the A NML; 
therefore (Th. 117. Cor. 3.) the A KHG is to the 
A NML as the square of KH to the square of NM; 

but (hyp. and Th. 86.) KH : NM :: BC : EF; 

therefore (Th. 118.) the square of KH is to the square 
of NM as the square of BC is to the square of EF; 
therefore (Th. 81.) the A KHG is to the A NML 
as the square of BC is to the square of EF; that is, 
(hyp.) the circle ABC is to the circle DEF, as the 
square of BC to the square of EF. Wherefore circles, 
&c. Q.E.D. 


Cor. 1. From the demonstration it is manifest, 
that circles are also to one another as the squares of 
their semi-diameters. 


Cor. 2. It is manifest, from Th. 123, and 
Th. 122. Cor. 4, that in unequal circles, similar 
sectors are to one another as the squares of the dia- 
meters, or (Th. 123. Cor. 1.) as the squares of the 
semi-diameters. 


Con. 3. As the one of two circles is to the other, 
so is any polygon inscribed i in the one (Th. 119.) to a 
similar polygon inscribed in the other. 


Cor. 4. If three straight lines be proportionals, as 
the first is to the third, so is the circle which has the 
first for it’s diameter, or for it’s semi-diameter, to the 
circle which has the second for it’s diameter, or its 
semi-diametey ; so also is any sector of a circle which 
has the first for it's semi-diameter, to a similar sector 
of a circle which has the second for it’s semi-diameter. 

NN 
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_ THEOREM CXXIV. 


Similar segments of circles are to one another as 
the squares of their chords. 


Let ABC, DEF, be any two circles of, which 
BCG, EFH, are similar segments, that is, such that 


A. "p 


any two points G and H being taken in BGC, ÉHF, 
the y BGC, EHF, are equal to one another; the 
segment BCG is to the segment E HF as the square 
of BC is to the square of EF. 

© For let K and L be the centres of the circles 
ABGC, DEHF, and let. KB, KC, LE, LF, be 
drawn. And since (hyp:) the L BGC — 1. EHF 
therefore (Th. 54.) the angles subtended by BC and 
EF at any points A, D, in BAC. EDF, are equal to 
one another, therefore the 4 BKC, ELF, which 
(Th. 56.) are their doubles, are also equal to one 
another ; ‘therefore (Th. 123. Cor. 2.) the sector 
K BGC is to the sector LEHF, as the square of KB 
is to the square of LE: but since the /, BKC— 
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L ELF, and that the m~ KBC, LEF, are isosceles, 
they are (Th. 12. and Th. 13.) equiangular ; therefore 
(Th. 101. Cor. 2.) KB: LE :: BC: EF; therefore 
(Th. 118. Cor. 2.) as the square of KB is to the 
square of LE so is the square of BC to the square of 
EF; therefore (Th. 81.) the sector KBGC is to the 
sector LE HF as the square of BC is to the square of 
EF: and (Th. 117. Cor. 3.) the A KBC is to the 
A LEF as the square of BC is to the square of EF; 
therefore (Th.81.) the sector KBGC is to the sector 
LEHF as the A. KBC is to the A LEH; there- 
fore (Th. 90.) the segment BCG is to the segment 
EFH as the sector KBGC is to the sector LEHF, - 
that is (Th. 81.) as the square of BC to the square of 
EF: Wherefore similar segments, &c. a. E. D. 

Con. 1. It is manifest, from the demonstration, 
^ that similar segments of two circles are to one another 
as the squares of the semi-diameters, or (Ih. 123. 
Cor. 1.) as the circles themselves, or as (Th. 123.) 
the squares of the diameters. 

Cor. 2. If three straight lines be proportionals, as 
the first is to the third, so is any circular segment, 
which has the first for it's chord, to a similar circular 
segment, which has the second for it's chord. 


THY 


3:lenmento of Blane Geontetry. 


CHAPTER VI. 


QN . THE COMPARISON OF RECTANGLES CONTAINED BY 
STRAIGHT LINES AND THEIR SEGMENTS, AND OF SIMILAR 
FIGURES, DESCRIBED UPON THE SIDES OF TRIANGLES AND 
PROPORTIONAL LINES. 


=) 


SECTION I. 


On the comparison of rectangles contained by straight 
lines and their segments. 


THeorEM CXXV. 


df there be two straight lines, one of which is 
divided into any number of paris; the rectangle. con- 
tained by the two straight lines, is equal to the 
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rectangles contained by the undivided line, and the 
several parts of the divided line. 


Ler 4 and BC be two straight lines ; and let BC 
be divided into any parts in the points D, E; the 


A B D EL C 


G- 
F 


K L H 


rectangle contained by the straight lines 4, BC, is 
equal to the rectangle contained by 4, BD, together 
with that contained by 4, DE, and that contained 
by 4, EC. 

From the point B suppose BF to be drawn at 
right angles to BC, and BG to be made equal to 4; 
and through G suppose GH to be drawn parallel to 
BC: and through D, E, C, suppose DK, EL, CH to 
be drawn parallel to BG; then the rectangle BH is 
equal to the rectangles BK, DL, EH; and BH is 
contained by 4, BC, for it is contained by GB, BC, 
and GB—4; and BK is contained by 4, BD, for it 
is contained by GB, BD, of which GB— 4; and 
DL. is contained by 4, DE, because DK, being 
(Th. 25.) equal to BG, is equal to 4; and in like 
manner the rectangle EH is contained by 4, EC: 
therefore the rectangle contained by 4, BC is equal 
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to the several rectangles contained by 4, BD, and by 
A, DE; and also by 4, EC. Wherefore, if there 
be two straight lines, &c.  &. E. D. 

Cor. 1. Hence, if a straight line be divided into 
any two parts, the rectangle contained by the whole 
line and a straight line equal to it, that 1s, the square 
of the line, is equal to the rectangles contained by the 
whole, and each of the parts. 

For, if 4 = BE, which is divided into two parts 
in D, then (Th. 125.) the rectangle contained by 4 
and BE, i. e. the square of BE, is equal to the 
rectangle contained by 4 and BD together with the 
rectangle contained by 4 and DE; or (Th. 26.) to 
the rectangle contained by BE aud BD, together 
with the rectangle contained by BE and DE.. 

Con. 2. Hence, also, if a straight line be divided 
into any two parts, the rectangle contained by the 
whole, and a straight line equal to one of the parts, is 
equal to the square of that part, together with the 
rectangle contained by the two parts. 

For if BC be divided into the parts BE and EC, 
and if A = BE, then (Th. 125.) the rectangle contain- 
ed by 4 and BC, is equal to the rectangle contained 
by 4 and BC, that is, the square of BE, together 
with the rectangle mam" by 4, or BE, and EC. 


Tuzorem CXXVI. 


If two straight imis which cut one winters be 
produced so as to meet the circumference of a. circle, 
the rectangle contained. by the segments of one of 
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them is equal to the rectangle contained by the 
segments of the other. 


Let the two straight lines EA, ED, cut one 
another in Æ, and either each meet the circumference 
of the circle 4DF in two points A, B, and D, C, as in 
fig. 1, 2, or let one of them EA meet the circum- 
ference in two points B, 4, and the other E D in one 
point, D, as in fig. 3, or else let each of them meet 
the circumference in one point only, as in fig. 4, 
the rectangle 4E x EB is equal to the rectangle - 
DE x EC. 

- For, let ÆC and DB be drawn: then, since the 
L EDB = L EAC, because they are in the same 


segment, or the 4 E DB, contained by the tangent 
ED and DB, is equal (Th. 58.) to the £ EAC in the 
alternate segment, or else the / EDB, EAC, con- 
tained by the tangents, E4, ED, being each of them 
equal to the angle in the alternate segment BFD, are 
equal to one another; and that the angles AEC, 
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DEB, are either vertical and (Th. 1. Cor.) equal angles, 


F F 


or they are the same angles, therefore (Th. 101.) the 
bx AEC, DEB, are similar, and 

AE : EC :: DE : EB; 
~. (Th. 115. Cor. 1.) 4E x EB = EC x DE. © 
Wherefore, if two straight lines, &c. @. E. D. 

Con. 1. Since (Th. 36.) a chord which is per- 
pendicular to the diameter of a circle is bisected by 1t, 
the rectangle contained by the segments into which 
the diameter is divided by a chord that is per- 
pendicular to it, is equal to the square of half the 
chord: and hence, and from Th. 44, it follows that 
the square of the half of a given straight line is 
greater than the rectangle contained by any two 
unequal parts into which the given line can be divided. 

Con. 2. If from any point, E, without a circle 
AFCB, (fig.3.) two straight lines, EBA, ED, be drawn, 
one of which EBA cuts the circle, and the other, £D, 
touches it, the rectangle contained by the whole line 
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EA, which cuts the circle, and the part of it, EB, 
without the circle, is equal to the square of the 
tangent, ED. 

Con. 3. If the rectangles contained by the seg- 
ments of two straight lines, 4B, CD, (fig. 1.) which 
cut one another in Æ, be equal, and the circum- 
ference of a circle pass through three of the ex- 
tremities, 4, B, C, of the two lines, it shall also pass 
through the fourth extremity, D. 

For if not, let it pass s through H; therefore (T. 126.) 


HE x EC- AE x EB: but (hyp.) DE x EC- AE 
x EB; therefore HE x EC is equal to DEx EC, 


that is, a part is equal to the whole, which is im- - 
possible: Wherefore the circumference which passes 
through A, C, B, cannot pass otherwise than through 
D. . RC 

Con. 4. If from any point, E, (fig. 3.) without 
a circle, 4FDB, two straight lines be drawn, EB A, 
ED, one of which, EBA, cuts the circle, and the 
other, ED, meets it, if the rectangle contained by the 
whole line, £4, which cuts the circle, and the part of it, 
EB, without the circle, be equal to the square of the 
line, ED, which meets it, the line, ED, which 
meets, shall touch the circle. 

For, if E D meet the circumference again, it may 
be shewn as in the preceding corollary, that two 
unequal rectangles are each of them equal to the 


rectangle AE x EB, and therefore equal to one 
another, which is absurd: wherefore ED, when pro- 
duced, does not cut the circle, that is, (Def. 34.) it 
touches the circle. 


O O 
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Der. LXV. 


A circle is said to be described about a rectilineal 
figure, when the circumference of the circle passes 


through all the angular points of the figure, about 
which it is described. | 


Treorem CXXVII. 


If an angle of a triangle be bisected by a straight 
line, which likewise cuts the base ; the rectangle con- 
tained by the sides of the triangle is equal to the 
rectangle contained by the segments of the base, 


together with the square of the — line bi- 
secting the angle. 


Let ABC be a triangle, and let the 2 BAC be 
bisected by the straight line 4D; the rectangle BA, 


AC is equal to the endi BD, DC, — witli 
the square of AD. 
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Suppose the circle 4CB* to be described about the 
triangle, and 4D to be produced so as to meet the 
circumference in E, and EC to be drawn: then, 
because (hyp.) the L BAD= L CAD, and (Th. 55.) 
the 4 ABD = L AEC, for they are in the same 
segment, the ^. ABD, AEC, are equiangular to one 
another: therefore (Th. 101.) as BA to AD, so is 
EA to AC, and consequently (Th. 115. Cor. 1.) the 
rectangle BA, AC is equal to the rectangle EA, AD, 
that is, (Th. 125. Cor. 2.) to the rectangle £D, DA, 
together with the square of 4D: but (Th. 126.) the 
rectangle E D, DA is equal to the rectangle BD, DC. 
Therefore the rectangle B.4, .4C is equal to the 
rectangle BD, DC, together with the square of 4D. 
Wherefore, if an angle, &c. a. E. p. 


Tueorem CXXVIII. 


If from the summit of any angle of a triangle a 
straight line be drawn perpendicular to the base ; the 
rectangle contained by the sides of the triangle is 
equal to the rectangle contained by the perpendicular 
and the diameter of the circle described about the 
triangle. 


Let ABC be a triangle, and let 4D be the per- 


* It is manifest, from the Scholium which follows Th. 20, 
that there is a point which is equidistant from the three angular 
points of any given triangle; and that therefore, it is possible to 
describe a circle, the circumference of which shall pass through 
the three angular points of a triangle. 
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pendicular from the summit of the £ 4 to the base 


LIN 


E 


BC; the rectangle B4, AC is equal to the rectangle 
contained by 4D and the diameter of the circle de- 
scribed about the triangle. 

Suppose the circle 4CB to be described about 
the triangle, and its diameter AE to be drawn, and 
E, C, to be joined: because (Th. 57. and Th. 2.) the 
. right angle BDA is equal to the L HCA in a semi- 
circle, and. the L ABD to the4¿ AEC in the same 
segment; the. triangles ABD, AEC, are equi- 
angular: therefore (Th. 101.) as BA to AD, so 1s 
EA to AC; and consequently the rectangle BA, 
AC is equal (Th. 115. Cor. 1.) to the rectangle £A, 
AD. If therefore, from an angle, &c. @. E.D. | 


THEOREM CXXIX. 


The rectangle contained by the diagonals of a 
quadrilateral rectilineal figure inscribed in a circle, 
is equal to both the rectangles contained " it’s 
opposite sides. 


Let ABCD be any amm rectilineal — | 
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inscribed in a circle, and 4C, BD its diagonals ; the 


rectangle 4C, BD is equal to the two rectangles con- 
tained by 4B, CD, and by AD, BC. 
Suppose the 2 ABE to be made equal to the 
L DBC; add to each of these the common 4. EBD, 
then the 4 ABD =£ EBC: and (Th. 55.) the 
LBDA=LBCE, because.they are in the same 
segment; therefore the A 4BD is equiangular to 
the A. BCE: wherefore (Th. 101.) as BC is to CE, 
so is BD to DA; and consequently the rectangle 
BC, AD is equal (Th. 115. Cor. 1.) to the rectangle 
BD, CE: again, because the L 4BE— £ DBC, and 
(Th. 55.) the L BAE = L BDC, the A ABE is equi- 
angular to the A. BCD: as therefore BA to AE, so 
is BD to DC; wherefore the rectangle BA, DC is 
equal to the rectangle BD, AE: but the rectangle 
BC, AD has been shewn equal to the rectangle BD, 
CE ; therefore the whole rectangle 4C, BD (Th. 125.) 
is equal to the rectangle 4B, DC, together with the 
rectangle AD, BC. Therefore the rectangle, &c. 


Q. E. D. 
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Cor. If D be in the bisection of 4DC, then, 
wherever the point B is taken, in ABC, if BC, BD, 
BA, AC, AD, DC be drawn, 

BD : AB+BC:: AD: AC. 

For, in this case, (hyp. and Th. 62.) AD=DC; 

but (Th. 123.) BD x AC=AB x CD-- BC x AD; 


therefore (Th. 125.) BD x ACis equal to the rectangle 
contained by 4B 4- BC and AD ; therefore (Th. 115. 
Cor, 1.) 

| BD : AB+BC:: AD: AC. 


THE 


Blements of Plane Geometry. 
Cuaprer VI. 
- SECTION IT. 


On the comparison of similar figures, described upon 
the sides of triangles and proportional lines. 


ee, eee 


THEOREM CXXX. 


In right-angled triangles, any rectilineal, or cir- 
cular figure*, described upon the side subtending the 
right angle, is equal to the two similar and similarly 
posited figures, which are described upon the sides 
containing the right angle. 


Ler the A. ABC be right-angled at 4; upon BC, 
CA, AB, let there be described three similar, and 


* By circular figures, in this and the subsequent propositions, 
are to be understood either whole circles, or similar segments, or 
similar sectors of circles. 
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similarly placed, rectilineal or circular figures, 4, 


H © 
g 3 
) She Ed 
‘ E. 


K, L; H on BC, K on CA, and L on AB: then 
H-K«L. 

From A let AD be supposed to be drawn per- 
pendicular to BC; then, since (Th. 106. Cor. 1.) 
BC, CA, CD, are proportionals, as are, also, CB, 
BA, DB, therefore (Th. 117. Cor. 5. Th. 123. 
Cor. 4. Th. 124. Cor. 2.) | 

H: K 4^ CB: CD, 
and H: L :: CB: DB; 
-. (Th. 98. Cor.) H : K-- L :: CB : CD + DB. 
But CB = CD + DB; 
therefore (Th. 84.) H — K + L. 


Therefore, in right-angled triangles, &c. @. E. p. 


TukongM CXXXI. 


F upon each of two straight lines, upon their 
aggregate, and upon a mean proportional between 
them, there be described similar and similarly posited 
rectilineal or circular figures, that which is described 
upon their aggregate shall be equal to the two figures 
described upon the lines, together with the double of 
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that described upon the mean proportional between 
them. 


Between two straight lines *BD, DC, placed in the 
same straight line BC, let DA placed perpendicular 
to BC, be a mean proportional; and let there be 
described the similar and similarly posited rectilineal 
or circular figures, H on BD, Kon DC, Mon DA, 
Son BC: then S=H+K-+twice M. 


Suppose AB and AC to be drawn; then (hyp. and 
Th. 106. Cor. 2.) the £ BAC is a right angle; upon 
AB and AC let there be described figures P and Q, 
similar and similarly posited, to those described on 
the given lines; therefore (Th. 130.) S = P--Q; 
also, P- H-- M, and Q=K+M; therefore S= H 
+K +twice M. If, therefore, upon each, &c. 
Q. E. D. 

Con. 1. If the two given straight lines be equal, 
the mean proportional between -them being then 
equal to either of them, the figure described upon 
their aggregate will be quadruple of the similar and 
similarly described figure upon either of them. 

Con. 2. Ifa straight line be divided into any two. 
parts, the. square of the whole line is equal to the 
squares of the two parts together with twice the 
rectangle contained by the parts. | 

For (Th. 131.) the square of the whole line is 
equal to the squares of the two parts, together with 
twice the square of the mean proportional between 


* See the figure in p. 296. 
PP 


A 
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them ; i. e. (Tb. 115. Cor. 2.) together with twice the 
rectangle contained by the parts. 


| TukonEM CXXXII. 


If upon each of two given straight lines, upon 
their difference, and upon a mean proportional between 
them, there be described similar and similarly posited 
rectilineal or circular figures, that which is described 
on the difference, shall be equal to the excess of the 
two figures described on the two given lines above 
the double of the figure described on the mean pro- 
portional. | ir 


Let BD be the difference of the two given straight 
lines BC, CD: if, upon BC, ss a diameter, a semi- 


A. 


B D E C 


circle BAC be described, the circumference of which 
is met in A by DA drawn from D at right angles to 
BC, and if AB, AC be drawn, then (Th. 57. Th. 106. 
Cor. 1.) AC is a mean proportional between BC and 
CD: and, if there be described the similar and 
similarly posited rectilineal -or circular figures H on 


BD, Kon BC, L on CD, M on AC, H-is equal to 


s 
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the excess of K-- L above twice M; that i is, H 
twice M=K-+ L. 

For upon 4D and AB let there be described , 
figures P and Q, similar and similarly posited to those 
described on the given lines: then (Th. 130.) Q—P 
+H; to "—- equals add M + L; 

. Q-MEL- M4 LAE PAH; 
but (Th. 130) 0+ M=K, and L+P=M; 
. K+ L= twice M+ H. 
If, therefore, upon each, &c.  &. E. p. 

Con. If a straight line (BC) be divided into any 
, two parts in (D) the squares of the whole line (BC) 
and of one of the parts (CD) are equal to twice the 
rectangle contained by (BC and CD) the whole and 
that part, together with the square of a the other © 
part. 

. For (Th. 115. Cor. 2.) the square of AC is equal 
to the rectangle contained by BC and CD; therefore 
(Th. 132.) the squares of BC, CD are equal to twice 
the rectangle contained by BC and CD, together 
with the square of BD. 


THeoremM CXXXIII. 


If upon the aggregate and the difference of two 
unequal given straight lines and upon a mean pro- 
portional between the given lines, there be described 
similar and similarly posited rectilineal or circular 
figures, that which is described on the aggregate shall 
be equal to the figure described dn the difference 
together with the quadruple of the figure described 
on the mean proportional. 
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Let BC* be the aggregate of the two straight lines 
BD, DC, of which DC is the greater, and between 
which DA is a mean proportional; from DC let 
there be cut off DE = DB, so that EC is the 
difference between BD and DC ; and let there be de- 
scribed the similar and similarly posited rectilineal 
or circular figures, K on BC, L on EC, M on AD; 
then K= L four times M. 

For upon BD and DC let there be described 
figures P and Q similar and similarly posited to those 
described on the given lines; therefore (Th. 131.) 
K=P+Q-+twice M; and (Th. 132.) P+Q=L4. 
twice M; therefore K= L + four times M. If, there- 
fore, upon, &c. a. E. D. 

Con. Ifa straight line (CD) be divided into any 
two parts (in E) four times the rectangle contained 
by the whole line (CD) and one of the parts (DE), 
together with the square of the other part (EC) is 
equal to the square of the straight line (CB) which 
is made up of the whole (CD) and that part (DE). 

For (Ih. 115. Cor. 2.) the square of AD is equal 
to the rectangle contained by CD and DB or DE: 
and therefore the quadruple of the square of AD is 
equal to the quadruple of the rectangle contained by 
CD and DE; therefore (Th. 133.) the square of CD 
is equal to the square of EC together with four times 
the rectangle contained by CD and DE. 


THeoreEM CXXXIV. 


| If, upon each of two unequal given straight lines, 


* See the figure in p. 298. 
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and upon a mean proportional between their aggregate 
and their difference, there be described similar and 
similarly posited rectilineal or circular figures, the 
difference of the figures described on the two given 
lines, shall be equal to the figure described on the 
mean proportional. 

Let 4B be the greater of the two given — 
lines, and 4C a part of it, the less; let BA be pro- 


É 
an 
D A C EB 


duced to D so that 4D= AB, and therefore DC is ` 
the aggregate, and CB the difference of AB and AC; 
let CE, drawn perpendicular to DB, be a mean pro- 
portional between DC and CB; and let there be 
described the similar and similarly posited rectilineal 
or circular figures, K on AB, L on AC, and M on 
CE; then shall the difference of K and L be equal 
to M. 
Suppose ED and EB to be drawn, CB to be 
bisected in F, FG to be drawn at right angles to AB, 
meeting E B in G, and G, A to be joined ; and let there 
be described on GF a figure P, similar and similarly 
posited to the figures described on the given lines. 
"Then (hyp. and Th. 106. Cor. 2.) the L DEB is a 
right angle; also, since the angles at C and F are 
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right angles, therefore (Th. 6.) EC is parallel to GF; 

but (hyp) CF= FB; therefore (Th. 99.) EG— GB; 

also (hyp.) DA ex AB; therefore (Th. 99.) GA is 
par allel to £D; and therefore (Th. 10.) thez 4GB 
is a right angle; therefore (hyp. and Th. 106. Cor.) 
GF is a mean proportional between AF and FB: 

also, because the triangles ECB, GFB, are (Th. 101. 

Cor. 1.) similar, 

*. (Th. 101. Cor. 2.) CB: FB :: EC: GF; 
but (hyp.) CB is the double of FB; therefore 
(Th. 82.) ECis the double of GF; —— (Th. 131. 
Cor. 1.) M is quadruple of P; but (Th. 133.) the 
quadruple of P is the excess of K above L (for hyp. 
BF=FC); wherefore, M is equal to the excess of K 
above L, that is, to the difference between K and L. 
If, therefore, upon each, &c. a. E. D. i 

"Con. The difference of two squares is equal to 
the rectangle contained by the aggregate. (DC) and 
the difference (CB) of their sides 4B and AC. 

For (Th. 115. Cor. 2.) the square of EC is equal 
to the rectangle contained by DC and CB; and it is 
also (Th. 134.) equal to the difference of the squares 
of 4B and AC. The difference of these squares is, 
therefore, equal to the rectangle contained by DC and 
CB. , 


Turorsm CXXXV. 


If upon each of two given unequal straight lines, 
upon their aggregate, ang upon their difference, there 
be described similar and similarly posited rectilineat 
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or circular figures, those which are described on the 

aggregate and on the difference are, fogether, the 
double of the figure described on the two given 
unequal lines. 


Upon the two given auem straight lines 4B, 
BC, upon their aggregate 4C, and (BD being cut off 
equal to BC) upon their difference 4D, let there be 
described similar and similarly posited rectilineal or 


circular figures, K on 4B, L on BC, M on AC, and 
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Non AD: then M and N together are the double of 
K and L taken together. | 

For on a mean proportional between 4B and BC 
let there be described a figure P, similar and similarly 
posited to the figures described on the given lines: 
then (Th. 133.) M — N 4- the quadruple of P ; to each 
of these equals add VV; therefore M 4- N= the double 
‘of N + the quadruple of P ; but (Th. 132.) K+L=N 
--the double of P; therefore the double of K and L 
taken together is equal to the double of /V together 
with the quadruple of P; therefore M and N, 
together, are the double of K and L taken together. 
If, therefore, upon each, &c. @. E. D. 
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THEOREM CXXXVI. 
If upon each of the three sides of an obtuse-angled — 


triangle, and upon a mean proportional between a 
. side about the obtuse angle and the part of it produced 
between that angle and a perpendicular drawn to it 
from the opposite angle, there be described similar and 
similarly posited rectilineal or circular figures, that, 
which is described on the side subtending the acute 
angle, shall be greater than the figures on the sides 
containing the obtuse angle, by twice the figure on the 
mean proportional. 

In the A ABC let the L ABC be an obtuse angle, 
and let CD drawn from 'C, perpendicular to 4B 


DIIIIITT C 
uS 
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produced, meet 4B produced in D ; also let BE be 
a mean proportional between AB and BD; and let 
there be described the similar and similarly posited 
rectilineal or circular figures, H on AC, K on CB, L 
on BA, M on BE: then H= L+K-+twice M. 
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For let there be described figures similar and 
similarly posited to those on the given lines, namely, 
N on BD, P on AD, Q on CD: then since (hyp.) 
the / ADC is a right angle, therefore (Th. 130.) H 
=P+Q; but (Th.131.) P=L4+N-+twice M; 
therefore H= L4+N+Q-+twice M; also (Th. 130.) 
K=N+@Q; therefore H = L +K + twice M: If, 
therefore, upon each, &c. a. E. p. 

Cor. In obtuse-angled triangles, the square of 
the side (4C) subtending the obtuse angle, is equal 
to the squares of the sides (AB, BC) containing 
that angle, together with twice the rectangle con- 
tained by a side (4B) about the obtuse angle, and 
the part of it (BD), produced, between that angle and 
a perpendicular drawn to it from the opposite angle. 

For (Th. 115. Cor. 2.) the square of EB is equal 
to the rectangle contained by 4B and BD, therefore 
(Th. 136.) the square of AC is equal to the squares 
of AB,. BC, together with twice that rectangle. 


THEOREM CX X XVII. 


If, upon each of the three sides of any triangle, 
and upon a mean proportional between a side about 
an acute angle, and its segment terminated by that 
angle and a perpendicular drawn to the side from the 
opposite angle, there be described similar and similarly 
posited rectilineal or circular figures, the figure upon 
the side subtending the acute angle shall be less than 
the two figures on the sides containing the acute 
angle, by twice the figure on the mean proportional. 

aa 
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In the A ABC let the £ B be an acute angle, and 
from the £ C opposite to AB, a side about the acute 
L. B, let there fall on AB the perpendicular CD; 
let BE be a mean proportional between 4B and 
BD; aud let there be described the similar and 
similarly posited rectilineal or circular figures, H on 
AC, K on CB, L on BA, and M on BE: then 
H -- twice M=K + L. 

For let there be described figures similar and 
similarly posited to those on the given lines, namely, 


E, 


M 


N on DB, P on AD, and Q on CD. 

Then since (hyp.) the 4 ADC, BDC, are right 
angles, therefore (Th. 130.) H—Q + P ; add, to each 
of these, twice M ; therefore H + twice M=Q+ P + 
twice M; but (Th. 132) P twice M=L+N; 
therefore H --twice M=Q+ L-- IV; also (Th. 130.) 
K=Q+4+N;3 wherefore H + twice M=K+L; so 
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that H is less than K+ L by twice M. If, there- 
fore, upon each, &c. a. E. D. 

Con. 1. Hence, and from Th. 115. Cor. 2, it is 
manifest that in every triangle, the square of the 
side subtending any of the acute angles, is less 
than the squares of the sides containing that angle, 
by twice the rectangle contained by either of those 
sides and the straight line intercepted between the 
perpendicular, let fall upon it from the opposite angle, 


and the acute angle. 
Cor. 2. If upon the three sides of a triangle there 


be described any similar and similarly posited recti- 
lineal or circular figures, of which one is equal to the 
remaining two, the triangle is right-angled. 

For if not, it is either acute-angled, or else obtuse- 
angled. But (hyp. and Th. 136, 137.) it cannot be 
either acute-angled or obtuse-angled; therefore it is 
right-angled. | 


Liements of Blane Geometry. 
—(Q— 
Boox II. 


ELEMENTARY PROBLEMS. 


Or 


PLANE GEOMET R Y. 


CHAP. I. 


PROBLEMS RELATING TO STRAIGHT LINES AND PLANE 
RECTILINEAL ANGLES. 


—_—()-— 
POSTULATES. 


I. 
Ler it be granted, that a straight line may be drawn 
from any one point to any other point. 

II. 


Also, that a terminated straight line may be pro- 
duced to any length, in a straight line, on either side. 
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II. 


Also, that a circle may be described from any 
centre, at any distance from that centre. 


PROBLEM I. 


To find a point the distances of which from each 
of two given points shall be equal to one another, and 
shall each of them be equal to the distance opten 
the given points. 

Let 4, B be the two given points, and let (Pos- 
tulate 1.) 4B be drawn: it is required to find a 


point, the distances of which from 4 and B shall be 
equal to one another, and shall each of them be equal 
to AB. 

, From the centre A, at the distance 4B, describe 
(Postulate 3.) the circle BCD; also from the centre 
D, at the distance BA, describe the circle ACE; 
and let the circumferences of the circles cut one an- 
other in C and F: either of the two points, C and 
F, is equidistant from A and B ; and the distance of 
either of them from Æ, or from B, is equal to dB 
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For let C4 and CB (Postulate 1.) be drawn: and, 
because the point 4 is the centre of the circle BCD, 
therefore (Def. 28.) 4C— AB; likewise, because B 
is the centre of the circle 4C E, BC= BA; but it has 
been shewn that 4C = AB; therefore (Def. 11. 
Cor. 1.) 4C= BC. Wherefore CA, AB, BC, are 
equal to'one another. And if FA and FB be drawn, 
it may in like manner, be proved that F4, AB, BF, 
are equal to one another. "Therefore either of the two 
points Cand F, &c. @. E.F. 


SCHOLIUM. 


Since (Th. 53.) one circumference of a circle 
cannot cut another in more than two points, it 1s 
manifest that there are only two points, which answer 
to what is required in Prob. 1. 


Prosiem Il. 


From a given point to draw a straight line equal 
to a given straight line. 

Let 4 be the given point, and BC the given 
straight line: it is required to draw from the point 


A a straight line equal to BC. 

From 4 to B draw (Postulate 1.) AB; _find 
(Prob. 1.) a point D, the distances of which from 4 
and B shall be equal to one another, and each of them 
equal to 4B. Draw DA and DB, and produce them 
to E and F. From the centre B at the distance BC 
describe the circle CGH, cutting DB produced in 
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G; and from the centre D, at the distance DG, 


describe the circle KGL, cutting DA produced in 
L. AL shall be equal to BC. 

For (construction) DA = DB: likewise (con- 
struction and Def. 28.) DL = DG ; therefore (Def. 11. 
Cor. 4.) AL—- BG: But (construction and Def. 28.) 
BC = BG; therefore (Def. 11. Cor. 1.) AL = BC. 
Wherefore from the given point 4, a straight line has 
been drawn equal to the given straight line BC. 
Q. E. F. 


SCHOLIUM. 


If, in the preceding problem, the.given point be 
in the given line, that part of the construction which 
directs the given point and the extremity of the given 
line to be joined, becomes superfluous: and if the 
given point be at either extremity of the given line, it 
will only be necessary to describe a circle from that 
point, as a centre, at the distance of the given line; 
any semidiameter of which circle will be the line 
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required to be drawn. Again, the given point may 
be such as that the first part of the construction shall 
shew it's distances from the two extremities of the 
given line to be equal to one another and to the given 
line; in which case, it is plain, that the straight line 
Joining the given point and either extremity of the 
given line, is that which was required to be drawn. 


Prosiem III. 


From the greater of two given straight lines to 
cut off a part equal to the less. 


Let AB and C be the two given straight lines, 
whereof 4B is the greater. It is required to cut off 


from AB, the greater, a part equal to C, the less. 


From the point 4 draw (Prob. 2) 4D=C; and 
from the centre 4, at the distance AD, describe 
(Postulate 3.) the circle DEF, and let it’s circum- 
ference cut AB in E, AE =C. For (construction 
and Def. 28.) 4E-— 4D ; also (construction) 4D— 
C; therefore (Def. 11. Cor. 1.) 4E—C. Wherefore, 
from AB the greater, &c. a. E.F. 
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SCHOLIUM. 


If, in the preceding problem, the two given 
straight lines have a common extremity, the only 
construction required is, from that point, as a centre, 
at the distance of the less of the two lines, to de- 
scribe a circle. 


Prosiem IV. 
To bisect a given finite straight line. 
Let 4B be the given finite straight line: it is 


C 


- n 
required to bisect it. 


Find (Prob. 1.) two points, C, D; on contrary 
sides of AB, each of them equidistant from the points 


A and B, and from C to D draw (Postulate 1.) CD. 
Then (Th; 20. Cor. 5.) shall 4B be bisected in E, the 
point in which it is cut by CD. e. E.F. 

RR 
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. ProsLEM V. 
. Jo bisect a given rectilineal angle. 


Let BAC be the given rectilineal angle: it is 


required to bisect it. 

lake any point D in AB, and: from the centre 4 
at the distance 4D describe a circle DFE cutting 
AC in £; find (Prob. 1.) a point G, which shall be 
equidistant from D and £; and join 4, E, by the 
straight line dG: AG bisects the 2 BAC. 

For join D, E ; and since (construction and Def. 28.) 
AD — A E, the point 4 is equidistant from D and 
E, as is also (construction) the point G; therefore 


(Th. 20. Cor. 5.) AG bisects the L BAC. a. e. r. 


PRoBLEM VI. 


From a given point to draw a straight line which 
shall be at right angles to a given indefinite straight 
line. 


First, Let the given point be in the given straight 
line. | 
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Let AB be the given straight line, and C the given 
G 


point; it is required to draw from C a straight line at 
right angles to 4B. 

Take any point D in CA, and from CB cut off 
(Prob. 3.) CE=CD,; find (Prob. 1.) a point G equi- 
distant from D and E, and from € to G draw CG. 

CG is at right angles to 4B. 
... For draw GD and GE; and since (construction) 
GD = GE, therefore, (Th. 13.) the L GDC = L 
GEC; also (construction) DC = EC; therefore 
(Th. 20. Cor. 1.) the L DCG = L ECG; and they 
are supplements each of the other, therefore each of 
them is a right angle. 

Secondly, Let the given point (C) be not in | the 
given straight line (AB). 

lake any point D upon the other side of 4B; 
from the centre C, at the distance CD, describe a circle 
EDF, the circumference of which cuts AB in E and 
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F; find (Prob. 1.) a point G, on the same side of 
AB that D is, equidistant from Æ and F, and draw 
CG cutting AB in H; wherefore (construction and 
Th. 20. Cor. 5.) CH cuts AB at right angles in the 
point H. Wherefore, from the given point, C &c. 
Q. E. F. 

SCHOLIUM. 


In the preceding problem, the straight line AB is 
supposed to be indefinite both ways. But if it be 
required to draw from the extremity of any given 
straight line, a straight line which shall be at right 
angles to it, the given straight line must first be 
produced. 


" Prosiem VII. 


From a given point to draw a straight line, which 
shall make, with a given indefinite straight line, a 
rectilineal angle equal to a given rectilineal angle. 

If the given rectilineal angle be a right angle, the 
problem is the same (Th. 2.) as the next preceding 
problem. 

But, first, let the given point (C) be in the given 
straight line (4B) and let the given angle (DEF) be 
not a right angle. 

Take any point D, in. DE, and from D draw 
(Prob. 6.) DF perpendicular to EF; also from CB 
cut off (Prob. 3.) CG= EF; from G draw (Prob. 
6. GH perpendicular to CG; from GH cut off- 


GK= FD, and join K, C, by KC; then (construction 
and Th. 20. Cor. 1.) the L ACG= 4 DEF. 


Problems relating to Straight Lines, &c. 311 


Secondly, Let the given point (C) be not in the 
given straight line (4B), and let the given angle 
(DEF) be not a right angle. 


H 


A G 2 F 

From C draw (Prob. 6.) CG perpendicular to 
AB; and from any point D, in ÆD, draw DF per- 
pendicular to EF; at the point C in GC, make 
(first case) the L GCH= L FDE; wherefore (hyp. 
and Th. 7.) CH will meet AB; let it meet 4B in 
H; and since (construction) the two y HGC, GCH, 
of the A CHG, are equal to the two 4 EFD, FDE, 
ofthe A DEF, therefore (Th.12. Cor. 3.) the L CHG 
= L DEF. Therefore, from the given point C, &c. 
Q. E. F. 

Cor. Hence, from the greater of two given 
angles a part may be cut off, which shall be equal 
to the less. 

For at the summit of the given angle, which is the 
greater of the two, make (Prob. 7.) with either of it's 
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containing straight lines an angle, lying within it, 
which shall be equal to the less; and the angle, so 
made, shall be a part of the greater of the two given 
angles, and shall be equal to the less of them. 


ProsLem VIII. 


To draw a straight line through a given point 
parallel to a given straight line. 


Let A be the given point, and BC the given 
E A E 


B ` D C 
straight line; it is required to draw a streight line 
through the point 4, parallel to the straight line BC. 

In BC take any point D, and join 4D; and at 
the point A, in the straight line 4D make (Prob. 7.) 
the L DAE— L ADC; and produce the straight line 
EA to F. | 

Because the straight line 4D, which meets the 
. two straight lines BC, EF, makes the alternate 
4 EAD, ADC, equal to one another, EF is (Th. 6.) 
parallel to BC. "Therefore the straight line £AF 
is drawn through the given point A parallel to the 
given straight line BC. Which was to be done. 


PROBLEM IX. 


From a given tend line to cut off any part 
required. 
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Let AB be the given straight line; it is required 
to cut off any part from it. | 
From the point 4 draw a straight line 4C making 


C B 


any angle with AB; and in AC take any point D, 
and take AC the same* multiple of 4D, that 4B is 
of the part which is to be cut off from it; join B, C, 
and draw (Prob. 8.) DE parallel to it: then AE is 
the part required to be cut off. 

Because ED is parallel to one of the sides of the 
A ABC, viz. to BC, as CD is to DA, so is (Th. 99.) 
BE to EA; and, by composition (Th. 89.) CA is to 
AD, as BA to AE: but CA is a multiple of 4D; 
therefore (Th. 82.) BA is the same multiple of AE: 
whatever part therefore 4D is of AC, AE is the same 


* If from the centre D, at the distance DA, a circle be de- 
scribed cutting DC in F, and if, again, from the centre F, at the 
distance FD another circle be described, and so on, it is evident 
that any assigned multiple of 4.D may thus be found. 
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part of 4B: Wherefore, from the straight line 4B 
. the part required is cut off. a. E. F. 


PROBLEM X. 


To divide a given straight line similarly to a given 
divided straight line, that is, into parts that shall 
have the same ratios to one another, which the nen 
of the divided given straight line have. 


Let AB be the straight line given to be divided, 


and CD the divided line, divided in the points E, F: 
it is required to divide 4B similarly to CD. 
Join 4, C and in AC produced take any point 
G ; through 4 draw (Prob. 8.) 4H parallel to CD; 
through G, D, and G, F and G, E draw GDH, 
GFL, GEK, cutting 4H in the points H, L, K; 
join H, B; and through A, and L, draw KM, and 
LN, each of them parallel to HB. | 
"Then (Th. 101. Cor. 4.) CE : EF :: AK : KL; 
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. and (Th. 99. Cor.:2.) AK : KL :: AM : MN; 
^. (Th.81.) CE : EF :: AM: MN. 
And in the same manner it may be shewn that, 
EF: FD :: MN: NB. 
Therefore the given straight line 4B is divided simi- 
larly to CD. a. E. v: 


Con. It is manifest that, by the help of the above 
problem, a given finite straight line may be divided 
into two parts, which shall have to one another a 
ratio equivalent to that which the one of any two 
given straight lines has to the other. 


Prosrem XII — 
To find a third proportional to two given straight | 
lines. | | 
Let 4B and C be the two given straight lines: it 
D 


is required to find a third proportional to 4B and C. 
From the point 4 draw a straight line 4D, making 

any angle with 4B, and from AD cut off (Prob. 3.) a 

part AE =C: produce AB to F and make BF=C; 


§ 8 
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from B to E draw BE, and through F draw (Prob. 8.) 
FD parallel to BE, and let it meet 4D in E. 
Then (construction and Th. 99.) 
AB : BF :: AE : ED; 
neds. C : C : ED. 
Wherefore, to the two straight lines 4B and C a 
third proportional ÆD has been found. a. E. F. 


Prosptem XII. 


To find a fourth proportional to three given 
straight lines. 

Let 4, B, C, be the three given straight lines; it is 
required to find a fourth proportional to 4, B, C. 

Take two straight lines DE, DF, containing any 
angle EDF; and upon these make DG equal to 4, 


D 
pix a LE es 
EPOR. kaa 
C 
G. 
D E 


GE equal to B, and DH equal to C; and having 
joined G, H, draw EF (Prob. 8.) parallel to it through 
the point Æ : and because GH is parallel to EF, one 
of the sides of the triangle DEF, DG is to GE, as 
DH tọ HF (Th. 99.); but DG=4, GE=B, and 
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DH=C; ..A:B::C: HF. Wherefore to the 
three given straight lines, 4, B, C a fourth pro- 
portional HF is found. e. E. F. 


ProsLem XIII. 


To find a mean proportional between two given 
straight lines. : 


Let 4B and C be the two given straight lines : 


F 


it is required to find a mean proportional between 
them. | 
Produce 4B to D and make (Prob. 3. BD=C; 
bisect (Prob. 4.) AD in E; from the centre E, at the 
distance £4, or ED, describe the semicircle AFD ; 
from B draw (Prob. 6.) BF perpendicular to AD, 
and let it meet the arch of the semicircle in F. Then 
is BF (Th. 106. Cor. 3.) a mean proportional between 
AB and BD, i. e. (construction) between A and C. 
Therefore between the two given straight lines, &c. 
Q. E. F. | 

Con. Hence may be found the side of a square 
which. shall be equal to a given rectangle: for 
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(Th. 115. Cor. 2.) the side of such a square is a mean 
proportional between the sides which contain the 
rectangle. 


ProsLeEM XIV. 


To divide a given straight line into two parts, 
that shall be reciprocally proportional to two given 
straight lines. 


Let 4, B, be the two given T lines, and 
CD the straight line given to be divided : it is required 


G 


A. 
P 
E 


C F CLD 


. to divide CD into two parts, that shall be reciprocally 
proportional to A, B. 

Find (Prob. 13.) a mean proportional Æ between 
A and B; bisect CD (Prob. 4.) in F; from the centre 
F, at the distance FC, or FD, describe the semicircle 
CGD; from F draw (Prob.6.) the semi-diameter 
FG perpendicular to CD ; from FG* cut off (Prob. 3.) 


* If E be greater than FG efe construction fails; neither is 
the problem in that case possible :. for then the square of E> 
FG? or CF*; i. e. (Th. 115. Cor. 2.) the rectangle contained by 
A and Bis greater than CF’, which square (Th. 126. Cor. 1.) 

and 
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FH=E; through H draw (Prob. 8.) HK parallel 


to CD and let it meet the arch of the semicircle in 
K ; also from K draw KL parallel to GF. and let it 
meet the diameter in L. Then CL : A4 :: B: LD. 

For (construction) the figure HL isa parallelogram; 
therefore (Th. 25. Cor. 1.) KL = HF; but (con- 
struction) HF = E; therefore KL = E; also (con- 
struction and Th. 10.) KL is perpendicular to CD; 

^. (Th. 106. Cor.3.) CL: LK :: LK: LD; 
but LK—-E;-..CL: E : E : LD; 
also (construction and Th. 79.) | 
E:A: B : E. 
<. (Th. 97.) CL: A : B : LD. 
Therefore (Def: 64.) CD is divided in the point L 
into two parts that are reciprocally proportional to 
A and B. a.x.F. 

Cor. Hence, and from Th. 115. Cor. 1. and 2, 
it is manifest that a given straight line may be divided 
into two parts that shall contain a rectangle equal to 
any given rectangle not greater than the square of the 
half of the given line. 


ProsBiEM XV. 


To produce a given finite straight line, so that 


is greater than the rectangle contained by any two unequal parts 
into which CD can be divided; it is impossible, therefore, that 
any such rectangle can be equal to that contained by A and B; 
and therefore it is impossible (Th. 115. Cor 1.) that CD can be 
divided into two parts that shall be reciprocally proportional to 
A and B. "The problem is also impossible if E= FG, unless, at 
the same time A= B. 
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another given straight line shall be a mean pro- 
portional between the whole line thus produced and 
the part of it produced. 


Let AB and C be the two given straight lines: 
it is required to produce AB, ‘so that C may be a 


GO 
F 


A. E b H D 
C 


mean proportional between the whole line thus pro- 
duced and the part of it produced. 

Produce AB to D; bisect (Prob. 4.) 4B in E; 
from the centre E, at the distance EA, or EB, 
describe the circle 4FB; from B draw (Prob. 6.) BG 
perpendicular to 4B, and make (Prob. 3.) BG=C; 
join E, G; from ED cut off EH= EG: then AH: 
€: C: BH. 

For draw HF, from H'to the point F in which EG 
cuts the circumference ; also join 4, F, and F, B. 
And since (construction and Def. 28.) the two sides 
GE, EB, of the A EBG, are equal to the two sides 
HE, EF, of the A. EFH, each to each, and that the 
L GEH is common to the two triangles, therefore 
(Th..20. Cor. 1.) FH = BG, and the ¿ EFH = 
L EBG; but (construction) the 4, EBG is a right 
angle; -therefore the /, EFH is also a right angle; 
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therefore (Def. 34. Cor. 2.) FH touches the circle at 
H; and FB cuts it; therefore (Th.58.) the L HFB 
= L FAH; and the 4, FHA is common to the two 
A FBH, AFH; therefore (Th. 12. Cor. 3.) the two. 
ix. FBH, AFH are equiangular ; 
^O(Th.101.) AH : HF :: HF : HB. 

But it has been shewn that HF = BG; and (con- 
struction) BG=C; 

S. (Th.87.) AH : C :: € : HB. 
Therefore, the straight line 4B has been produced, 
&c. Q.E.D. | 

Con. 1. From this and from Th.115. Cor. 2, 
it is manifest, how a given straight line may be 
produced so that the rectangle contained by the 
whole line so produced and the part of it produced, 
shall be equal to the square of the given line, or to 
any other given square. 

Con.2. Ifthe straight line C be equal to AB, it 
is manifest that the straight line 4H is divided in 
extreme and mean ratio in the point B., 


PRosLEM XVI. 
To cut a given straight line in extreme and mean 
ratio. 
Let 4B be the given straight line: it is required 
to cut it in extreme and mean ratio; that is, to 
A D B C 


divide it into two parts the one of which shall be a 


4 
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mean: proportional between the a and the re- 
maining part. 

Produce (Prob. 15.) 4B to c so that 4C : AB 
:: AB» BC, and from AB cut off BD = BC; then 
AB : BD :: BD : AD. 

For (construction) AC’: AB :: AB : BC; 

*. (construction and Th. 88.) a 

BD : AB:: AD : BD; 
+, (Th.79:) AB : BD:: BD : AD. 
Therefore the straight line 4B is cut in extreme 
and mean ratio in D. a. E. F. 

Con. 1. It is manifest from thé demonstration, 
that if a straight line be cut in extreme and mean 
ratio, and if from the greater of its two segments a 
part be cut off equal to the less, the greater segment 
will thus be cut in extreme and mean ratio. - 

For, by the construction, AC is cut in extreme 

and mean ratio in B; and BD, which is equal to 
BC the less, having been cut off from AB the greater 
segment, it was shewn that ‘4B is thus divided in 
extreme and mean ratio. 
- Con. 2. When a straight line is cut in extreme 
and mean ratio, it is divided into two parts, so that 
(Th. 115. Cor. 2.) the rectangle contained by the 
whole line and one of the parts is equal to the square 
of the other part. 


SCHOLIUM. 


From the last corollary and from the principles 
established in the scholium to Def. 48, it is evident, 
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that if a given straight line be cut in extreme and 
mean ratio, the -line itself, and the parts into which 
it is thus divided, compared with one another, are 
incommensurable metió: | 


TT 


THE 


Elements of Plane Geometry. 


Boox II. 
-—()-—— 
CHAP. IL. 


Problems relating to Triangles, and other Plane 
Rectilineal Figures. 


ge 


Prostem XVII. 


To make a triangle of which the sides shall be 
equal to three given straight lines, but any two 
whatever of these must be greater than the third. 


Ler 4, B, C, be the three given straight lines, of 
K 


which any two whatever are greater than the third, 
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viz. 4 and B greater than C; A and C greater than 
B; and B and C than 4. It is required to make a 
triangle of which the sides shall be equal to 4, B, C, 
each to each. 

Take a straight line DE terminated at the point 
D, but unlimited towards E, and make (Prob.3.) 
DF= A, FG - B, and GH= C; and from the 
centre F, at the distance FD, describe (Post. 3.) the 
circle DKL ; and from the centre G, at the distance 
GH, describe another circle HLK; and join KF, 
KG; the A. KFG has its sides equal to the three 
straight lines, 4, B, C. 

Because the point F is the centre of the circle 
DKL, FD = FK; but (construction) FD = 4; 
therefore FK = A: again, because G is the centre 
of the circle LKH, GH = GK; but GH = C; 
therefore also GK = C; and FG = B; therefore the 
three straight lines KF, FG, GK, are equal to the 
three 4, B, C: and therefore the A. AFG has its 
three sides KF, FG, GK equal to the three en 
straight lines, 4, B, C. &. E.F. 

Con. From this and from Th. 24, it is Tm 
how to make a triangle which shall be equal to any 
given triangle; viz. by making a triangle which shall 
have its three sides equal to the three sides of the 
given triangle each to each. 


SCHOLIUM, 


If, in the preceding problem, the three given 
straight lines be equal to one another, it will only be 
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necessary, as in Prob. 1, to describe a circle from each 
of the extremities of any of them, at the distance 
of that straight line, and then to join those two ex- 
tremities, and, either of the points in which the two 
circumferences cut one another. 


. Prospitem XVIII. 


To describe a parallelogram that shall be equal to 
a given triangle, and have one of its angles equal to 
a given rectilineal angle. 


Let ABC be the given triangle, and D the given 
rectilineal angle. It is required to describe a parallel- 


A F G 


m 
B E C 


ogram that shall be equal to the given A ABC, and 
have one of its angles equal to D. 

Bisect (Prob. 4.) BC in E, join AE, and at the 
point # in the straight line ÆC make (Prob. 7.) the 
angle CEF equal to D; and through Æ draw 
(Prob. 8.) 4G parallel to EC, and through C draw 
CG parallel to EF: therefore FECG is a parallel- 
opram: and because BE = EC, the A ABE = 
A AEC, since they are upon equal bases BE, EC, 
and between the same parallels. BC, AG; . therefore 
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the A ABC is double of the A AEC. And the 
[3 FECG is likewise double (Th.32.) of the A AEC, 
because it is upon the same base, and between the 
same parallels: therefore the FECG = A ABC, 
and it has one of its / CEF, equal to the given 
L. D: wherefore there has been described a ca FECG 
equal to a given A ABC, having one of its 4 CEF, 
equal to the given /, D. a. E.F. 


PROBLEM XIX. 


To a given straight line to apply a parallelogram 
which shall be equal to a given triangle, and have 
one of its angles equal to a given rectilineal angle. 


Let AB be the given straight line, and C the 
given triangle, and D the given rectilineal angle. lt 


is required to apply to the straight line 4B a parallel- 
ogram equal to the A C, and having an angle equal 
to D. 
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On AB produced describe (Prob. 17. Cor.) the 
A PBN equal to the A C; make (Prob. 18.) the 
[3 BEFG equal to the A PBN, and, therefore, 
equal, also, to the A C, and having the L EBG = 
the 4 D; produce FG to H; and through 4 draw 
(Prob. 8.) AH parallel to BG or EF; and join 
H, B. - 
Then because the straight line HF falls upon the 
parallels 4H, EF, the y AHF, HFE, are together 
equal (Prob. 10.) to two right angles; wherefore the 
4 BHF, HFE, are less than two right angles: but 
straight lines which with another straight line make 
the interior angles upon the same side less than two 
right angles, do meet (Th. 10. Cor. 1.) if produced 
far enough; therefore HB, FE, shall meet if produced; 
let them meet in K, and through K draw KL parallel 
to EA or FH, and produce HA, GB, to the points 
L, M: then HLKF is a parallelogram of which the 
diameter is HK, and 4G, ME, are the parallelograms 
about HK; and LB, BF, are the complements; 
therefore LB is equal (Th. 33.) to BF: but BF = 
A C ; therefore LB= A C; and because (Th. 1. Cor.) 
the L GB E = L ABM, and is likewise equal to the 
LD; the £ ABM is equal to the Z D: therefore the 
CI LB is applied to the straight line 4B, is equal to 
the A C, and has the 2 ABM equal to the 7. D: 

Q. E. F. 


PRroBLEM XX. 
To describe a parallelogram equal to a given 
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rectilineal figure, and having an angle m to a 
given rectilineal angle. 


Let ABCD be the given rectilineal figure, and Æ 
the given rectilineal angle. It is required to describe 


A. D E G L 
NN | | 
B C K H M 


a parallelogram equal to 4 BCD, and having an angle 
equal to E. 

Draw DB, and describe (Prob. 18.) the r3 FH 
= A. ADB, and having the L HKF= L E; produce 
KH to M; and to GH apply (Prob. 19.) the 
r3 GM =A DBC, having the angle at H equal to 
the 4. E, which, since (construction and Th. 10.) the 
L GHM is equal to the Z FKH and also to 
the LE, will coincide with the /, GHM; also (con- 
struction and Th. 8. Cor. 2.) GL is in the same 
straight line with FL, and (Th. 9.) LM 1s parallel to 
FK; therefore KFLM is a parallelogram; and 
because the A ABD = FH, and the A DBC = 
(HL, the whole figure ABCD = r3 FKML; 
therefore the © FKML has been described equal to 
the rectilineal figure ABCD, and having the L FKM 
=LE, a.EFr. 

Cor. From this it is manifest how to a given 
straight line to apply a parallelogram, which shall 
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have an angle equal to a given rectilineal angle, and 
shall be equal to a given rectilineal figure, viz. by 
firstapplying (Prob. 19.) to the given straight line a pa- 
rallelogram equal to the first ^, 4 B D, and having an 
angle equal to the given angle. 


"SCHOLIUM. 


If two unequal rectilineal figures be given, it is 
evident, that their difference may be exhibited by the 
help of the preceding proposition and its corollary. 
For, first, let a parallelogram be described equal to 
the one of the given figures, and then let there be 
applied to one of its sides a parallelogram, equal to 
the other given figure, and having an angle equal to 
and coinciding with an angle of “the first described 
parallelogram; it is manifest that the one of these 
parallelograms will be a part of the other; and that 
the remaining part will be equal to the difference of 
the two given rectilineal figures. 


ProsLem XXI. 


To describe a square upon a given straight line. 


Let AB be the given straight line. Itis required 
to describe a square upon AB. 

From the point 4 draw (Prob. 6.) AC at right 
angles to 4B; and make (Prob. 3.) 4D = AB, and 
through the point D draw DE parallel (Prob. 8.) to 
AB, and through B draw BE parallel to dD; there- 
fore ADE B isa parallelogram: whence (Th. 25. Cor. 1.) 


N 
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AB = DE, and AD= BE : but BA=AD,;; therefore 


C 
D E 


A B 


the four straight lines BA, 4D, DE, EB, are equal 
to one another, and ther ÆDEB is equilateral ; 
likewise all its angles are right angles; because, the 
straight line 4D meeting the.parallels 4B, DE, the 
4 BAD, ADE, are equal (Th. 10.) to two right 
angles; but BAD is a right angle; therefore also 
ADE is a right angle; but the opposite angles of 
parallelograms are (Th. 25. Cor. 1.) equal; therefore 
each of the opposite 7 ABE, BED, is a right angle ; 
wherefore the figure 4D EB is rectangular ; and it has 
been demonstrated that it is equilateral; it is there- 
fore a square, and it is described upon the given 
straight line 4B. a. E.F. 


PROBLEM XXII. 


Upon a given straight line to describe à rec- 
tilineal figure similar to, and situated similarly to, a 
given rectilineal figure. 

Let ABCDE be the given rectilineal figure, and 

UU 
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FG the given straight line: it 1s required upon the 
A 


C D 1 


straight line FG to describe a rectilineal figure similar 
to, and situated similarly to, 4BCDE. 

From any one of the angles, as 4, of ABCDE, ~ 
let 4C, and AD be drawn to the opposite angles of 
the figure; at the point F, in FG, make (Prob. 7.) 
the L GFH = L BAC, the ¿ HFK — 14 CAD, the 
LKFL= L DAE ; and so on, if there be more 
angles; so that the whole L GFL may be equal to the 
whole £ BAE: also, make (Prob. 12. and 3.) FH 
equal to a fourth proportional to B4, AC, GF, and 
FK to a fourth proportional to CA, AD, HF, and 
FL a fourth proportional DA, AE, KF; and let 


GH, HK and KL be drawn. Then (construction 
and Th. 103.) the A ABC is equiangular to the 
A FGH, the A ACD to the A FHK, the A ADE 
to the A FKL ; therefore the whole figure FGHKL 
is equiangular to the whole figure 4BCDE. 

And since the triangles, into which the two figures 
ABCDE, FGHKE, are divided, have been shewn to 
be equiangular each to each, 

^ (Th. 101.) CB: BA :: HG: GF, 


\ 
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and 4E: ED :: FL : Lk. 
Again, BA: AC :: GF : FH, 
AG: AD :: FH : FK, 
and, 4D : AE :: FK : FL 
*. (èx equo) BA: AE :: GF : FL. 
And, in de same manner, it may be shewn that 
ED : DC :: LK : KH, 
and that DC :.CB :: KH : HG. 
Wherefore, because the figures ABCDE,  FGHKL 
are equiangular and have their sides about the equal 
angles proportionals, they are similar; and upon the 
given straight line FG a figure has been described 
&c. @eE.F. 


PRosLEM XXIII. 


To describe a rectilineal figure which shall be 
similar to one, and equal to another given rectilineal 
figure. 

Let ABC be the given rectilineal figure, to which 


the figure to be described is required to be similar, 
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and D that to which it must be equal. It is required 
to describe a rectilineal figure similar to ABC, and 
equal to D. 

Upon the straight line. BC describe (Prob. 20. 
Cor.) the BE equal to the figure ABC; also 
upon CE describe the 71 CM equal to D, and having 
the 4, FCE =the /, CBL; therefore BC and CF are 
in a straight line (Th. 10. and Th. 4.), as also LE 
and EM: between BC and CF find (Prob. 13.) 
a mean proportional GH, and upon GH describe 
(Prob. 22.) the rectilineal figure KGH similar and 
similarly situated to the figure ABC: and because . 
BC : GH :: GH : CF, and if three straight lines 
be proportionals, as the first is to the third, so is 
(Th. 117. Cor. 5.) the figure upon the first to the 
similar and similarly described figure upon the second ; 
therefore as BC to CF, so is the rectilineal figure 
ABC to KGH: 
but (Th. 114) BC: CF : 0 BE : OEF, 
<. (Th. 81.) fig. ABC: fig. KGH :: OBE: OEF; 

and the figure ABC = O BE; 

*. (Th. 85.) the figure KGH = 0 EF. 

But O EF is equal to the figure D; therefore KGH 
=D; and it is similar to ABC. Therefore the 
rectilineal figure KGH has been described similar to 
the figure 4 BC and equal to D. a. E.F. 

Con. From this it is manifest how to describe a 
square that shall be equal to a given rectilineal figure ; 
which may, also, be more easily done by the following 
construction. 


Let ABC be any rectilineal T" and. let it be 
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required to describe a square that shall be equal to 
ABC. : 

To any side BC, of the figure ABC, apply 
(Prob. 20. Cor.) the rectangle BE equal to the figure 
ABC; produce LE to N, and make EN= EC; upon 
LN as a diameter describe the circle LPN, and 
produce CE until it meets the circumference in P: 
the square described (Prob. 21.) upon EP shall be 
equal to the figure 4BC. 

For (Th. 106. Cor. 3.) EP is a mean proportional 
between LE and EN or EC; therefore (Th. 115. 
. "Cor. 2.) the rectangle BE is equal to the square of 
EP; but (construction) the rectangle BE = ABC; 
therefore the square of E P is equal to the figure 4BC. 


"Der. LXVI. 


If two parallelograms be described, having a 
common angle and lying between the same parallels; 
the one on -a given straight line, the other on that 
line produced, that which stands upon the produced 
line is said to be applied to the given line exceeding 
by the parallelogram which is the difference of the two 
so described, and which is called the excess: and if 
two parallelograms be described having a common 
angle, and lying between the same parallels, the one 
on a given straight line, the other on a part of it, 
that which stands upon the part, is said £o be ap- 
plied to the given line deficient by the parallelogram, 
which is the difference of the two so described, and 
which is called the defect. 
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If to a given straight line 4B it were required to 
apply a parallelogram having its defect similar and 


similarly situated to the given [1 CE; upon AB 
describe (Prob. 22.) the [73 4BFG similar and 
similarly situated to CE, and draw its diameter GB: 
then, if through any point P, in G B, there be drawn 
(Prob. 8.) QPS parallel to 4B, and PR parallel to 
GA, the [3 QR will be applied to AB deficient by 
the [3 RS, which (Th.111.) is similar to GE: 
and it follows from Th. 111, that no parallelograms 
can be applied to AB deficient by parallelograms 
similar to CE, but such as have one of their angular 
points in the diameter of 4B FG. 

If, then, DE, the base of CE, be equal to half of 
the given line 4B, the Œ CE shall be greater than 
any CI QR that can be applied to 4B deficient by a 
parallelogram similar to C£. 

For bisect (Prob. 4.) 4B in A; through H draw 
(Prob.8.) HKL parallel to AG, meeting GB in K 
and QPS in L; and through K draw MKN parallel 
to AB. And since (construction) AH = HB, therefore 
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(Th. 25. Cor. 1.) QL = LS; therefore (Th. 29.) the 
O ML =0 KS; but (Th. 33.) the O KS = 
(1 KR; therefore the cy KR — c3 ML; and the 
L3 ML >c MP; therefore the r1 KR » c3 MP; 
to each of these add the common [1 MR, and the 
[34K >O QR: but (construction and Th. 29.) 
the O 4K = O HN; and (Th. 117. Cor. 4.) the 
a HN —tc3CE; therefore thet] CE > O QR. 
And in the same manner may the proposition be 
proved, if the point P be taken between K and B. 
Wherefore, of all parellelograms applied to the same 
straight line deficient by parallelograms, similar and 
similarly situated to a parallelogram described upon 
the half of the line, that which is applied to the half, 
and which is similar to its defect, is the greatest. 
Thus, an infinite number of parallelograms may be 
applied to a given line each of them deficient by a 
parallelogram similar and similarly situated to a given 
parallelogram ; but the greatest of them is that which 
stands on the half of the given line: and, hende, 
there is a manifest limitation to the next following 


problem. 
PrRoBLEM XXIV. 


To a gwen straight line to apply a parallelogram 
equal te a given rectilineal figure, and deficient by, 
or exceeding by, a parallelogram similar to a given 
parallelogram: but in the former case the given 
rectilineal figure must not be greater than a parallel- 
ogram described on the half of the given line, similar 
to the given parallelogram. 
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Let AB be the given straight line, C a given 
rectilineal figure, and D a given parallelogram: it 


G F 


K L P ON 


is required to apply to 4B a parallelogram equal to 
C, and deficient, in the first case, or exceeding, in 
the second case, by a parallelogram similar to D; 
but in the first case, the figure C must not be greater 
than a parallelogram described on the half of 4B 
similar to D. 

Bisect (Prob. 4.) 4B in E, and upon EB describe 
(Prob. 22.) ther EF similar and similarly situated 
to D, and draw its diameter GB; describe also 
(Prob. 23.) the L3 KM similar to D, or to EF, and 
equal to C; and let KL be the side of it which is homo- 
logous to EB. And, in the first case, since (hyp.) 
C is not > EF, neither is KM > EF; therefore 
(Ih. 117. Cor. 4.) KL is not > EB, the half of AB : 
divide, therefore, in the first case, 4B in H (Prob. 14.) 
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so that 4H: KL :: KL: HB; aud, in the second 
case, produce (Prob. 15.) 4B to H, so that 4H : 
KL :: KL: HB; through H draw (Prob.8. HN 
parallel to BF, meeting (Th.8. Cor. 1.) GB, or in 
the second case GB produced, in N; and through 
N draw NP parallel to AB, meeting AP, drawn 
through 4 parallel to BF, in P, and FB in O. 

The © HP = C, and it is applied to 4B, de- 
ficient in the first case, and exceeding in the second 
case, by the ( HO which is similar to D. 

For (Th. 114.) | 
HB : AHx HB :: H B. H A, 
and O HO: O HP : HB: HA; 
*. (Th. 81.) 
OHO: OAP : HB’: AHx HB. 
But (Th. 115. Cor. 2. and construction,) 
AH x HB = KL’; 

"OHO: OHP :: HB: KL’. 

Again, because (Th. 111.) the [1 EF is similar 
to the 31 HO, 
+, (Th. 117. Cor. 3) O EF : Ci HO :: EB: HB’; 
and it was shewn 

that O HO : O HP :: HB’: KL’, 
^. (Th. 97.) O EF: c3 HP :: : EB’: KL’; 
But (construction and Th. 117. Cor. 3.) 

O EF:pKM:: EB’: KL’; 
therefore (Th. 81. and 78.) c1 HP = r3 KM; and 
(constr uction) L3 KM = C; therefore HP = C; 
and it is applied to 4B, defeat, in the first case, 

XX 
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and exceeding, in the second case, by ther HO, 
which (Th. 111.) is similar to the [1 EF, and there- 
fore (construction and Def. 63. Cor.) similar also to 
the r3 D. a. x.r. 


PROBLEM XXV. 


Upon a given finite straight line to describe an 
equilateral and equiangular pentagon. 


Let AB be the given finite straight line: it is 


required to describe an equilateral and equiangular 
pentagon on AB. 

Produce (Prob. 15.) 4B to C, so that AC: 
AB :: AB : BC, and in BA produced make also 
AD = BC, and therefore BD= AC; from the centres 
A and B, at the equal distances AC, BD, describe 
the circles EF, EG, cutting one another in EZ; join 
E, 4 and E, B; and from EA and EB cut off 
(Prob. 3.) EH, and EK each equal to AB; also 
join 4, K and 4, H, and let AK and 4H, produced, 
meet ‘the circumferences of the circles EF and EG 


in the points Fand G; join H, F and F, B, and 4, 
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G, and G, E: the figure 4GEFB is an equilateral 
and equiangular pentagon described on AB. 

For since (construction) AC : AB:: AB: BC; 
and that 4C = EB, and EK = AB, therefore KB 
— BC, and EB: BA:: BA : BK; therefore since 
the ~ EBA, KBA, have their sides about the 
common L EBA proportionals, they are (Th. 103.) 
equiangular; therefore the 2 4KB = £4 EBA, and 
L BAK = L BEA ; therefore (Th. 15.) AK - AD; 
but (construction) EK = AB ; therefore EK = KA 
and therefore (Th. 13.) the L KEA= £L KAE; but 
it was shewn that the / BAK = 1 BEA or KEA; 
therefore each of the 4 BAF, FAE is equal to the 
L BEA, and they are equal to one another: in the 
same manner it may be shewn that each of the 
LL ABG, GBE is equal to the /, BEA and that they 
are equal to one another ; therefore (construction and 
Th. 20. and Cor. 1.) the three A AEB, EAF, EBG 
are equal to one another, and have their bases AB, 
EF and EG equal, and their other angles equal each 
to each ; and since the A EGB = A AEB, therefore 
(Th. 31.) GAis parallel to £ B and therefore (Th. 10.) 
the AGB= | GBE; and it has been shewn that 
the 4, GBE = L GBA; therefore the L AGB = 
L GBA, and (Th. 15.) AG = AB: in the same 
manner it may be shewn that BF = AB ; and it was 
shewn that 4B = EF = EG; wherefore the figure 
AGEFB is equilateral: it is, also, equiangular : 
for the sides BF, FA of the A ABF, are equal to the 
sides 4G, GB, of the A. BAG, each to each, and 
AB is common to the two triangles, therefore 
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(Th. 24. Cor. 1.) the, ABF= L BAG: in the same 
manner, it may be shewn that the / 4BF— / BFE, 
and the 4 BAG — LAGE; also, since FE — FB, 
the / FEB= L FBE, and it was shewn the L BEG, 
of the A EBG, is equal to the 4 EBA, of the 
A EBA; therefore the whole 4 FEG = 4 FBA; 
wherefore, the five 4 ABF, BFE, FEG, EGA, 
GAB, are equal to one another, and upon 4B there 
has been described the equilateral and equiangular 
pentagon 4BFEG,  «.x. r. 

Con. From this it is manifest how to describe 
an isosceles triangle (EBA) having each of the 
angles at the base double of the third angle. 


PRosLEM XXVI. 


Upon a given finite straight line to describe an 
equilateral and equiangular hexagon. 


Let AB be the given straight line: it is required 


E D 


A B 


to deseribe an equilateral and equiangular hexagon 


on 4B. 
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Upon AB describe (Prob. 17.) the equilateral 
triangle ACB; produce AC and BC to D and E, 
and make CD and CE (Prob. 3.) each equal to CA 
or CB; also, bisect (Prob. 5.) the 4 ACE by CF, 
and produce FC to G, so that (Th. 1. Cor.) CG also 
bisects the L DCB; make CF and CG each equal to 


CA or CB; and draw AF, FE, ED, DG, GB: then 
is 4BG DEF an equilateral and equiangular hexagon. 

For (Th. 12.) the exterior /, ECA, of the / 4 CB, 
is equal to the two interior y CB A, BAC, which 
angles (construction and Def. 19. Cor.) are equal 
to one another and to the Z ACB; therefore the 
L ACB is equal to the half of the / ECA, that is,* 
(construction) to each of the y ECF, FCA; therefore 
(Th.1. Cor.) the six angles at C are equal to one 
another; and the sides of the œ~ ACB, BCG, GCD, 
DCE, ECF, FCA, about the equal angles at C, are 
(construction) equal to one another ; therefore (Th. 20. 
Cor. 1.) their bases, 4B, BG, GD, DE, EF, FA, 
are equal to one another, and the angles at the bases 
are also equal; wherefore the figure dABGDEF, is 
both equilateral and equiangular; and it is described 
on A. Wherefore on AB there has been described, 
&c. Q. E.F. 


THE 
Elements of Plane Geometry. 
| Boox II. 
bouis 
CHA P. III. 
Problems relating to circlés, their arches, chords, 
tangents, and segments. 


iP 


Prostem XXVII. 


An arch, or the whole circumference, of a circle 
being given, to find the centre. 


Ler BCD be an arch, or the whole circumference, 
of a circle: it is required to find the centre of the 


circle, of which BCD is an arch or the circumference. 
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In BCD take any three points B, C, D; join B, 
Cand C, D; bisect (Prob. 4.) BC in E, and CD in 
F; from E and F draw (Prob. 6.) E A perpendicular 


to BC and FA perpendicular to CD, and let them 
meet in Æ: A is the centre of the circle, which 
was to be found. 

For (Th. 37. aud construction), the centre of the 
circle is in EA, and it is, also, in FÆ; therefore it is 
in a point common to EA and FA; but (Def. 8. 
Cor. 1.) the two straight lines EA and FA cannot 
have more than one point common to them both, 
namely the point 4, in which they meet; therefore 
the point Æ is the centre of the circle of which ABC 
is an arch or the circumference, and a point 4 has 
been found which, &c. @.£. F. 

Cor. 1. From this it is manifest, if a segment of 
a circle. be given, how to describe the circle of which 
it is the segment; viz. by finding the centre, and 
at the distance of any point in the arch, that bounds 
the segment, describing the circle. 

Con. 2. It is, also, manifest, that by the help 
of this problem a circle may be described, the cir- 
cumference of which shall pass through any three 
given points, that are not in the same straight line. 


* If E, F be supposed to be joined by a straight line, it is 
manifest that AE, AF will make with that straight line two 
angles, on the same side of it, each of which is less than a right 
angle; and therefore (Th. 10. Cor. 1.) EA and FA will meet if 
they be produced far enough. 
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SCHOLIUM. 


If the whole circumference of a circle be given, its 
centre may more readily be found, by bisecting the 
chord which joins any, two’ assumed ‘points in the 
circumference and drawing through the point of 
bisection another chord at right angles to it. For 
(Th.37.) this latter chord will be a diameter, and 
therefore (Def. 30. Cor. 1.) its bisection will be the 
centre of the circle. 


Prosrem XXVIII. 


To bisect a given arch of a circle. 


Let ADB be the given arch; it is required to 


ZN 
A C B 


bisect 1t. 

Join A, B, and bisect (Prob. 4. AB in C; fromthe 
point C- draw (Prob. 6.) CD at right angles to AB: 
the arch ADB is bisected in the point D. 

Join A, D and D, B, and because (construction) | 
CD bisects AB at right angles, therefore (Ih. 20. 
Cor..5.) DA= DB ; but (Th. 61.) equal chords cut 
off equal arches, ‘the greater — to the greater, 


aud the less to the less; and AD, DB are each of 
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them less than a semicircle, because DC passes 
(Prob, 27.) through the centre. Wherefore the arch 
AD is equal to the arch DB: therefore the given 
arch is bisected in D. a. E:F. 


v 
` 


Der. LXVII. 


A straight line is said to be placed in a circle, 
when the extremities of it are in the circumference of 
the circle. 


ProsLemMm XXIX. 


In a given circle to place a straight line, equal 
to a given straight line not greater than the dia- 
meter of the circle. 


Let ABC be the given circle, and D the given 


straight line, not greater than the diameter of the 
circle. It is required to place in ABC a straight 
. line equal to D. | 

Draw (Prob. 27.) BC the diameter of the circle 
ABC; then, if BC is equal to D, the thing required 


Y Y 
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is done; for in the circle ABC a straight line BC is 
placed equal to D; but, if it is not, BC is greater 
than D; make (Prob.3) CE = D, and from the 
centre C, at the distance CE, describe the circle 
A EF, and join C, A: therefore, because C is the 
centre of the circle AEF, CA- CE; but D- CE; 
therefore D- C4: wherefore, in the circle 4BC, a 
straight line is placed equal to the given straight line 
D, which is not greater than the diameter of the 
circle. «.E.F. 


SCHOLIUM. 


The last problem might be otherwise enunciated, 
as follows. ‘From a given point in the circumference 
of a given circle to draw a chord, which shall be 
equal to a given straight line not greater than the 
diameter of the circle.” The necessity for introducing 
the limitation, which appears in the enunciation of 
the problem, is evident from Th. 44. 


PROBLEM XXX. 


To draw a straight line from a given point, either 
without or in the circumference, which shall touch .a 
given circle. 


First, let 4 be a given point without the given 
circle BCD; it is required to draw a straight line 
from 4 which shall touch the circle. 

Find: (Prob. 27.) the centre Æ of the circle, and 
join 4, E; and from the centre E, at the distance 
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E A, describe the circle AFG ; from the point D draw 


AN 


(Prob. 6.) DF at right angles to EA, and draw EBF, 
AB. AB touches the circle BCD. 


Because Æ is the centre of. the circles BCD, 
AFG, EA = EF, and ED=EB;; therefore the two 
sides 4E, EB are equal to the two FE, ED, and 
they contain the angle at Æ common to the two 
A~ AEB, FED; therefore (Th. 20. Cor. 1.) DF — 
AB, and the, EBA = L EDF: but EDF isa 
right angle; wherefore EBA is a right angle: and 
EB is drawn from the centre: but a straight line 
drawn from the extremity of a diameter, at right 
angles to it, touches the circle (Def. 34. Cor. 2.) : 
therefore AB touches the circle; and it is drawn 
from the given point J. 

But, if the given point be in the circumferenee of 
the circle, as the point D, draw DE to the centre E 


and DF at right angles to DE; DF touches the 
circle. &. E.F. — 


350 Elementary Problems of Plane Geometry, 


PRoBLEM XXXI. 


To cut off a segment from a given circle which 
shall contain an angle equal to a given rectilineal 


angle. 
Let ABC be the given circle, and D the given 


rectilineal angle; it is required to cut off a segment 


A 


F 


from the circle ABC that shall contain an angle equal 
. to the angle D. 

Draw (Prob. 30.) the straight line EF touching 
the circle ABC in the point B, and at the point B, 
in the straight line BF make (Prob. 7.) the angle 
FBC= L D ; therefore, because the straight line EF 
touches the circle 4BC, and BC is drawn from the 
point of contact B, the L FBC is equal (Th. 58.) to 
the angle in the alternate segment BAC of the circle: 
but thez FBC= 1D; therefore the angle in the 
segment BAC is equal to the 4. D: wherefore the 
segment BAC is cut off from the given circle dBC 
containing an angle equal to the given 4L D. à, E. r. 
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Prostem XXXII. 


Upon a given straight line to describe a segment — 
of a circle containing an angle equal to a given 
rectilineal angle. . 


Let AB be the given straight line ii CDE the 


given rectilineal angle: it is required to describe, on 


G 


AB, a segment of a circle containing an angle equal 
to the 2 CDE. 

In DC take any point C, make DE = DC, and 
join C, E; bisect (Prob. 4.) 4B in F; from F draw 
(Prob. 6.) FG perpendicular to 4B; at the point 4, in 
AB, make (Prob. 7.) the L BAH equal to the L DCE, 
or the/ DEC; and since (construction and Th. 13. 
Cor. 2.) the Z DCE, DEC, are each of them less 
than a right angle; therefore the L BAH is less than 
a right angle, and (Th. 10. Cor. 1.) AH will meet 
FG; let it meet FG in H; and describe (Prob. 27. 
Cor. 2.) the circle 4BH, the circumference of which 
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passes through the three points A, B, H : the segment 
AHB shall contain an angle equal to the 2 CDE. 

For join H, B; then (construction and Th. 20. 
Cor. 4.) HB = HA; therefore (Th. 13.) the L HB A 
= L HAB; and the 1 HAB was made equal to one 
of the equal 4 DCE, DEC, of the A CDE; there- 
fore (Th. 12. Cor. 3.) the third 2 AHB, of the 
A AHDB, is equal to the 2 CDE: wherefore, upon 
the given straight line 4B, the segment AHB of a 
circle has been described, which contains an angle 
equal to the given 4 CDE. a. x. r. 


THE 


iclemente of Plane Geometry. 


Book II. 


CHAPTER IV. 


Problems relating to the method of inscribing a 
rectilineal figure in a circle, and a circle in a 
rectilineal figure, and of describing a rectilineal 
figure about a circle, and a circle about a rectilineal 


figure. 


nedika 


ProsLem XXXIII. 


In a given circle to inscribe a triangle equiangular 
to a given triangle. 


Ler ABC be the given circle, and DEF the given 
triangle; it is required to inscribe in the circle ABC 
a triangle equiangular to the A DEF. 

Draw (Prob. 30.) the straight line GAH touching 
the circle in the point 4, and at the point 4, in the 
straight line 4H, make (Prob. 7.) the L HAC = 
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L DEF; and at the point 4, in the straight line 


AG, make the /, GAB = 4 DFE, and join B, C: 
therefore, because HAG touches the circle 4BC, 
and AC is drawn froin the point of contact, the 
L HAC is equal (Th. 58.) to the L ABC in the 
alternate segment of the circle: but the L HAC= 
L DEF; therefore also the L ABC= 4L DEF; for 
the same reason, the L 4CB— 4 DFE ; therefore the 
remaining £ BAC is equal (Th.12. Cor. 3.) to the 
remaining L EDF: wherefore the A ABC is equi- 
angular to the A. DEF, and it is inscribed in the 
circle JBC. a. x. r. 


PRoBLEM XXXIV. 


About a given circle to describe a triangle equi- 
angular to a given triangle. 

Let ABC be the given circle, and DEF the given 
triangle: it is required to describe a triangle about 
the circle 4BC, equiangular to the A DEF. 

In the given circle inscribe (Prob. 33.) the 


v 
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„A ABC equiangular to the A. DEF; find the 


centre G of the circle, and from G draw (Prob. 6.) 
the semi-diameters GH, GI, GK, perpendicular to 
AB, BC, CA, respectively; also through H, I, K 
draw (Prob. 30.) the straight lines LM, MN, NL, 
touching the circle ABC, in the points H, T, K ; and 
since GH is (Th. 46. and construction) perpendicular 
to each of the two straight lines 4B and LM, they 
are (Th.6.) parallel to one another; in the same 
manner it may be shewn that MN is parallel to BC, 
and NL to CA; therefore (Th. 10. Cor. 6.) the 
LLMN= L ABC, the .MNL — £ BCA and the 
L NLM= L CAB, therefore (construction) the A 
LMN is equiangular to the ~ DEF; and it is 
described about the circle ABC. a. E.F. 


Der. LXVIII. 


A circle is said to be inscribed in a rectilineal 
figure, when the circumference of the circle touches 
each side of the figure. 

"oz 


í 


4 
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PRoBLEM XXXV. 
To inscribe a circle in a given triangle. 


Let the given triangle be ABC: it is required to 


inscribe a circle in ABC. ^ 
Bisect (Prob. 5.) the Z ABC, BCA, by the straight 
lines BD, CD, meeting one another in the point D, 


from which draw (Prob. 6.) DE, DF, DG per- 
pendiculars to AB, BC, CA: and because the 
L EBD = LFBD, for the / ABC is bisected by 
BD, aud that the right angle BED is equal to the 
right angle BFD, the two æ EBD, FBD, have two 
angles of the one equal to two angles of the other, and 
the side BD, which is opposite to one of the equal 
angles in each, is common to both; therefore (Th. 19. 
Cor. 1.) their other sides shall be equal; therefore 
DE = DF: for the same reason, DG- DF; there- 
fore the three straight lines DE, DF, DG are equal 
to one another, and the circle described from the 
centre D, at the distance of any of them, shall pass 
through the extremities of the other two, and touch 
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the straight lines 4B, BC, CA, because the angles at 
the points £, F, G are right angles, and the straight 
line which is drawn from the extremity of a diameter 
at right angles to it, touches (Def. 34. Cor. 2.) the 
circle: therefore the straight lines 4B, BC, CA do 
each of them touch the circle, and the circle E FG is 
inscribed in the triangle ABC. a. E. r. 


Prostem XXXVI. 
To describe a circle about a given triangle. 
Describe (Prob. 27. Cor. 2.) a circle, the circum- 
ference of which shall pass through the three an- 
gular points of the given triangle, and (Def. 65.) it 
will be described about the triangle. a. x. F. 
Prosrem XXXVII. 
To inscribe a square in a given circle. 


Let ABCD be the given circle; it is required to 
A | 


C 


` inscribe a square in ABCD, 
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Draw the diameters 4C, BD, at right angles to 
one another; and join 4B, BC, CD, DA; ABCD 
is a square inscribed in the given circle. 

For (construction and Th. 20. Cor. 4.) the quadri- 
lateral figure ABCD is equilateral. It is also 
rectangular; for the straight line BD, being the 
diameter of the circle ABCD, BAD isa semicircle; 
therefore (Th. 57.) the 2 BAD is a right angle; for 
the same reason each of the Z ABC, BCD, CDA, is 
a right angle; therefore the quadrilateral figure 
ABCD is rectangular, and it has been shewn to be 
equilateral ; therefore it is a square; and it is inscribed 


in the circle ABCD. @.E.F. 
PRoBLEM XXXVIII. 


To describe a square about a given circle. 


Let ABCD be the given circle: it is required to 


describe a square about it. 
Let A, B, C, D, be the angular points of a square 
inscribed in the circle by the last proposition ; and 


through the points 4, B, C, D, draw (Prob. 30.) the 
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straight lines FG, GH, HK, KF, touching the circle ; 
then (Th. 66.) the quadrilateral figure FGHK is 
equilateral and equiangular; and since (Th. 35.) it's 
four angles are together equal to four right angles, and 
that they are equal-to one another, each of them isa 
right angle; wherefore, the figure FG HK is a square, 
and it is described about the circle 4BCD. a. E.F. 


PRoBLEM XXXIX. 


To describe a circle about any given equilateral 
and equiangular rectilineal figure having more than 
three sides. 


Let 4BCDEF be any given equilateral and equi- 


angular rectilineal figure of more than three sides: 
it is required to describe a circle about ABCDEF. 
Bisect (Prob. 5.) the 4 BCD, CDE, by the 
straight lines CG, DG; and because each of the 
equal 4 BCD, CDE, is less than two right angles, 
each of their halves, namely, each of the 4 GCD, 
GDC, 1s less than a right angle, and therefore 


| 866 Elementary Problems of Plane Goines, 
(Th. 10. Cor. 1.) CG and DG, if they be produced 


far enough, will meet; let them meet in G: describe * 
a circle from the centre G at the distance GC, or G D, 
and it will be described about the figure ABCDEF. 
For join G and each of the remaining angular points 
of the figure : and since (hyp.) the L BCD = L CDE, 
therefore (construction) the y BCG, GCD, GDC, 
GDE are equal to one another; therefore (Th. 15.) 
GC — GD. Again, because (hyp.) BC= CD, and 
CG is common to the two A GBC, GCD, and that 
(construction) the L GCB = £ GCD, therefore (Th. 
20. Cor. 1.) the L GBC= L GDC, and GB = GD; 
but it has been shewn that GD=GC; therefore GB 
= GC: and, since the /, CDE is double of the 
L CDG, and that the L CDE= 1. CB A, and, as hath 
been shewn, the L GDC = 4 GBC, therefore the 
L CBA is double of the 4. GBC; that is GB bisects 
the 4 CBA. It may, therefore, in the same manner : 
be shewn, that G4= GB, and that GZ bisects the 
L BAE ; and so on. Wherefore, the straight lines, 
drawn from G to the angular points of the figure, are 
all equal to one another; and therefore a circle 
described from the centre G, at the distance GC, or 
GD, will be described about the figure. a. E. F. 


PRaosLEM XL. 


In any given equilateral and equiangular recti- 
lineal figure, having more than three sides, to inscribe 
a circle. | 
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Let ABCDE be an equilateral and equiangular 


LA 


rectilineal figure, of more than three sides: it is 
required to inscribe a circle in ABCDE. f 
Bisect (Prob. 5.) the y BAE, AED, by the straight 
lines AF’, EF; and from the point F, in which they 
meet, draw (Prob. 6.) FG perpendicular to AE. 
Describe a circle from the centre F, at the distance 
FG, and it will be inscribed in the figure ABCDE. 

For the sides of the figure are (Prob. 39.) the 
chords of a circle described from the centre F at the 
distance F4; aud (hyp.) they are equal to one 
another; therefore (Th. 43.) they are equally distant 
from the centre; that is, the perpendiculars drawn to 
them from the centre are.all equal; therefore a circle 
described from the centre F, at the distance FG will 
(Def. 34. Cor. 2.) touch each of the sides of the figure 
ABCDE, and will (Def. 68.) be inscribed in it. 

Cor. It is manifest from Prob. 39. and Prob. 40, 
that the centre of the circle, which is described about 
an equilateral and equiangular rectilineal figure is also 
the centre of the circle to be inscribed in it. 


P d 
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PnosLEM XLI. 


To inscribe an equilateral and equiangular pen- 
tagon in a given circle. 


Let ABCDE be the given circle; it is required to 


inscribe an equilateral and equiangular pentagon in 
the circle ABCDE. | 
Describe (Prob. 25. Cor.) an isosceles A FGH, 
having each of the angles at G, H, double of the 
angle at F; and in the circle ABCDE inscribe 
(Prob. 33.) the A ACD equiangular to the A FGH, 
so that the CAD be equal to the angle at F, and 
each of the 4 ACD, CDA, equal to the angle at G or 
H; wherefore each of the angles JCD, CDA, is 
double of the / CAD. Bisect (Prob. 5.) the / ACD, 
CDA, by the straight lines CE, DB; and join AB, 
BC, DE, EA. ABCDE is the pentagon required. , 
Because each of the 4 ACD, CDA, is double of 
CAD, and is bisected by the straight lines CE, DB, 
the five / DAC, ACE, ECD, CDB, BDA, are equal 
to one another; but equal angles stand upon equal 


(Th. 59.) arches ; therefore the five arches 4B, BC, 


Inscribing a Rectilineal Figure in a Circle, &c. 369 


CD, DE, EA, are equal to one another: and equal 
arches are (Th. 62.) subtended by equal straight 
lines ; therefore the five straight lines 4B, BC, CD, 
DE, EA, are equal to one another. Wherefore the 
pentagon ABCDE is equilateral. It is also (Th. 66.) 
equiangular: wherefore, in the given circle, an equi- 
lateral and equiangular pentagon has been inscribed. 
Q. E. F. 

Cor. From this, aud from Th. 66, it is manifest 
how to describe an equilateral and equiangular pentagon 
about a given circle; namely, by inscribing in the 
circle such a pentagon and then, through its angular 
points, drawing (Prob. 30.) straight lines which shall 
touch the circle. 


Prostem XLII. 


To inscribe an equilateral and equiangular hex- 
agon in a given circle. 


Let ABCDEF be the given circle: it is required 


D 


to inscribe an equilateral and equiangular hexagon in 
it. | 
3A 
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Find (Prob. 27.) the centre G of the circle 
ABCDE, and in it place (Prob. 29.) a straight line 
AB equal to its semi-diameter, draw AG, BG, and 
produce them to meet the circumference in D and 
E; also bisect (Prob. 5.) the 4 BGD, by the dia- 
` meter CF, and draw BC, CD, DE, EF, FA. Then 
(Prob. 26.) ABCDEF is an equilateral and equi- 
angular “hexagon; and it is inscribed in the circle 
ABCDE. a.t.F. 

Con. 1. From this, and from Th. 66, it is mani- 
fest how to describe an equilateral and equiangular 
,hexagon about a given circle. 

Con. 2. The side of a hexagon inscribed in a 
circle is equal to the circle's semi-diameter. 


PRoBLEM XLIII. 


To inscribe an equilateral and equiangular quin- 
decagon in a given circle. 


Let ABCD be the given circle: it is required to 


inscribe an equilateral and equiangular quindecagon 
in the circle ABCD. 
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Let AC be the side of an equilateral triangle ACD, 
inscribed (Prob. 33.) in the circle, and 4B the side of 
an equilateral and equiangular pentagon ABEFG, in- 


scribed (Prob. 41.) in the same : then (hyp.) AB, BE, 
AG, and GF are equal; therefore (Th. 61.) ABE = 
AGP. takeaway from these equals, the arches 4BC and‘ 
AGD, which (construction and Th. 61.) are equal to 
one another, and there remains ins CE = : FD. Again (con- 
struction and Th. 61.) ABC= CFD; take from 
these equals the equal arches EF and AB, and there 


LN AN, N : 

remains em CE + FD; Pia it has been — 
Am 

that pi FD: therefore BC i 1S the double of CE; 

and if BC be bisected oe MN in H, and BH, 


HC, CE, be drawn, BH -HC= CE, and therefore 
(Th. 62.) BH= HC=CE. In like manner, if a 
straight line BK, equal to EC, be placed (Prob. 29.) 


Z7 N 
in BA, and if KA be hisected in L, the arch BKA 
will be divided into three equal arches, which will 
have their chords (Th. 62.) equal to one another, and 
to BH, HC, CE: and so of the three remaining 
arches AG, GF, FE. Yn this manner, therefore, 
will an equilateral quindecagon be inscribed in the 
circle, which (Th. 66.) is also equiangular. e. E. F. 

Cor. From this, and from Th. 66, it 1s manifest 
how an equilateral and equiangular quindecagon may 
be described about a given circle. 
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SCHOLIUM. 


The circumference of a circle evidently admits of 
being divided into any number of equal parts, and, 
therefore (Th. 62.) it may be considered as possible 
to inscribe in a circle an equilateral polygon, of any 
number of sides, which (Th. 66.) will also be equi- 
angular. But no geometrical solution has yet been 
given of the general problem — * To divide the cir- 
cumference of a circle into any given number of parts." 
By the help of Prob. 28, Prob. 37, Prob. 41, Prob. 42, 
and Prob. 43, there may be inscribed in a circle equi- — 
lateral and equiangular polygons of 4, 8, 16 &c. sides; 
of 5, 10, 20 &c. sides; of 6, 12, 24 &c. sides ; and of 
15, 30, 60 &c. sides. It 1s evident, also, that if an 
isosceles triangle could be described, having each of 
the equal angles at the base any required multiple of 
the angle at the vertex, then might an equilateral and 
equiangular polygon of any odd number of sides be 
inscribed in a circle: and such a polygon, of an even 
number of sides, might be inscribed in a.circle, if 
after dividing that number by the greatest power of 2, 
which will divide it, the quotient be either unity, or 
an odd number, such that there is à known method 
of inscribing an equilateral and equiangular polygon 
of that odd number of sides in a circle. The quotient 
will always be, either unity, or an odd number. If it 
be unity, the polygon may be inscribed by the help 
of Prob. 28 ; and if it be an odd number, such as has 
been mentioned, a polygon of that odd number of 
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sides must first be inscribed in the circle; and then 
each of the arches subtended by its sides having been 
bisected, and those parts again bisected, and so on, 
the polygon proposed to be inscribed will have for its ' 
sides the chords of the several arches, after the last 
bisections. __ 

In general, if a number be the product of several 
factors, an equilateral and equiangular polygon, of 
that number of sides, may be inscribed in the circle, 
if the circumference can first be divided into as many | 
equal parts as are indicated by one of the factors, and 
if then each of those equal parts can be divided into 
as many equal parts as are indicated by another of 
the factors, and so-on. Thus, in the case of the 
quindecagon (Prob. 43.) the number 15 is the product 
of the numbers 3 and 5; the circumference is first 
divided into five equal arches by the sides of the 
inscribed pentagon; then, each of those arches is 
divided into three equal parts: and by this method 
the whole circumference is divided into fifteen equal 
arches, the chords of which are the sides of the quin- 
decagon proposed to be inscribed. 

Polygons, which are equilateral and equiangular, 
are called Regular Polygons. Now it is evident, 
from what was said in the beginning of this scholium, 
that a regular polygon may be inscribed in a given 
circle, bzving the number of its sides greater than 
any given number; and therefore, also, (Th. 66.) a 
regular polygon may be described about the circle 
having the number of its sides greater than any given 
number. But (Assump. II. Schol.) the circumference 
of a circle is greater than the perimeter of any 


= 


Pd 
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regular polygon inscribed in it, and less than that of 
any regular polygon described about it; and the 
. greater the number of the sides of the inscribed and 
circumscribed polygons, the more nearly do their 
perimeters and the circumference of the circle ap- 
proximate to the relation of equality. If, therefore, 
a circle be given, we are in possession of a method of 
finding, geometrically, a polygon, such that the 
difference between its perimeter and the circumference |. 
of the circle shall be indefinitely small. But it is of 
more importance, to be enabled to approximate to the 
numerical value of the circumference of a circle, 
when the numerical value of its diameter is given, or 
has been ascertained. To shew how this may be 
done, we shall have recourse, as the case requires it, 
to the usual language of calculation. We shall first 
lay down the general forms, which are requisite for 
the solution of the problem, and then point out the 
manner in which they may be applied; leaving it to 
the reader himself to make the application, by means 
of the common rules of arithmetic. 

First, then, if 2a denote the side of any regular 
polygon inscribed in a given circle, p the perpen- 
dicular drawn to it from the centre, and 2 the dia- 
meter of the circle, d the side of a regular polygon, 
of the same number of sides described about the 
circle, and A the side of a polygon of double the 
number of sides — in the circle, 

(1.) d -———- NEL NN ` 
p (1- au. 


I 


(IL) b= 21 a 75$ = 24 n - a - aii. 
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lhe above equations are easily deduced from the 
common property of similar triangles, and from 
Th. 36, and Th. 130. 

Now (Prob. 42. Cor. 2.) the side of a regular 
hexagon, inscribed in the circle, which has 2 for its 
diameter, is unity. 

. Hence, from Equation II, 
The side of an inscribed polygon of 12 sides 


= 2—,/3. 


of 24 sides 
—2 8 oe / 2-- 4/8. 
of 48 sides 


of 96 sides 

—A/2- ERENER 
of 3 x 2" sides 
a— 3 J3 Re Q3) JEU 
After having thus obtained the value of the side of 
an inscribed polygon of 96 sides, that of the cir- 
cumscribed polygon of 96 sides may be found from 
Equation [; and as the difference of the perimeters 
of these two polygons is but a small part of the semi- 
diameter, the numerical value of either of them 
may be considered as an approximate value of the 
. circumference. | 


But a still nearer approximation, to the value of 
the circumference, may be made by:a less tedious 
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proces, with the help of the two next following 
equations. 

If A, B, C, be three arches of a given circle, of 
which B is a part of 4 and has one of its extremities 
coinciding with an extremity of 4, and C— 4 — B; 
if, also, 2a, 2b, 2c, be the chords of 4, B, C, re- 
spectively, and if p, q, r, be the perpendiculars let fall 
from the centre on a, b, c, respectively, then, the 
centre of the circle being supposed to be without the 
triangle contained by 2a, 25, 2c, 

(III) c = aq — bp; 
and (IV.) r=ab + pq. 
These two last equations are merely the algebraic 
translations of Th. 129, in cases, where the diameter 
- of the circle is made one of the sides of the inscribed 
quadrilateral figure, and another side of it, or else one 
of its diagonals, is (hyp. and Th. 101.) the double of 
one of the perpendiculars drawn to the chords from 
the centre. 

In order to apply Equation III. and Equation IV, 
to the investigation of an approximate value of the 
circumference of a circle, which has 2 for the 
numerical value of its diameter, it must first be 
remarked, that if the side of an isosceles triangle, 
having each of the angles at the base double of the 
third angle, be divided in extreme and mean ratio, 
the greater segment shall (Prob. 25.) be equal to the 
base. But since, in such a triangle, the angle at the 
vertex is (Th. 12.) the fifth part of two right angles, 
or the tenth part of four right angles, it 1s manifest 
that the base itself will be the side of a regular - 
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. decagon, inscribed in the circle, of which one of the 
equal sides is the semi-diameter. Hence, it is easily 
deduced that the side of the regular decagon inscribed 
in a circle, the diameter of which is denoted by 2, is 
Joa | 
2 
to it from the centre, is equal to 1 (10--2 ,/5)3. It 
has been shewn, also, that the side of the inscribed 
regular dodecagon is equal to (2 — ./3)?; and 


equal to , and that the perpendicular, drawn 


therefore, the perpendicular drawn to it from the 
centre is equal to I (2 4- J/3 3)5, | 


If, then, 4 be at ^, and if B be P of the.cireum- 
ference, so that 4 — B is 3 of the rn we 
shall obtain, by A the above values in 
Equations III. and IV, first the value of the side 
of an inscribed regular polygon of 60.sides; next, 
that of the perpendicular drawn to it from the centre; 
then, from Equation I, we shall have the value of the 
side of a regular polygon of 60 sides described about 
the circle; and lastly, from Eiquation II, and Equa- 
tion I, we shall find the value of the side of a regular 
polygon of 120 sides inscribed in the circle, and that 
of a similar polygon described about the circle. The 
values of the perimeters of these several polygons, it 
is evident, will be found by multiplying a side of each 
by the number of the sides of the polygon. The 
results are as follows. 


378 Elementary Problems of Plane Geometry, 


Perimeter of inscribed regular polygon of 60 sides 
= 6.28031474915, nearly. 
of circumscribed regular polygon of 60 sides 
= 6.28893351396. 
of inscribed regular polygon of 120 sides 
= 6.2824675. 
of circumscribed regular polygon of 120 sides 
= 6.2846211. 
Wherefore, since the circumference of the circle is 
greater than 6.2824675, and less than 6.2846211, 
and since the difference of these two numbers is 
0.0021536, whichsoever of them we take for the 


" : 92 ths 
circumference, the error will be less than (s) 
| | 10000 


of the semi-diameter; and if we take the former 
number, and call the circumference of any circle C, 
and its diameter D, we shall have (Th. 121.) 
2: 6.2824675 :: D : €, 
or 1 : 3.1412337 :: D : C. 
Having, therefore, the diameter of any circle given, 
we can find an approximate value of its circumference; 
and having thus found the value of its circumference 
equal to 3.1412 &c. x D, its surface will (Th. 70. 


2 


Cor. 2.) be equal to 3.1412 &c. x = 


The numerical limits of the circumference of a 
circle above determined, agree with the conclusion of 
Archimedes, that when the diameter is represented by 
unity, the circumference is greater than 3 5, and 
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2; as will be evident, by converting 


into decimal fractions ; and this ap- 


less than 3 75 or 
zp and I» | 
proximation is sufficient for most practical purposes. 
But the proportion, 11$ : 355 :: D : C, affords a 
much nearer approximation to the value of the cir- 
cumference; and it ought to be employed in all cases 


in which great exactness is required. 


THE 


ELEMENTS OF GEOMETRY. 
PART Il. 


THE ELEMENTS 
OF 


SOLID GEOMETRY. 


THE 


Bements of Solid Geometry. 


CHAP. I. 


On the mutual intersections of straight lines and 
planes, and on the inclinations of ie one to the 
ather. 


THeorem CXXXVIII. 


Three straight lines which meet one another are 
in one plane. 
Ler the three straight lines 4B, CD, EF, meet one 
another in the points G, H, K; then are AB, CD 
and EF in one plane. 

For any plane which passes through 4, B, and 


which, therefore, (Def. 8. Cor. 3.) also passes through 
K, H, may be supposed to be turned about 4B, until. 
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it pass through the point G; and then (hyp. and 


A E 


Def. 8. Cor. 3.) EF and CD will, also, be in that 
plane: wherefore, there is a plane in which the 
straight lines 4B, CD, EF, all three lie; and 
(Def. 8. Cor. 7.) they cannot be in any other plane 
which does not coincide with that plane. 

Cor. Any three points of solid space are in some 
one plane: and if they be not in the same straight 
line, they cannot all be in two planes which do not 
coincide with one another. 


TukgoREM CXXXIX. 


If two straight lines meet in a plane, and a 
straight line stand at right angles to each of them in 
the point of their intersection, it shall also be at right 
angles to every other straight line in that plane, 
drawn through the point of intersection. 


Let FE be perpendicular to AB and to CD, 
which meet in the point Æ, in the plane GH; and 
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let PEQ be any other straight line in GH which 
nu 


passes through E; FE is also perpendicular to 
PEQ. 
For if it be not, let FK be perpendicular to PEQ; ` 


through K, in the plane GH, let LKM, be drawn 
perpendicular to EP; LKM will (Th.8. Cor. 3.) 
when produced meet either 4B or CD; let it meet 
AB in L; and let F, L and F, K be supposed to be 
joined. And since (Ayp.) the 4 FKE, LKE, FEL, 


are right angles, 
therefore (Th. 130.) FE? = FK? + KE: 
and EL? = LK? + KE?; 
EE + EL? > FE + LK. 
But (hyp. and Th. 130.) FE? + ED? = FL; 
FD > FK + LR; 
but (hyp. and Th. 130.) FL’= FK?+ LK*; which is 
absurd; therefore FK is not perpendicular to PEQ; 
3€ 
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and in the same manner it may be shewn that no 


other line but FE, is perpendicular to PEQ. If, 
therefore, two straight lines, &c. @. E. p. 


SCHOLIUM. 


It is manifestly possible, for a straight line, drawn 
from the intersection of two straight lines, to be per- 
pendicular to each of those straight lines. Two 
squares, for example, that are not in the same plane, 
may have a common side, which will be perpen- 
dicular to each of their bases ; and will then (Th. 139.). 
be perpendicular to every other straight line, in the 
plane containing their bases, that passes through the 
intersection of the bases. Hence, the. following 
definition. 


Der. LXIX. 


A straight line 1s perpendicular, or, at right 
angles, to a plane, when it makes right angles with 
every straight line meeting it in that plane. 

Con. 1. A straight line cannot be perpendicular 
to each of two planes, at a point common to them 
both, unless the two planes coincide with one another. 

Con. 2. There cannot be two perpendiculars to a 
given plane, both passing through any the same point 
either in the plane or above it. 

For if the two perpendiculars passed through any 
the same point in the given plane, they would 
(Def. 69.) each of them be at right angles to the 
intersection of the plane in which (Def. 8. Cor. 9.) they 
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both of them are; that is, (Def. 8. Cor. 2.) they are 
each of them at right angles to the same straight line at 
the same point; which (Th.2. Cor.) is impossible. 
And if the two perpendiculars passed through any the 
same point above the plane, they would each of them 
(Def. 69.) be at right angles to the straight line 
joining the two points in which they meet the plane; 


which (Th. 6. Cor. 1.) is impossible. 


THEOREM CXL. 


Jf a straight line falling upon the common section 
of three straight lines, that meet all in that one point, 
be perpendicular to each of them, these three straight 
lines are in one and the same plane. 


Let the straight line 4B stand at right angles to 
each of the straight lines BC, BD, BE, in B the 


point where they meet; BC, BD, BE are in one and 
the same plane. 

If not, let, if it be possible, BD and BE be in one 
plane, and BC be above it; and let a plane pass 
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through 4B, BC, the common section of which with 
the plane, in which BD and BE are, shall (Def. 8. 
Cor. 2.) be a straight line; let this be BF: therefore 
the straight lines 4B, BC, BF are all in one plane, 
viz. that which passes through 4B, BC; and because 
AB stands at right angles to each of the straight lines 
BD, BE, it is also at right angles to the plane 
passing through them; and therefore makes right 
angles (Th. 139.) with every straight line meeting it 
in that plane; but BF which is in that plane meets 
it: therefore the 1 ABF is a right angle; but the 
L ABC, by the hypothesis, is also a right angle; 
therefore the L 4BF— £ ABC, and they are both in 
the same plane, which is impossible: therefore the 
straight line BC is not above the plane in which are 
BD and BE: wherefore the three straight lines 
BC, BD, BE are in one and the same plane. There- 
fore, if three straight lines, &c.  &. E. p. 


THeoremM CXLI. 


If two straight lines be parallel, and if one of 
them be at right angles to a plane, the other shall 
also be at right angles to the same plane. 


Let AB, CD, be two parallel straight lines, and let 
one of them, AB, be perpendicular to the plane GH; 
the other, CD, is also perpendicular to the plane 
GH. 

Suppose B, D to be joined, and DE a straight 
line of any finite length, to be drawn, in the plane 
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GH, perpendicular to BD; suppose, also, AD, AE, 


Gr 
and BE, to be drawn. Then (hyp. and Def. 69.) the 
L BDE, ABE, ABD, are right angles; 
S (Th. 130.) AE? = AB + BE’, 
and BE? = BD? + DE’; 

- AE = AB) + BD? + DE’; 

and (Th. 130.) 4D? = AB’ + BD’; 

i AF? = AD DE’: 
wherefore, (Th. 137. Cor. 2.) the 2 EDA is a right 
angle; and (hyp.) thei EDB is a right angle; and 
AD, BD, having, each of them, two points in the 
plane of 4B, CD, are (Def. 8. Cor. 3.) in the same 
plane with AB, CD; therefore, (Th. 139.) ED is 
perpendicular to the plane ABDC ; that is (Def. 69.) 


the 2 CDE is a right angle: and since (hyp. and 
Def. 69.) the L ABD is a right angle, and that (hyp.) 


CD is parallel to 4B, the / CDB is (Th. 10.) a right 
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angle; therefore CD is perpendicular to DB and to 
DE; and therefore (Th. 139. and Def. 69.) CD is 
perpendicular to the plane GH, in which are DB and 
DE.- M, therefore, two straight lines, &c. @. E. p. 

Cor. From the demonstration it is manifest, 
that if two straight lines be parallel, the straight line 
drawn from any point in the one to any point in the 
other, is in the same plane with the parallels. 


^-— 


SCHOLIUM. 


The possibility of a straight line being drawn at 
right angles to a plane from a given point above the 
plane, may be shewn by the help of Th. 141. 

Let BH be the given plane, and 4 the given 


point above it; from the point 4 a straight line may 
be drawn perpendicular to the plane BH. — ^ 
Suppose any straight line BC to be drawn in the- 
plane BH, and from the point A, let AD be supposed 
to be drawn perpendicular to BC. 
If, then, 4D be also perpendicular to the plane 
BH, that which was required, is already done; but if 


w 
rd 
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it be not, from the point D, in the plane BH, suppose 
DE to be drawn at right angles to BC ; and from 
the point 4, suppose AF to be drawn perpendicular 
to DE; and through F suppose GH to be drawn 
parallel to BC: and because BC is at right angles 
to ED and DA, BC is at right angles (Th. 139.) to 
the plane passing through ED, DA. And GH is 
parallel to BC; but, if two straight lines be parallel, - 
one of which is at right angles to a plane, the other 
(Th. 141.) shall be at right ‘angles to the same plane; 
wherefore G.H is at right angles to the plane that passes 
through EZ D, DA, and is perpendicular (Def. 69. ) to 
every straight line meeting it in that plane. But AF, 
which is in the plane that passes through ED, DA, 
meets it: therefore GH is perpendicular to AF, and 
consequently AF is perpendicular to GH ; and AF 
is perpendicular to DE: therefore AF is perpen- 
dicular to each of the straight lines GH, DE. But 
if a straight line stands at right angles to each of two 
straight lines in the point of their intersection, it shall 
also (Th. 139.) be at right angles to the plane passing. 
through them. But the plane passing through ED, 
GH is the plane BH; therefore AF is perpendicular 
to the plane BH; therefore, from the given point 4, 
above the plane BH, a straight line AF may be drawn 
perpendicular to that plane. Hence, also, the possibility 
of drawing a straight line at right angles to a given 
plane, from a point in the plane, 1s manifest. For it 
has been shewn, that from any assumed point above 
the plane, a perpendicular may be drawn to it. If 
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the perpendicular, so drawn, fall upon the given 
point, then will a straight line have been drawn from 
that point at right angles to the plane. But if the 
perpendicular do not fall upon the given point, then 
from the given point there may (Schol. Def. 14.) be 
drawn a straight line which shall be parallel to the 
perpendicular, and which (Th. 141.) shall, therefore, 
be also at right angles to the given plane. 


THEorEM CXLII. 


If two straight lines be at right angles to the same 
plane, they shall be parallel to one another. 


Let AB, CD, be at right angles'to the same plane 


A € © 


GH; AB is parallel to CD. 

Suppose B, D to be joined; and if AB be not 
parallel to CD, then, in the > plane CDB, suppose 
BE to be drawn parallel to DC, and let KL be the 
common section of the plane GH, and the plane in 
which are 4B and EB: and since (hyp.) CD is 
perpendicular to the plane GH, EB, which is pa- 
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rallel to CD, is (Th. 141.) perpendicular to the 
plane GH; therefore (Def. 69.) the /, EBL is a 
right angle; also since (hyp.) 4B is perpendicular to 
the plane GH, the L ABL is a right angle; therefore 
(Th.2.) the 2 ABL is equal to the 4 EBL, the 
greater to the less; which is impossible. Wherefore, 
no other line than 4B, terminated in the point B, 
can be parallel to CD. If, therefore, two straight 
lines, &c. @. E. p. 

Cor. If a straight line be at right angles to each 
of two planes, every straight line, that is at right 
angles to the one plane, shall also be at right angles 
to the other plane. 

For (hyp. and Th. 142.) all such straight lines 
will be parallels; and (Ayp.) one of them is at right 
angles to both the planes; therefore (Th. 141.) the 
rest will also be at right angles to both the planes. 


Der. LXX. 


The inclination of a straight line to a plane is the 
acute angle contained by that straight line, and 
another, drawn from the point, in which the first line 
meets the plane, to the point in which the plane is 
met by a perpendicular drawn to the plane, from any 
point of the first line, above the plane. 


TureoneEM CXLIII. 


. The straight lines, which are drawn from any 
given point above a plane, to points in the plane that 
~ 3D 


-— 
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are equidistant from the given point, are all equally 
inclined to the plane. | 

- For (Def. 69. Cor. 2.) there can but be one per- 
pendicular from the given point to the given plane; 
and this being made use of, to determine the in- 
elinations of the straight lines, drawn to points in the 
plane that are equidistant from the given point, it Is 
manifest (Def. 70. and Th. 23. Cor.) that the lines 
£o drawn are equally inclined to the plane. 


TuronREM CXLIV. 


Two straight lines, which are each of them pa- 
rallel to the same straight line, and not in the same 
plane with it, are parallel to one another. 


Let AB, CD, be each of them parallel to EF, and 


Qu K D 
not in the same plane with it; 4B shall be parallel - 
to CD. 

In EF take any point G, from which let there he 
supposed to be drawn passing through EF and AB, 
the straight line GH at right angles to EF; and in 
the plane passing through EF, CD, let GK be 
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supposed to be drawn at right angles to the same 
EF. And because EF is perpendicular both to GH 
and GK, EF is perpendicular (Th. 139.) to the 
plane HGK passing through them: and EF is pa- 
rallel to 4B; therefore AB is at right angles (Th. 141.) 
to the plane HGK. For the same reason, CD 1s 
likewise at right angles to the plane HGK. There- 
fore 4B, CD are each of them at right angles to the 
plane HGK. But if two straight lines are at right 
angles to the same plane, they shall be parallel 
- (Th. 142.) to one another. "Therefore 4B is parallel 
to CD. Wherefore two straight lines, &c. @. E. D. 


| "TureongEM CXLV.. 


If two straight lines meeting one another be pa- 
rallel to two others that meet one another, and are 
not in the same plane with the first two; the first 
two and the other two shall contain equal angles. 


Let the two straight lines 4B, BC, which mect 
one another be parallel to the two straight lines DE, 
EF, that meet one another, and are not in the same 
plane with 45, BC. The L ABC= L DEF. 

Suppose BA, BC, ED, EF, to be taken all equal 
to one another, and AD, CF, BE, AC, DF, to be 
drawn: because BA is equal and parallel to E D, 
therefore 4D is (Th. 10. Cor. 4.) both equal and 
parallel to B.E. For the same reason, CF is equal 
and parallel to BE. Therefore AD and CF are each 
of them equal and parallel to BE. Therefore 
(Th. 144.) AD is parallel to CF; and it is equal to 
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it, and ÆC, DF, join them towards the same parts ; 


and therefore (Th. 10. Cor. 4.) AC is equal and 
parallel to DF. And (Th. 24.) because AB, BC, are 


"e equal to DE, FE, each to each, and the base 4C 


to the base DF; the / ABC = L DEF. Therefore, 
if two straight lines, &c. a. E. p. 


THE 


Tlements of Solid Geometry. 


CHAPTER II. 


On the mutual intersections and inclinations of planes. 
—(Q)A-— 


Turorem CXLVI. 


Planes to which the same straight line is perpen- 
dicular do not meet one another, though produced. 


Ler the straight line AB be perpendicular to each of 
the planes CD, EF; these planes do not meet one 
another though produced. 

If it be possible, let them meet one another when 
produced ; their common section (Def. 8. Cor. 2.) 
shall be a straight line GH, in which let any point 
K be taken, and AK, BK drawn: then, because AB 
is perpendicular to the plane EF, it is perpendicular 
(Def. 65.) to BK which is in that plane. Therefore 
ABK is a right angle. For the same reason, BAK is 
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a right angle; wherefore the two 4 ABK, BAK, of 


G 
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M D 
the A. ABK, are equal to two right angles, which 
(Th. 12. Cor. 1.) is impossible: therefore the planes 


CD, EF, though produced, do not meet one another. 
Therefore planes, &c a. E. n. 


Der. LX XI. 


Parallel Planes are such as do not meet one 
another, though produced. 

Con. Planes to which the same straight line is 
perpendicular, are (Th. 146.) parallel to one another. 


TurongM CXLVII. 
ff two straight lines meeting one another, be 
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parallel to two straight lines which meet one another, 
but are not in the same plane with the first two; the 
plane which passes through these is parallel to the 
plane passing through the others. 

Let AB, BC, two straight lines meeting one 
another, be parallel to DE, EF, that meet one an- 


E 
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other, but are not in the same plene with 4B, BC: 
the planes through 4B, BC, and DE, EF, shall not 
meet, though produced. 

. From the point B suppose BG to be drawn per- 
pendicular to the plane which passes through DE, 
EF, and let it meet that plane in G; and through 
G, suppose GH to be drawn parallel to ED, aud 
GK parallel to EF: and because BG is perpen- 
dicular to the plane through DE, EF, it shall 
(Def. 65.) make right angles with every straight line 


* 
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meeting it in that plane. But the straight lines GH, — 
GK,: in that plane meet it: therefore each of the 
LL BGH, BGK, isa right angle: and because BA is 
parallel (Th. 144.) to GH (for each of them is 
parallel. to D.E, and they are not both in the same 
plane with it) the 7; GBA, BGH, are together 
(Th. 10.) equal to two right angles: and BGH isa 
right angle; therefore also GBA is a right angle, and 
GB perpendicular to BA: for the same reason, GB 
. 1s perpendicular to BC: since therefore the straight 
line GB stands at right angles to the two straight 
lines BA, BC, that cut one another in B, GB is 
(Th. 139.) perpendicular to the plane through BA, 
BC: and it is perpendicular to the plane through 
DE, EF; therefore BG is perpendicular to each of 
the planes through AB, BC, and DE, EF: but 
planes to which the same straight line is perpen- 
dicular, are parallel (Th. 146. and Def. 71.) to one 
another: therefore the plane through 4B, BC, is 
parallel to the plane through DE, EF. Wherefore, 
if two straight lines, &c. a. x. n. 


Cor. If three equal perpendiculars be drawn to 
a given plane, and if their extremities do not lie in 
the same straight line, the plane which passes through 
them shall be parallel to the given plane. 


For (Th. 142. Th. 144.) the three perpendiculars 
will be parallel to one another ; and (hyp.) they are 
equal; wherefore (Th. 141. Cor. and Th. 10. Cor. A.) 
the straight lines, which join the upper extremities of 
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any two of them and the third, shall be parallel to the 
straight lines which join the lower extremities of, the | 
same two and of the third; therefore (T'h. 147.) the 
plane that passes (Th.138.) through the upper ex- 
tremities of the three perpendiculars, shall be pa- 
rallel to the given plane. 


SCHOLIUM. 


À plane may always be supposed to be drawn, 
which shall be parallel to a given plane *(DF) and. 
which shall pass through a given point (B) without 
the given plane. 

For (Th. 141. Schol.) a perpendicular BG may 
be drawn from B to the plane DF; and at the point 
B, in any two planes BK, BH, both passing through 
BG, which are not in the same plane, there may be 
drawn BA, and BC, perpendicular to BG; and then 
the plane CA, that is drawn through B4 and BC, 
will be parallel to the plane DF. 

For, since (hyp.) BG is perpendicular to BC and 
to BA, it is (Th. 139. and Def. 69.) also perpen- 
dicular to the plane C4: wherefore (Th. 146. and 
Def. 71.) the plane CA, which passes through the 
point B, is parallel to the given plane DF’. 

Or, if BC and BA be supposed to be drawn 
parallel to any two straight lines EF and £D, which 
meet one another, in the plane DF, then (Th. 147.) 

* See the figure in p. 399. 
3E 
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the plane which passes through BC and BA will be 
parallel to the given plane DF. 


Tarorsm CXLVIII. 


If two parallel planes be cut by another plane, 
their common sections with it are parallels. 


For (Def. 8. Cor. 2.) the two common sections of 
the planes are straight lines, and they are both in the 
same cutting plane; and since the parallel planes, in 
which they are, do not (Def. 71.) meet when pro- 
duced, neither do these straight lines any where meet 
one another ; wherefore (Def. 14.) they are parallels. 

Cor. 1. Two parallel straight lines, which are 
terminated by two parallel planes, are equal to one 
another. 


Let BG be parallel to CK, and let BG and CK 


lie between the parallel planes CA and FD; BG= 
CK. 


For through the parallels BG, CK, let there be 
supposed to pass the plane BCKG, cutting the planes 
CA and FD, in BCand GK; therefore (Th. 148.) 
BC is parallel to GK; and (hyp.) BG is parallel to 
CK; therefore BCKG is a parallelogram, and 
(Th. 25. Cor. 1.) BG=CK. 

Cor. 2. Hence, the straight lines drawn from any 
number of points in either of two parallel planes, 
perpendicular to the other, being (Th. 142.) parallel, 
are also (Cor. 1.) equal to one another. 
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Cor. 3. . If a straight line (BG) be perpendicular 
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to (AC) one of the two parallel planes (4C), (DF), 
it shall be perpendicular to the other (DF) also. 

For let any plane BK, passing through BG, cut 
the planes 4C, DF, in BC, GK; and let any other 
plane BH, also passing through BG, cut the planes 
AC, DF, in BA, GH: then (hyp. and Def. 69.) the 
i GBC, GBA, are right angles, and (Th. 148.) GK 
is parallel to BC, and GH to BA; therefore (Th. 10. 
Cor. 2.) the 4 BGK, BGH, are right angles: and 
therefore (Th. 139. and Def. 69.) BG is perpendicular 
to the plane DF. 

Cor. 4. Hence, two planes, which cut one: an- 
other, cannot each of them be parallel to the same 
plane. 

For if from any point in the common section of 
the two planes, which cut one another, a perpendicular 
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be supposed to be drawn to the third plane, it will 
(hyp. and Cor. 3.) be perpendicular to each of the two 
intersecting planes; which (Def. 69. Cor. 1.) is 
impossible. 

Con.5. If two straight lines be cut by parallel 
planes, they shall be cut in the same ratio. 


Let the straight lines 4B, CD, be cut by the 
parallel planes GH,KL, MN, in the points 4, E, B; 


C, F, D: as AE is to EB, so is CF to FD. 


Suppose AC, BD, AD, to be drawn, and let AD 
meet the plane KZ in the point X; suppose also, 
EX, XF to be drawn. Because the two ‘parallel 
planes KL, MN, are cut by the plne EBDX, 
the common sections £X, BD, are (Th. 148.) pa- 
rallel. For the same reason; bétause the two parallel 
planes GH, KL, are cut by the plane AXFC, the 
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common sections 4C, XF, are parallel: and because 
EX is zm to BD, a side of the N ABD; 
. (Th. 99.) AE : EB :: AX : XD; 
Likewise, AX : XD :: CF : FD, 
^. (Th. 81.) AE : EB :: CF : FD. 


THrorem CXLIX. 


If two planes cut one another, and if a straight 
line in either of them, drawn perpendicular to their 
common section, be at right angles to the other plane, 
then shall all straight lines drawn in the former 
plane perpendicular to the common section, be at 
right angles to the latter plane. 


Let CE be the common section of the two planes 
CK, DE, and let AB, drawn in DE, perpendicular — 
| G T NER. | 


H 


C F B E 
to CE, be also perpendicular to the plane CK; then 
shall any other straight line in DE, drawn per- 
pendicular to CE, as GF, be also perpendicular to 
the plane CK. 
For, since (hyp.) the 4 ABF and GFB are right 


e 


angles, therefore (Th, 8.) GF is parallel to 4B; 
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but (hyp.) AB is perpendicular to the plane CK; 
therefore (Th. 141.) GF is also perpendicular to the 
plane CK. In like manner it may be proved that any 
. other straight line in DE, drawn perpendicular to 
CE, shall also be perpendicular to the plane CK. 
Wherefore, if two planes, &c. a. E. p. 


Der. LXXII. 


A Plane is perpendicular to a plane, when the 
straight lines drawn in one of the planes, perpen- 
dicularly to the common section of the two planes, 
are perpendicular to the other plane. 


THEOREM CL. 


If two planes, which cut one another, pass through 
two parallel straight lines, their common section 


shall be parallel to each of those lines. 
Let AB be the common section of the two planes 


GD. and AF, which pass through the two parallel 


» 
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straight lines CD and EF; AB is pe to CD 
and to BF 

For if it be not in the plane GD, let AK be 
supposed to be drawn parallel to CD, aud, in the 
plane AP, AL parallel to EF: and, since AK and 
EF are parallel to CD, therefore (Th. 144.) AK is 
parallel to EF; also ) (hyp.) AL is parallel to EF; 
therefore (Th. 144.) AK is parallel to AL, which is 
absurd; therefore no other straight line, passing 
through A, but AB, is parallel to CD and to EF. 


THeoremM CLI. 


Jf two planes cutting one another be each of them 
perpendicular to a third plane; their common section 
shall be perpendicular to the same plane. 


Let the two planes GD, AF, of which AB is the 
common section, be each of them perpendicular to 


the plane MN; AB is also perpendicular to the plane 
MN. 

From any two points F, D, in the common sections 
BF, BD, of the planes 4F, MN, and GD, MN, let 
there be drawn FE and DC perpendicular to BF'and 
BD respectively; therefore (hyp. and Def. 72.) EF 
and CD are each of them perpendicular to the plane 
MN; therefore (Th. 142.) EF is parallel to CD; 
therefore (Th. 150.) AB is parallel to EF or to CD: 


* See the figure in preceding page. 
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and EF and CD have been shewn to be each of 
them perpendicular to the plane MN; therefore 
(Th. 141.) AB is also perpendicular to the plane 
MN. Therefore if, &c. &. E.D. 

Cor. Ifa plane be at right angles to the common 
section of two planes, it shall be at right angles to 
each of the planes. For, otherwise, it is manifest, 
from the proposition, that there might be two straight 
lines both terminated in the same point of the plane, 
and both at rightangles toit; which (Def. 69. Cor. 2.) 


is impossible. 


Tueorem CLII. 


If a plane, which cuts two parallel planes, be 
perpendicular to the one of them, it shall also be per- 
pendicular to the other. 


Let the plane EF cut the two parallel planes 
AB, CD, in EG and HK, and let EF be per- 
pendicular to 4B; it is also perpendicular to CD. 

For since (hyp.) the plane CD is parallel to 4B 
and EF cuts them, therefore (Th. 148.) HK is 
parallel to EG; from any point £, in EG, let there 
be drawn LM perpendicular to E ZG ; therefore (Th. 8. 
Cor. 1.) LM will cut HK; let it cut HK in nN; and 
since (hyp.) ELN is a right angle, and EL is pa- 
rallel to HN, therefore (Th. 10.) HNL is a right 
angle ; again, from L let there be drawn, in the plane 
AB, LP perpendicular to EG; through LP and 
LM, let there pass the plane PM, and let it cut 
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CD in NQ; therefore (hyp. and Th. 148.) NQ is 


, 
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parallel to LP; and (hyp.) the NLP is a right 
angle; therefore (Th. 10.) the 2 ENQ is a right 
angle; but the L LVH has been shewn to be a right 
angle; therefore (Th. 139. and Def. 69.) LN is per- 
pendicular to the plane CD, in which are NH and 
NQ; and therefore (Th. 149. and Def. 72.) the plane 
EF, in which is LA is also perpendicular to the plane 
CD. Wherefore, if a plane, &c. a. E. p. 

Cor. Hence, it may easily be shewn, ex absurdo, 
that different planes, which are at right angles to tbe 
same plane, are parallel to one another. 


SCHOLIUM. 


If two planes cut one another, and from any points 
in their common section. there be drawn perpen- 
diculars to that line in each of the two planes, the 

3 F 
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perpendiculars that are in the one of the planes will 
(Th. 8.) be parallels, as will also the perpendiculars 
that are in the other; and therefore (Th. 145.) the 
angle contained by the two perpendiculars drawn. 
from any one point of the common section, shall be 
equal to the angle contained by the two perpendiculars 
drawn from any other point. Hence the following 
definitions. 


Der. LXXIII. 


The * Inclination of a plane to a Plane is the 
angle contained by two straight lines drawn from any 
the same point of their common section at right angles 
to it, one upon one plane, and the other upon 
the other plane: and two planes are said to have a 
like inclination to another, when the said angles of 
inclination are equal to one another. 


| ‘THEOREM CLIII. 


Two planes are parallel, that have like inclina- 
tions to a third plane and have also their common 
sections with it, parallel to one another. 


* Properly speaking one plane can be said to be znclined to 
another, only when the angle described in the above definition is 
an acute angle; when it is obtuse, there isa re-clination of the 
one plane from the other; and when it is aright angle there is 
neither inclination nor re-clination. It has been found convenient, . 
however, to extend the sense of the word inclination. 
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Let the two planes 4B, CD* have like inclinations 
to the plane EF, and cutitin EG, HK; and let EG 
be parallel to HK: then is the plane 4B parallel to 
the plane CD. 

For from any’ point L in EG let there be 
drawn, in the plane EF, LM perpendicular to 
EG and cutting HK in N; therefore (hyp. and 
Th. 10.) the L HNM = L ELM, and therefore (hyp. 
and Th. 2.) the, HNM isa right angle; also, from 
E in the plane AB, let there be drawn LP per- 
pendicular to EG ; leta plane PM be drawn through 
LM and LP, and let it cut the plane CD in n NQ; 
then, since EL is perpendicular to LM and LP it is | 
(Th. 139.) perpendicular. to the plane PM; and 
(hyp. ) HN is parallel to EL; therefore (Th. 141.) HN 
is perpendicular to the plane PM, and therefore 
(Def. 69.) the 2 HNQ is a right angle; there- 
fore (Def. 73.) the £L. MN@Q is the inclination of the 
plane CD to EF, as the 2 MLP is, also, to the in- 
clination of the plane 4B to EF; therefore (hyp. 
and Def. 73.) the L MNQ = L MLP; therefore 
(Th.6.) NQ is parallel to LP, and (hyp.) HN is 
parallel to EL ; therefore (Th. 147.) the plane AB, . 
which passes through EL and LP, is | parallel to the 
plane CD, which passes through HN and NQ: 
Wherefore, two planes are parallel, that have, &c. 
Q. E. D. 


* See the figure in p. 409. 
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THEOREM CLIV. 


If two parallel planes be cut by a third plane, 
they shall have a like inclination to that plane. 


Let the two parallel planes *4B, CD, be cut by a 
third plane EF, in EG and HK: the planes 4B, 
CD have a like inclination to EF. > 

From any point L in EG, let there be drawn in 
the plane EF, LM perpendicular to EG, aud let 
LM meet HK in N; also, let there be drawn from 
L, in the plane AB, LP perpendicular to EG, and 
through LP and LM let there pass the plane PM, 
and let it cut the plane CD in NQ; and because 
the plane EF cuts the two parallel planes 4B, CD, 
in EG and HK, therefore (Th. 148.) EF is-parallel 
to HK; but (hyp. and Th. 139.) EG is perpen- 
dicular to the plane PM; therefore (Th. 141.) HK 
is also perpendicular to the plane PM, and therefore 
(Def. 69.) the z HNM, HNQ, are right angles; 
therefore (Def. 73.) the L MNQ is the inclination of - 
the plane CD to the plane EF, as (hyp. and Def. 73.) 
the 2 MLP is, also, the inclination of the plane AB 
to the same plane £F: and since (Th. 148.) LP and 
NQ, being the sections which the plane MP makes 
with the parallel planes 4B, CD, are parallel to one 
another, therefore (Th. 10.) the L MNQ— 4 MCP; 
therefore (Def. 73.) the planes 4B, CD, have a like 
inclination to HF. If, therefore, two planes, &c. 
Q. E. D. 


* See the figure in p. 409. 
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selements of Solid Geometry. 


CHAPTER III. 


On Solid Angles. - 
ao 
Derinition LXXIV. 


A Sorzp Angle is that which is made by the meeting 
of more than two plane angles, which'are not in the 
same plane, in one point. 


THeorem CLV. 


If a solid angle be contained by three plane angles, 
any two of them is greater than the third. 
Let the solid angle at 4 be contained by the three 


plane angles BAC, CAD, DAB: any two of them 
are greater than the third. 


Alt Elementary Theorems of Solid Geometry, 
If the 4 BAC, CAD, DAB, be all equal, it is 


evident that any two of them are greater than the 
third. But if they are not, let BAC be that angle 
which is not less than either of the other two, and 1s 
greater than one of them DAB; and at the point 4, 
in AB, let there be made, in the plane which passes 
through BA, AC, the L BAB = L DAB: take any 
two points F, G, in AB and AC; let F, G be joined, 
and let FG cut AE in H; in AD let AK be taken 
equal to AH, and let FK, GK, be drawn. Then since 
AF is common to the two 2 FAH, FAK, and AK 
= AH, and that the 4, FAH = L FAK ; therefore 
(Th. 20. Cor. 1.) FK = FH; but, (Th. 17.) in the 
A KFG, FK+ KG > Go ‘or FH+HG; therefore, 
since FK = FH, KG» GH: again, since. AG 'is Is 
common to the two 2. HAG, KAG, and that AH 
= AK, and KG > HG, therefore (Th. 22.) the 


\ 
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L KAG >the} HAG; that is, the /, DAC >the 
LEAC; and (hyp.) the L DAB= LBAE; there- 
fore the 4, DAC + L DAB >the L BAE + L EAC, 
that is, > the 2 BAC; but (hyp.) the L BAC is not 
less than either of the y DAB, DAC; therefore the 
. L BAC, together with either of them, is greater than 
the other. Wherefore, if a solid angle, &c. 4. E. p. 


Tuxorem CLVI. 


Every * solid angle that is not divided by any of 
the planes, produced, which contain it, is contained hy 
plane angles, which together are less than four right 
angles. | 


Let the solid angle at 4 be contained by any 
number of plane angles BAC, CAD, DAE, EAF, 


D 


7 F B 
FAB ; these together are less than four right angles. 


Suppose the planes, in which the angles are, to 
be cut by a plane, and let the common section of it 


* The proposition applies to those solid angles only, in which 
no two of the containing planes, project toward the interior of the 


figure. 


* 
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with those planes be BC, CD, DE, EF, FB: and 
because the solid angle at B is contained by three 
| plane Z CBA, ABF, FBC, of which any twoare greater 


(Th. 155.) than the third, the 4 CBA, ABF, are - 


greater than the £ FBC: for the same reason, the 
two plane angles at each of the points C, D, E, F, viz. 
the angles which are at the bases ofthe triangles having 
the common vertex A, are greater than the third 
angle at the same point, which is one of the angles of 
the polygon BCDEF: therefore, all the angles at 
the bases of the triangles are together greater than all 
the angles of the polygon: and because all the angles 
of the triangles are together equal (Th. 12.) to twice as 
many right angles as there are triangles ; that is, as 
there are sides in the polygon BCDEF: and that 
(Th. 35.) all the angles of the polygon, together with 
four rightangles, are likewise equal to twice as many 
right angles as there are sides in the polygon; there- 
fore all the angles of the triangles are equal to all the 
angles of the polygon together with four right angles. 
But all the angles at the bases of the triangles are 
greater than all the angles of the polygon, as has been 
proved. Wherefore the remaining angles of the 
triangles, viz. those at the vertex, which contain the 
solid angle at A, are less than four right angles. 
Therefore every solid angle, &c. &. E. D. 


Tororem CLVII. 


If each of two solid angles be contained by three 
plane angles equal to one another, each to each, the 


j 
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planes, in which the equal angles are, have like in- 
clinations to one another. 

Let the solid angle at 4 be contained by the three 
plane 4 CAD, CAE, EAD; aud the solid angle at 


B by the three plane 4 FBG, FBH, GBA; of 
which the 4 CAD = 4 FBG, the 4 CAE = 
L FBH, and the L EAD = L HBG; the planes, 
in which the equal angles are, have like inclinations 
to one another. i 

Let AC, AE, AD, BF, BH, BG, be taken equal 
to one another, and CD, CE, ED, FG, FH, HG be 
drawn. In ACtake any point K,and from K, letthere be 
drawn perpendicular to 4C, K Lin the plane CAD; and 
KM in the plane CAE; therefore, (Def. 73.) the 
L LKM is the inclination. of the plane CAE to the 
plane CAD; and since the 7. CAD, CAE, are isosceles, 
the 4 ACD, ACE are acute, and therefore, (Th. 10. 
Cor. 1.) the perpendiculars KL, KM, will meet CD and 
CE; let them meet CD and CE in L and M; and in 
FB take FN = CK; and from JV let there be drawn, 
perpendicular to BF, NP in the plane FBG, and NQ 

3G 


- 
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in the plane FB H, meeting FG and FH in P and Q, 
respectively; therefore the 4 PNQ is the inclination 
of the plane FBH to the plane FBG; let L, M, and 
P,Q be joined. 

Then (hyp. and Th. 20. Cor. 1.) the A CAD = 
A FBG, the L ACD = 4 BFG, and CD = FG: 
likewise, the A CAE =A FBH, the /, ACE = 
L BFH, and CE = FH; and they. EAD = ^N 
HBG, and ED = HG ; since, then, the three sides 
of the A CED, are equal to three sides of the A FHG, 
each to each ; therefore (Th. 24. Cor. 1.) the 2 DCE 
= L GFH; again, in the right-angled A CKL, FNP, 
the acute y KCL, NFP, have been shewn to be equal, 
and (hyp.) KC = NF, therefore (Th. 19. Cor. 1.) CL 
— FPand KL = NP; likewise, in the right-angled 
p». CKM, FNQ, it may be shewn that CM = FQ, 
and KM = IQ; since LC, CM are equal to PF, FQ, 
each to each, and the L LCM has been proved to be 
equal to the £ PFQ; therefore (Ih. 20. Cor. 1.) 
LM = PQ; wherefore, the two z. KLM, NPQ, 
have their three sides equal each to each; therefore 
(Th. 24, Cor. 1.) the 2 LAM = L PNQ; that is, 
(Def. 73.) the plane CAE has to CAD a hike incli- 
nation to that which the plane FBH has to FBG. 
If, thercfore, each, &c. &. E. D. 


THeorem CLVIII. 


If two triangular solid angles have two plane 
angles of the one, equal to two plane angles of the 
other, each to each, and if, also, the dus in which 
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the equal angles are, have like inclinations to one 
another, their remaining plane angles shall be equal ; 
and the planes, in which they are, shall have like in- 
clinations to the other planes of the solid angles. 


Let *CAD, CAE, two of the three plane angles . 
which contain the solid angle at 4, beequal to FBG, 
F BH, two of the three plane angles which contain the 
solid angle at B, namely, CAD to FBG, and CAE to 
FBH ; and let the planes CAE, FBH have like in- 
clinations to the planes CAD, FBG: the third plane 
“ EAD, HBG are equal; and the planes EAD, 
HBG have like inclinations to the planes CAE, FBA, 
and also like inclinations to the planes CAD, FBG. 

For the same construction being supposed to be 
made, as in Th. 157, it may be shewn, as it was in 
that theorem, that DC = GF, CE = FH, KL= NP, 
LC= PF, KM = NQ, and CM = FQ: and be- 
cause KL = NP, and KM = NQ; and (hyp. and 
Def. 73. ) th the 44, LKM = L PNQ; therefore (Th. 20. 
Cor. 1.) LM — PQ; and because LC=PF, and 
CM = FQ, and ML = QP ; therefore, (Th. < 24. Cor. 
1.) the 2 LCM = L PFQ; since, then, DC— GF, 
and CE = FH, and the 4 DCE = L GFH; there- 
fore (Th. 20. Cor. 1.) DE = GH: lastly, because, . 
in the e Dx EAD, HBG, AE = BH, and AD = BG, 
and ED = HG; therefore (Th. 24. Cor. 1.) the 
L EAD = L HBG; and therefore (Th. 157.) the 


— 


* Sec the figure in p. 417. 
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planes of the two solid 4 A and B, in which the equal 
plane angles are, have like inclinations to one another. 
If, therefore, &c. a. r.p. 


SCHOLIUM. 


In the figures made use of in the two preceding 
theorems, the plane angles, which contain the solid 
angles, that are compared with one another, are sup- 
posed to be placed in the same order in both. But 
the mode of demonstration there given is equally ap- 
. plicable whether the plane angles be disposed in the 
same order, in both the solid angles, or not. 

From Th. 157. it is easy to shew the possibility 
of making at a given point, in a given straight line, 
a solid angle, that shall be contained by three plane 
angles, equal, each to each, to the three plane angles 
which contain a given solid angle. But this possibility 
is of itself sufficiently manifest. 


THeorem CLIX. 


If a solid angle be contained by three plane angles, 
each of which is a right angle, the planes which con- 
tain it shall be at right angles to one another. 


This is manifest from Th. 139. and Th. 149. 


THE 
M 


wlements of Solid Geometry. 
—— dje——— 


CHAPTER IV. 


ON THE SECTIONS OF SOLIDS. 
—0— 
SECTION I. 


On the sections of solids, of which the boundaries 
are all of them plane surfaces. | 


wd Ph PF Pape PPD PPL OL 


Derinirion LXXV. 


A Pyramip is a solid figure, contained by planes 
that are constituted betwixt one plane, called the 
Base, and one point above it, in which they meet, 
called the’ Vertex of the pyramid: and the perpen- 
dicular drawn from the vertex to the plane of the 
base, is called the Altitude of the pyramid. 
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Dzr. LXXVI. 


A Prism is a solid figure, contained by plane 
figures, of which two, that are opposite, are equal, 
similar, and parallel, to one another, and the others 
are parallelograms ; the two opposite figures that are 
equal, similar, and parailel, are called the Bases, and 
the other containing figures are called the Sides, of 
the prism: also, the straight line drawn from any 
point in one of the bases perpendicular to the plane 
of the other base, is called the Altitude of the prism. 


Der, LXXVII. 


A Parallelepiped is a solid figure, contained by 
six quadrilateral plane figures, whereof every op- 
posite two are parallel: and if two of the containing 
quadrilateral figures be squares, and perpendicular 
to one another, the parallelepiped is called a Cube. 

Cor. It follows, therefore, from Th. 152. Def. 72, 
Def. 69. and Th. 149, that all the containing planes 
of a cube are perpendicular to one another; and 
therefore (Th. 148. Th. 25. Cor. 1. Th. 150. and 
Def. 69.) they are all of them squares; and (Th. 26. 


Cor. 2.) they are equal to one another. 


Turorem CLX. 


If a pyramid be cut by a plane, that is parallel 
to its base, the section shall be similar to the base. 


Let EFGH be a section of the pyramid ABCD 
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— $, when it is cut by a plane parallel to its base 


ABCD: the figure EFGH is similar to 4BCD. 
For since the cutting plane is (Ayp.) parallel to the 
plane of ABCD, therefore (Th. 148.) EF is pa- 
rallel to 4B, FG to BC, GH to CD, and HE to 
DA; therefore (Th. 145.) the two figures ABCD, 
EFGH, have their angles equal, each to each : again, 
since, as hath been shewn, EF is parallel to AB, and 
FG and BC, therefore (Th. 101. Cor. 1.) the 74 ABS, 
EFS are similar, as are, also, the 7 BCS, FGS; 
^ AB: BS:: EF: FS, 
and BS : BC :: FS : FG; 
. er (equo) AB : BC :: EF : FG. 
And, in like manner, it may be shewn, that the sides 
about the other equal angles of the figures ABCD, 
EFGH, are proportionals; therefore (Def. 63.) the 
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figure EFGH is similar to ABCD. If, therefore, 


a pyramid, &c. a. E. D. 

Cor. 1. Ifa given pyramid (ABCD — S) be cut 
by a plane parallel to its base, the base of the given 
pyramid shall be to the base of the pyramid (EFGH 
— $) so cut off from it, as the square of the altitude 
of the given pyramid to the square of the altitude of 
the pyramid so cut off. 

For let SK be a perpendicular from S to the base 
of the pyramid ABCD- S; let it meet ABCD in 
K, and EFGH in L; and since (hyp.) EFGH is 
parallel; to ABCD, therefore (Th. 148. Cor. 3.) SL 
is perpendicular to EFGH ; so that (Def. 75.) SK 
is the altitude of the pyramid 4BCD — S, and SL 
the altitude of the pyramid EFGH —S. Let AK 
and EL be drawn; therefore (Def. 69.) the 4 SKA, 
SLE are right angles, and the Z ASK is common to 
the two 2. ASK, ESL; therefore (Th. 12.) they are 
.equiangular and (Th. 101. Cor. 2.) SK: SL : SA: 
SE; and it has been shewn that the ~ ASB, ESF 
are similar; therefore (Th. 101. Cor. 2.) S4 : SE :: 
AB : EF; therefore (Th. 81.) SK : SL :: AB : 
EF; but since the two figures. ABCD, EFGH, are 
(Th. 160.) similar, and that 4B and EF are homo- 
logous sides, they are to one another (Th. 117. Cor. 3.) 
as the square of AB to the square of EF, or, since 
SK : SL: AB: EF, as (Th. 118.) the square of 
SK to the square of SL. 

Cor. 2. Hence, if two pyramids which have 
equal bases and equal altitudes, be cut by planes 
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parallel to the bases, and at equal perpendicular 
distances from them, the sections shall be equal to 
one another. 


THEOREM CLXI. 


If a prism be cut by a plane, that is parallel to 
its base, the section shall be equal and similar to the 
base. 


Let EFGH be the section of the prism ABCD 
. KL, when it is cut by a plane parallel to its 


base ABCD: the figure EFGH is equal and similar 
to ABCD. 

For (hyp.) the cutting plane is parallel to the 
plane of ABCD; therefore (Th. 148.) EF i$ pa- 
rallel to 4B, and (Def. 76.) EA is parallel to FB; 


3H 
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therefore EABF is a parallelogram, and (Th. 25. 
Cor. 1.) EF= AB: in like manner, it may be shewn 
that the other sides of EFGH are equal and parallel 
to the other sides of ABCD, each to each; where- 
fore, the two figures EFGH, ABCD, have also 
(Th. 145.) their angles equal, each to each; and it is 
evident that the one figure may be applied to the 
other, so as to coincide with it; they are, therefore, 
both similar and equal to one another. Wherefore, 
ifa prism, &c. @. E. p. 

Con. 1. It is manifest from the détnonstistion , that, 
if a solid be contained by six planes, two and two of 
which are parallel, the opposite planes are similar 
and equal parallelograms. 

Con. 2. It follows, therefore, from Def. 76. and 
Def. 77, that every parallelepiped is a prism. 


THE 


Glements of Solid Geometry. 


CHAPTER IV. Secrion II. 


On the sections of solids, which are supposed to be 
described by the revolution of plane figures, about 
a side that remains fixt. 


—0— 


Derinirion LXXVIII. 
Ir a Solid be supposed to be described by the re- 


volution of a plane figure about one of its sides, 
which is a fixt straight line, that fixt side 1s called 
the Axis of the Solid. 

Cor. Ifa solid, so described, be cut by a plane 
which passes through its axis, the section of it shall 
be divided, by the axis, into two equal plane figures, 
each of them equal to the plane figure, by the re- 
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volution of which the solid is supposed to have been 
described. 

For it is manifest that the revolving plane figure 
must, in the course of its revolution, wholly coincide 
with each of the two parts, into which the section 1s 
divided by the axis. 


Dzr. LXXIX. 


A Cone is a solid, supposed to be described by 
the revolution of a right-angled triangle about one of 
the two sides containing the right angle, as an axis, 
which is also called the Altitude of the cone: the 
circle, described by the other of the two sides of the 
triangle, is called the Base of the cone; and the 
extremity of the axis which is not in the base, is 
called the cone's Verter. Also if the axis be equal 
to the semi-diameter of the base of a cone, it 1s called 
a Right Cone. 

Cor. If a cone be cut by a plane, which passes 
through its axis, the section (Def. 78. Cor.) shall be 
an isosceles triangle. 


Der. LXXX. 
A Cylinder is a solid, supposed to be described by 


the revolution of a right-angled parallelogram about 
one of its sides, as an axis; the figures described by 
the two sides that are adjacent to the axis, are called 
the Bases of the cylinder, and the surface described 
by the other revolving side is called the Curved Sur- 
face of the cylinder: and the altitude of the cylinder 
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is the straight line drawn from any point in either of 
the two bases perpendicular to the other base. 

Con. 1. If a cylinder be cut by a plane which passes 
. through its axis, the section (Def. 78. Cor.) shall be 
a right-angled parallelogram. 

Con. 2. If from any point in the perimeter of 
the base of a cylinder, a straight line be drawn pa- 
rallel to the axis, and towards the same parts as the 
axis, it will, manifestly, lie in the curved surface of 
the cylinder; and all such straight lines, intercepted 
between the two bases of the cylinder, being each of 
them (Def. 78. Cor. and Th. 25. Cor. 1.) equal to the 


axis, are equal to one another. 


Der. LXXXI. 
A Sphere is a solid, supposed to be described by 


the revolution of a semi-circle about its diameter, as 
an axis; and the point which divides the axis into 
two equal parts is called the Centre of the sphere. 

Con. 1. All the straight lines, which are drawn 
from the centre to the surface of the sphere are 
(hyp. and Def. 28. Cor. 1.) equal to one another. 

Con. 2. If, therefore, a sphere be cut by a plane, 
which passes through its centre, the section will be a 
plane figure, such that all straight lines drawn from 
the centre to its perimeter, are equal to one another ; 
i. e. it will be a circle, having its centre in the centre 
of the sphere; and it will, manifestly, divide the 
sphere into two equal parts. 
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TueoremM CLXII. 


If a finite straight line be at right angles to 
another fixt straight line, about which the plane 
containing both the lines is supposed to revolve, the 
figure, described by the finite revolving straight line, 
shall be a circle, having the fixt straight line per- 
pendicular to its plane. 


__ Let the finite straight line AC be at right angles to 
CZ in the point C, and let ADBE be the figure 


Z 


described by CA, when the plane, containing AC and 
ZC, is supposed to revolve about ZC, which remains 
fit: ADBE is a circle, having CZ perpendicular 
to its plane. | 

Let, D, E, &c. be any points ——— in the - 
perimeter of the figure 4D BE, and suppose CD, 
CE, &c., tobe drawn: then (hyp. and Def. 8. Cor.3.) 
CD, CE, &c. will be in the figure described by 
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AC, they will be equal to one another, and ZC will 
be at right angles to each of them; therefore (Th. 140.) 
they will be all in one plane ; wherefore (Def. 28.) 
the figure 4DBE is a circle; and since all the 
straight lines in it, drawn from C, are at right angles 
to ZC, ZC (Def. 69.) is perpendicular to its plane. 
If, therefore, a finite straight line, &c. a. E. p. 

Con. 1. 'The base of a cone (Def. 79.) is a circle, 
having its centre in the axis; and the axis is per- 
pendicular to the base. 

Con. 2. The bases of a cylinder (Def. 80.) are 
circles, and the axis is perpendicular to each of them; 
wherefore (Def. 71. Cor.) they are parallel to one an- 
other: also, since (Def. 80. and Th. 25. Cor. 1.) they 
have equal semi-diameters, they are (Def. 30. Cor. 3.) 
equal to one another. 


Tarorem CLXIII. 


If a solid figure described by the revolution of a 
plane figure, about an axis, be cut by a plane at right 
angles to the axis, the section of it. shall be a circle, 
having tts centre in the axis. 

Suppose the solid ÆSB to have been described 
by the revolution of a plane figure about the axis SC, 
and let FGH be the section of this solid when it is 
cut by a plane at right angles to SC: the figure 
FGH isa circle, leis its centre in SC. 

For let AFSGB be the section of the solid when 
it is cut by any plane passing through the axis SC, 
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and let 4FSGB cut FGH in FG; and since (hyp.) 


_SK is perpendicular to the plane of FGH ; therefore 
(Def. 69.) the 4 SKF is a right angle; therefore, if 
the plane figure 4SC, which (Def. 78. Cor.) is equal 
to that which describes the solid, revolve about SC, 
the figure described by KF will (Th. 162.) be a circle 
at right angles to SK; but (hyp.) the plane of FGH 

. 1s also at right angles to SK; therefore the plane of . 
the section FGH coincides (Def. 69. Cor. 1.) with the 
circle described by KF; therefore the section FGH 

~ is acircle, of which K, a point in the axis of the solid, 
= is the centre. If, therefore, &c. &. E. p. 


THreorem CLXIV. 


If a cone be cut by a plane that is parallel to its 
base, the section of it shall be a circle, having its 
centre. in the axis, and which is to the base of the cone 
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us the square of the segment of the axis between: 
the vertex and the cutting plane, is to the square of 
the axis. ! "à is 1 
. Let FGH be the section of the cone 4BD — S, 
of which the axis is SC, when it is cut bya plane 


parallel to the base ABD; which (Th. 162. Cor. 1.) 
is a circle; and let FGA cut the axis in K: the 
section FGH isa circle, and it is to the circle 4BD 
as the square of KS is to the square of CS. 

From K let there be drawn to the perimeter of 
the section, any straight lines KH, KF; and let a 
plane, passing through SC and KH, cut the convex 
surface of the cone in SHD, and its base in CD; 
likewise let a plane passing through SC and KF, 
cut the convex surface of the cone in SFA, and its 
base in CA; and since (hyp.) the plane FGH is parallel 
to ABD, therefore (Th. 148.) FK is parallel to AC; 

à I 
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therefore (Th. 101. Cor. 1.) KF : CA :: KS : CS. 
In like manner it may be shewn that KH : CD :: 
KS : CS; therefore (Th. 81. ) KF: CA :: KH: CD; 
but (Th. 1 162. Cor. 1.) CA— CD; therefore (Th. 85. 
Cor.) KF = KH; and in the same manner may all 
other straight lines, drawn from K to the perimeter of 
the section FGH, be shewn to be equal to one 
another; therefore the section FGH is a circle, of 
which K is the centre: and (Th. 123. Cor. 1.) the 
circle FGH is to the circle 4BD as the square of 
KF to the square of C.4; and it has been shewn 
that KF : CA :: KS : CS; therefore (Th. 115.) the 
circle FGH is to the circle ABD as the square of 
SK to the square of SC: wherefore if a cone be cut, 
&c. Q.E.D. 

Cor. If acone and a pyramid, which have equal 
bases and equal altitudes, be cut by planes parallel to 
their bases and at equal perpendicular distances from 
them, the sections shall be equal to one another. 


TuroneM CLXV. 


If a cylinder be cut by a plane, that is parallel to 
its base, the section of it shall be a circle, equal to 
the base and having its centre in the axis of the. 
cylinder. 

Let FGH be the section ofthe prism ABD — ST, 
when it is cut by a plane parallel to the base 4BD: 
the figure FGH is a circle. 

Let the axis CZ of the cylinder cut the section 


— 
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FGH in K, and from K let there be drawn, to the 


gi 


perimeter of the section, any straight lines, KF, KH; 

` and let a plane passing through ZKC and KF cut the 
curved surface of the cylinder- in FA and its base in 
CA; likewise, let a plane passing through ZKC and 
KH, cut the curved surface of the cylinder in HD 
and its. base in CD: then (Def. 80. Cor. 1.) F4 
is parallel to KC; also since (hyp.) the plane of 
FG His parallel to the base 4B D, therefore (Th. 148.) 
KF i is parallel to C4; therefore the figure AFKC 
is a parallelogram, "C therefore (Th. 25. Cor. 1.) 
KF= CA: inlike manüer it may be shewn that KH = 
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CD; and so on; but (Th. 162. Cor. 2.) the straight 
lines CA, CD, &c. are all equal to one another; 
therefore the straight lines KF, KH, &c. are all equat 
to one another; therefore the section FGH is a circle 
having its centre in K. Wherefore, if a cylinder, 
&c. Q.E.D. 


~ 


SCHOLIUM. 


The following more comprehensive definitions 
might be given of a Cone and of a Cylinder. 

* A Cone is a solid figure described by the re- 
volution of a straight line, one extremity of which 
remains fixt in a given point above the plane of a 
given circle, whilst the other extremity moves through 
the whole circumference of the circle: the given 
circle is called the base of the cone, and the straight 
line joining its centre, and the given point above the 
circle, is called the axis of the cone.” | 

* [f one extremity of a straight line, which line 
is situated above the plane ofa given circle, move 
through the whole circumference of the circle, the 
line continuing always parallel to itself, the solid 
contained by the circle, by the surface described by 
the revolving line and by a plane cutting that surface 
and parallel to the given circle, ìs called a cylinder : 
the given circle is called the base, and a straight line 
drawn from the centre of the base parallel to the re- 
volving line is called the axis of the cylinder." 

These more general definitions having been laid 
down, the two theorems, immediately preceding this 
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scholium, and the methods of proof which have been 
applied to them, will be found to apply equally to 
such cones and cylinders as have been so defined. 


THEOREM CLXVI. 
If a sphere be cut by a plane the section shall be 


a circle, : | 
First, if the cutting plane pass through the sphere’s 


„P 


centre, the common section is (Def. 81. Cor. 2.) a 
circle. | 
. But, secondly, let dp HE be a sphere, of which 
C is the centre; let it be cut by a plane which 
does not pass through its centre; and let E FH be 
the common section of the plane, and the sphere: 
- EFH is a circle. 
For, from C, let CG be supposed to be drawn at 
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right angles to the plane E FH ; and, in that plane, 
let.there be drawn, from G, any two straight lines 
GE and GF, to the sphere's surface. Then (Def. 69.) 
CG is at right angles to GE and GF; let, also, the 
points C; E, and C, F be joined. 

Then, in the two right-angled triangles CGE, 
CGF, because the hypotenuse CE is (Def. 81. 
Cor. 1.) equal to the hypotenuse CF, and the side 
CG is common to both the triangles, therefore 
(Th. 23. Cor.) the third side GE, in the one, is equal 
to the third side GF in the other. 

In the same manner may any other straight line 
as GH, drawn in the plane EFH from G to the 
sphere’s surface, be shewn to be equal to GE, or GF. 
Therefore (Def. 78. Cor. 1.) the figure EFH is a 
circle. Wherefore the common section, &c. 4. E. D. 

Con. 1. It has appeared, from the demonstration 
that the centre G of the circular section, EFH, of a 
sphere, made by a plane which does not pass through 
the sphere's centre, is in the perpendicular CG, drawn 
to that section from the sphere's centre C: and, 
conversely, (Def. 69. Cor. 2.) the centre C of the 
sphere is-in the straight line GC drawn at right 
angles to the plane of the section EFH, from its 
centre G. Therefore CG, the straight line joining 
the centres of the sphere and of any such section, is 
perpendicular to the plane E F.H of that section : and, 
a plane which passes through the centre of such a 
section and cuts it perpendicularly, passes also (Def. 
72. and Def. 69. Cor. 2.) through the centre of the 
sphere. 


las 


On the Sections of Solids, &c. 439. 


Con. 2. If a hemisphere (ABC) and a right-angled 
cone (ADC), having the same base (AEC) be cut 


by planes parallel to the common base and passing 
through points in their axes that are equidistant from 
the spliere's centre and from the cone's vertex, the 
_ twe circular sections shall be together equal to the 
common base of the two solids. | 
Let K be'the centre of the circle 4EC: let DK, 
the axis of the cone, be produced to meet the surface 
of the hemisphere in B; also let ABCD be the section, 
made by a plane passing through BK D and cutting 
both the solids, so that AKC is a diameter of the 
sphere, and (Th. 162. Cor. 1. and Def. 69.) DKB is 
perpendicular to 4C; wherefore KB may be considered 
as the axis of the hemisphere; and KB (Def.81. 
Cor. 1.) is equal to 4C, which (hyp. and Def. 79.) 
is equal to KD; therefore KB= KD. Let DP be 
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any part of DK, and let KG be taken, in KB, equal 
to DP; also let HFL, QRS, be the sections of the 
solids, when they are cut by planes parallel to the 
base AEC: the circle HFL together with the circle 
QRS is equal to the circle AEC. | 

For, let K, H be joined. Then (hyp. and Th. 166. 
Cor. 1. and Th. 164.) G and P are the centres of the 
circles HFL, QRS; and, if HL and QS be sections 
made by the plane ABCD passing through BKD, 
with the planes of HFL and QRS, GH and PQ are 
semi-diameters of the circles HFL, QRS; also (hyp. 
and Th. 148.) PQ is parallel to KA; therefore 
(Th. 19.) the 2 PQD=LKAD; and since (hyp. 
and Def. 79.) KA = KD, therefore (Th. 13.) the 
L KAD — KDA or PDQ; therefore (Th. 15.) 
PD - PQ; and (hyp.) PD-GK; therefore GK= 
PQ, and GK* = PQ’; but (hyp. and Th 148. 
Cor. 3.) the 2 HGK is a a right angle; therefore 
(Th. 130.) K KE? = KG + GHE; therefore KÆ= PQ? 
+ GH; therefore (Th. 123. Cor.1. and Th. 98. 
Cor.) the circle EC is equal to the circle QRS 
together with the circle HFL. 


e 
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uL 
CHAPTER V. 


ON THE SURFACES OF SOLIDS. 


—0-— 
| SECTION I. 
On the surfaces of solids, the boundaries of which are 
: all of them planes. i 


utat d ue d PP Pu, ar EP 


Derinirion LXXXII. 


A nramm Prism is that in which the parallelograms, 
that form its sides, are each of them at right angles 
to its base. 


TueorEmM CLXVII. | 


The convex surface of a right prism is equal to a 
rectangle, which has its base equal to the perimeter 
3 K 
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of the base of the prism, and its altitude equal to the 
altitude of the prism. 


For the convex surface of any prism is equal to 
the aggregate of the parallelograms which compose it ; 
and since (Def. 82.) each of the parallelograms that 
form the sides of a right prism is perpendicular to the 
base, therefore (Th. 151.) their common intersections 
are also perpendicular to the base of the prism, and 
therefore (Def. 69.) they are perpendicular to the 
sides of the base; therefore each of the parallelograms 
which form the sides of a right prism is a rectangle, 
having one of the sides of the prism's base for its base, 
and the prism's altitude for its altitude : it 1s manifest, 
therefore, that the aggregate of these rectangles, that 
is, the convex surface of the prism, is (Th. 125.) 
equal to a rectangle which has its base equal to the 
perimeter of the base of the prism, and its altitude, 
equal to the altitude of the prism. a. E. n. 

Con. 1. Right prisms, which have equal bases 
and equal altitudes, have their convex surfaces equal : 
it is manifest, also, (Th. 114) that, if right prisms 
have equal altitudes, their common surfaces are to one 
another as the perimeters of their bases; and if the 
perimeters of their bases be equal, their convex sur- 
faces are to one another as their altitudes. . 

Con. 2. If the altitudes (4) and (a) of two right 
prisms be reciprocally proportional to the perimeters 
(B) and (b) of their bases, the convex surfaces (S) and 
(s) of the prisms shall be equal: and if the convex 
surfaces (S) and (s) of two right prisms be equal, the 
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altitudes (7f) and (a) of the prisms shall be recipro- 
cally proportional to their bases (B) and (b). 

First, if Æ : a :: b : B, the rectangle contained by 
A and B is (Th. 115. Cor. 1.) equal to the rectangle 
contained by a and b, and, therefore, (Th. 167.) the 
convex surfaces of the two prisms are equal to one 
another. "o, 

Again, if, conversely, the convex surfaces of the 
two prisms be equal to one another, then (Th. 167.) 
the rectangle contained by 4 and B is equal to the 
rectangle contained by a and b, and therefore 


(Th. 115. Cor. 1.) 4:a :: Bib. 


SCHOLIUM. 


The comparison of plane surfaces having been 
fully treated of in the first part of this book, it is 
unnecessary further to investigate the subject of our 
present discussion. The preceding proposition has 
been demonstrated chiefly on account of the use 
which is to be made of it in the next following 
section. | 


ements of Solid Geometry. 


CHAPTER V. SECTION II. E 


On the surfaces of solids the boundaries of whick 
are not all of them planes. 


uer 
THeoreM CLXVIII. 


Ir from any point in the circumference of the 
base of a cylinder, two straight lines be drawn, the 
one touching the circle which is the base, the other 
parallel to the axis, the curved surface of the cy- 
linder, and the plane that passes through the straight 
lines so drawn, shall have mo common points but 
those of the straight line, drawn ninm to the axis, 
through which dis plane passes. 
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Let the circle 4DB be the base of the cylinder 
ABD — EF, of which CL is the axis; from any 


f 
. 


R 


A. 


G 


point 4, in ADB, let there be drawn GAH 


touching the circle 4D B, and AE parallel to the 
axis CL; therefore, (Def. 80. Cor. 2.) AE is in the 
curved surface; and let the plane GJ pass through 
GAH and AE: the plane GI and-the curved sur- 
face of the cylinder have no common points, but those 
of AE. 

For, let T' be any point in the curved surface which 
is not in AF, through T, let a plane pass parallel to 
the plane of ADB; let it cut the plane GZ'in RPS, 
AE in P, and the axis CL in K; and let PQ be the 
section which it makes with the cylinder; therefore . 
(Th. 165.) PTQ isa circle having its centre in. K: 
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‘let KP and CA be drawn. And since (hyp.) the 
plane of PTQ is parallel to the plane of ADB, and 
GI cuts them, therefore (Th. 148.) RPS is parallel 
to GAH; also since (hyp.) PTQ is parallel to ADB, 
and PA parallel to KC; therefore (Th. 148. Cor. 1.) 
PA=KC; therefore, (Th. 10. Cor. 4.) PK is pa- 
rallel to AC; since, therefore, RP is parallel to G4, 
and PK parallel to AC, therefore, (Th. 147.) the 
L KPR = L CAG, but (hyp. and Th. 46.) the 
L CAG is aright ali: therefore, the angle KPR 
is a right angle; and therefore (Th. 45.) there 1s no 
point but P common to RS and the circumference of 
PTQ. It is manifest, therefore, that there is no 
point but P common to the circumference of PTQ 
and the plane GJ; therefore, the point T'is out of 
the plane GJ: and, in the same manner it may be 
shewn that any other point of the curved surface, 
which is not in ZZ, is out of the plane GI; where- 
fore, if from any point, &c. . E. p. 


Der. LXXXIII. 


If from any point in the circumference of the base 
of a cylinder two straight lines be drawn, one of 
them toucbing the base, the other parallel to the axis, 
the plane which passes through them is said to touch 
the cylinder, in the straight line parallel to the axis. 

Con. Iftwo planes which cut one another both of 
them touch a cylinder, their common section shall be 
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parallel to the straight line in which either of them 
touches the cylinder. 


For (hyp.) each of the planes passes through a 
straight. line which is parallel to the axis, and which 
(Th. 162. Cor. 2. and Th. 141.) is perpendicular to 
the plane of the base; therefore, (Th. 149.) each of 
these planes is perpendicular to the base of the cy- 
linder; therefore (Th. 151.) their common section 1s 
perpendicular to the plane of the base ; and, therefore, 
(Th. 142.) it is parallel to the axis, and (Th. 144.) 
also to each of the straight lines in which the. que 
touches the cylinder. 


Der. LXXXIV. ` 


A prism is said to be znscribed in a cylinder, when 
its bases are rectilineal figures inscribed in the bases 
of the cylinder: 

And a prism is said to be described about a cy- 
linder, when each of the parallelograms, that con- 
stitute its sides, touches the cylinder. 


AssUMPTION III. 


The curved surface of a cylinder is greater than 
the aggregate of the sides of any prism inscribed in 
the cylinder, and less than the aggregate of the sides 
of any prism described about it. 


Dzr. LXXXV. 


A pyramid is said to be inscribed in a cone, when 
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its base is a rectilineal figure inscribed in the base of 
the cone, and its vertex is the same as the vertex of 
the cone : and a pyramid is said to be described about 
a cone, when it has the same vertex as the cone, and 
when the bases of its triangles each of them touch the 
circle which is the base of the cone. 


THeorem CLXIX. 


The curved surface of a cylinder is equal to a-rec- 
tangle, which has for its base a straight line equal to 
the circumference of the cylinder's base, and for its 
altitude a straight line equal to the cylinder's altitude. 


Let 4BC — DEF be a cylinder, of which 
ABC, DEF, are the bases: the curved surface: 


of ABC — DEF is equal to a rectangle, having 
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for its base a straight line (/V) equal to the circum- 
ference of ABC, or of DEF, aud for its altitude a 
straight line equal to the cylinder’s altitude. 

For let the circumference of 4BC be supposed to 
be divided into three equal parts in the points A, B, C; 
let 4B, BC, CA, be drawn; therefore, (Th. 62.) the 
| A ABC is equilateral. Through 4, B, C let there 
be drawn HAG, GBI, ICH, touching the circle 
ABC; then (Th. 66.) the A. GHTis also equilateral. 
From 4, B, Cand G, H, I, let there be drawn pa- 
rallel to the axis of the cylinder, 4D, BE, CF, meet- 
ing the plane of the base DEF, in the points D, E, F, 
therefore, (Def. 80. Cor. 2.) AD, BE, CF lie in the 
curved surface of the cylinder, and the points D, E, F, 
are in the-circumference of the base DEF; also (hyp. 
and Th. 148. Cor, 1.) the straight lines AD, BE, CF, 
are equal as we well as as parallel to one another : if there- 
fore, DE, EF, FD, be drawn, the figures ABED, 
ACFD, BCFE, will (Th. 10.Cor.4.) be parallelograms 
which (hyp.and Th. 149.) are perpendicular to the plane 
ABC: and (Def. 82. and 84) ABC — DEF isa 
right prism inscribed in the cylinder. 

Again, let KI, a plane passing through EB and 
GBI, cut KHa plane passing through DA and GAH 
in KG, and also cut LJ, a plane passing through 
FC and HCIin MI, and let KM, KL,and LM be 
the intersections of these three planes with the plane 
of the base DEF; then, since (hyp. and Th. 141.) 
EB, DA, and FC, are perpendicular to the plane of 
ABC; the three planes KJ, KH, LI, are (Th. 149.) 

3L 
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perpendicular to it; and, therefore, (Th. 151.) their 
intersections, KG, LH, MI, are also perpendicular to 
it; and (Th. 142.) parallel to one another; therefore (hyp. 
and Th. 148. Cor.1.) KG, LH, MI, are equal as well as 
‘parallel to one another; therefore, (Th. 10. Cor. 4.) 
KGIM, KGHL, LHIM, are parallelograms each of 
them perpendicular to the base of the cylinder: 
wherefore the solid GHI— KLM is (Def. 82. and 84.) 


a right prism described about the cylinder. 


T OZ 
And by continually bisecting the arches 4B, BC, 


CA, and drawing tangents through the points of bi- 
section, right prisms of double, &c. the number of 
sides may be inscribed in and circumscribed about 
the cylinder, all of the same altitude with the cylinder: 
but (Th. 166. Cor. 1.) the convex. surfaces of these 
prisms are to one another as the perimeters of their 
bases; and (Schol. to Assumption II.) two polygons 
. may be found, one inscribed in the circle ABC, the 
other described about it, the difference between the 
primeters of each of which and a straight line (JN) 
equal to the circumference of 4 BC, shall be less than 
any given line; therefore, two right prisms may be 
found, one inscribed in the cylinder, the other described 
about it, the difference between the convex surfaces of 
each of which, and a rectangle having (JV) for its 
base and AD for its altitude, shall be less than any 
given surface. If it be possible, let this rectangle be. 
greater than the curved surface of the cylinder; then, 
there is some inscribed right prism the convex surface 
of which differs less from that rectangle than the curved 


v 
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surface of the cylinder does, and which is therefore 
greater than that curved surface; but (Assumption 
III.) it isalso less ; which is absurd. Lastly, if it be - 
possible, let the rectangle contained by (W) and 4D 

be less than the curved surface of the cylinder; ; then, 
there is some circumscribed right prism, the convex 
surface of which differs less from that rectangle than 
the cylinder’s curved surface does, and which is 
therefore less than that curved surface ; but (Assump- 
tion III.) it is also greater ; which is absurd. Where- 
fore, the curved surface of the cylinder cannot be 
either greater or less than the rectangle contained by 
(N) and AD; that is, it is equal to it. "Therefore, 
&c. a. E. p. 


Con. 1. Cylinders which have equal bases and 
equal altitudes have their curved surfaces equal : it is 
manifest, also, from 'Th. 114, that if cylinders have 
equal altitudes, their curved surfaces are to one an- 
other as the circumferences of their bases; and if they 
have equal bases, their curved surfaces are to one an- 
other as their altitudes. 


Cor. 2. If the altitudes (4) and (a) of two cy- 
linders be reciprocally proportional to their bases (B) 
and (b), the curved surfaces ($) and (s) of the cy- 
linders shall be equal: and conversely. 


The Corollary máy be demonstrated exactly in the 
same manner as Cor. 2. Th. 167. is demonstrated. 


SCHOLIUM. 


According to the same method, by which a rect- 
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angle has been found, that is equal to the curved 
surface of a given cylinder, it may be shewn, thatthe 
curved surface of a cone is equal to a triangle, which 
has for its base a straight line equal to the circum- 
ference of the cone's base, and for its altitude any 
straight line drawn from the vertex of the cone to any 
point in tlie circumference of its base: and that the 
surface of a sphere is the quadruple of the circle by 
the revolution of the half of which about its diameter, 
the sphere has been described. 


THE 


Elements of Solid Geometry. 


——— «.——— 


/ 


CHAPTER XVI. | 


ON THE MAGNITUDES OF.SOLIDS, COMPARED WITH ONE 


ANOTHER. 


= SECTION I. 


On the relative magnitudes of solids the boundaries 
of which are all of them planes. | 


^ NN n ds a m BBD LL? OPT 


THEOREM CLXX. 


Solid figures contained by the same number of 
equal and similar planes * similarly situated, and 


* By the phrase similarly situated, it is meant, that the similar 
. planes containing éach of the solid: angles of the similar figures, 
are in the same order, and that their inclinations have the same 


kind of direction, in both the solid figures. 
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having like inclinations to one another, are equal to 
one another. | 


Ler AG and KQ be two solid figures contained by 


the same number of equal and similar planes, simi- 


larly situated, and having like inclinations to one 
another; viz. let the plane 4C be similar and equal 
to the plane KM, the plane 4F to KP, BG to LQ, 
GD to QN, DE to NO, and FH to PR: the solid 
AG is equal to the solid KQ. 7 

For since (Th. 117. Cor. 4.) similar and equal 
rectilineal figures have their homologous sides equal, 
each to each, if the plane 4C be applied to KM, so 
that 4B may coincide with the homologous side KL, 
and A with K, then (hyp.) the plane AC will 
coincide with KM, so that 4 AD coincides with KN, 
DC with NM, CB with ML, the point C with M, 
and D with N; but (hyp.) the planes 4F, KP are on 
the same side of the planes AC, KM, and have like 
inclinations to them; therefore the plane AF 
-coincides with the plane AP, the point Æ with O, 
and the point F with P, because (hyp.) the figures 


AF, KP are similar and equal. In the same manner 
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it may be proved, that the other plane figures of the 
solid 4G coincide with the plane figures, equal and 
similar to them, of the solid KQ: wherefore, since, 
all the planes and sides of the solid 4G, coincide 
with the planes and sides of the solid KQ, it is 
manifest that the one solid must coincide with the 
other; that is (Def. 12.) they are equal to one an- 
other. Wherefore, solids, &c. @. E. D. 

- Con. It is manifest from the demonstration and 
from Th. 157, that two solid angles contained, each 
of them, by three plane angles, which are equal to one 
another, each to each, and similarly situated, are equal 
to one another. 


Der. LXXXVI. 


The Insisting Straight Lines of a Prism are the 
sides of the parallelograms betwixt the two bases of 
the Prism. | 

Con. The insisting straight lines of a prism are 
(Def. 76. and Th. 25. Cor. 1.) equal and also (Th.144.) 


parallel, to one another. 


Der. LXXXVII. 


: A Triangular Prism is that of which the bases 
are triangles: aud also, a Triangular Pyramid is 
that which has a triangle for its base. 


THeorem CLXXI. 


Two triangular prisms, having two of their three 
insisting straight lines common to both, and having 
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the remaining insisting straight lines parts of one 
and the same straight line, are equal to one another. 

Let the two triangular prisms ABC —abc, ABD 
— abd, have the two insisting straight lines Aa, Bb 


C D 


e cl 


common to both, and the remaining insisting straight 
lines Cc, Dd, in one and the same straight line Cd: 
the prism ABC — abc is equal to the prism ABD 
— abd. 

First, let the two insisting straight lines Cc, Dd, 
have a part common to both: and since (hyp. and 
Def. 76.) Ac and Ad are parallelograms, therefore 
(Th. 25. Cor. 1.) da=Cc and Aa=Dd; therefore 
Cc— Dd; take from both the common part Dc, and 
CD —cd; therefore (Th.30.) the / CAD =A cad," 
and the A CBD =A cbd; also (Def. 76.) the 
A CBA — r«cba, and the A DBA-—f dba; and 
it is manifest from (Def. 76. and Th. 154.) that the 
planes which contain the solid figures 4BCD, abcd, 
have like inclinations to one another; and they are 
similarly situated, and similar as well as equal to one 
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- 


another; therefore (Th. 170.) the solid ABCD is equal 


to the solid abcd; add to each the solid ABD — abc, 


and the prism ABC —abc is manifestly equaí to the 
prism ABD — abd. 


Secondly *, let the two insisting straight lines Co, 
Dd of the two triangular prisms ABC- abc, ABD 


C 


— abd, have no io part common to both. 


Since C A, ca, DA, da, are in the same plane with 
the two parallels 4a, Cd, they are in the same plane 
with one another; as are, also, CB, cb, DB, db; and 
since ca meets da, it will (Th. 8. Cor. 1.) also meet 
DA, which (hyp. and Def. 76.) is parallel to da; let 
——— — —— 

* The method that is here followed, in order to shew the 
equality of the two prisms in this second case, has been borrowed 


from the second volume of the Elements of Geometry, published at 
Cambridge in the year 1815, 


i 


3 M 


d 
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ca cut DA in E, which point (hyp.) is manifestly 
between a and c; from ca cut off any part c P, such 
that c P is not greater than E a. 


Through P let there be drawn a plane parallel to 
the © 4Bba, cutting the planes ACda, BCdb, in 
FH, fh, the planes ACB, acb, in Ff, Pp, and the 
planes ADB, adb, in Gg, Hh; also, through c let 
there be drawn a plane parallel to 4BD, cutting the 
planes 4Cca, BCcb, in CK and ck, and the plane 
fFHh in Kk; and through D let there be drawn a 
plane parallel to 4BC cutting the planes 4D 4a, 
BDdb, in DL and dl, and the plane f FHh in Lf. 
And since (hyp. and Th. 148.) FH is parallel to Aa, 
` and fh to Bb and that 4a, Bb, and Cd, are (Def. 86. 
Cor.) parallel to one another, therefore (Th. 144.) 
FH, fh, and Cd, are parallel to one another: in the 
same manner it may be shewn that Ff, Kk, Pp, Gg, 
Ll, Hh are parallel to one another: and (Ayp. and 
Th.148. and Th. 25. Cor.1.) cK is parallel and 
equal to DG, and to dH, ck to Dg and to dh, cP to 
DL, and cp to Di; and (Th. 145.) the; Kc P= 
L GDL; therefore (Th. 20.) the A KcP is equal 
and similar to the A GDL: in like manner it may 
be shewn that the A kcp is equal and similar to the 

£x. g DI, the A cKk to the A DGg, and the A cPp 
to the A. DLL; also, since Kk, Pp, Gg, Ll, are all 
parallel to one another, and that KP=GL, therefore 
(Th. 29.) the © KPp£ 1s-equal and similar to the 
L3 GLig: and the planes which contain the two- 
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solids KCP —kcp, GDL—gdl, are similarly situated 


and (Th. 154.) have like inclinations to oné another ; 
therefore (Th. 170.) they are equal to one another. 

In the same manner it may be shewn that the 
solid CFf— c Kk is equal to the solid DL/—dHh ; 
therefore the whole solid CFf—cPp is equal to the 
whole solid DGg — dHh. | 


Again, if P do not coincide with a, let PQ be 
taken not greater than Ea, and let there be drawn 
through Q a plane MNnm parallel to the O dad B, 
through P a plane PprR parallel to ABD, and 
through G, a plane Gg? T parallel to 4BC': and, in 
the same manner, as before, it may be shewn that 
the solid mF — pQ is equal to the solid sG — nH; and 
so on : wherefore it is manifest that the two triangular 
prisms 4BC—abc, ABD —abd, may be separated 
into the same number of parts, which taken two and 
two are equal to one another; therefore the whole 
prism ABC- abc is equal to the whole prism ABD 
— abd. Wherefore triangular prisms, &c. @. E. D. 


Treorem CLXXII. 


Two triangular prisms, having one of their in- 
sisting straight lines common: to both, and having 
their other insisting straight lines parts of the same 
two parallel straight lines, are equal to one another. 


Let the two triangular prisms 4BC —abc, DEC 


— dec, have the insisting straight line Cc common to 
both, and the insisting straight lines 4a, Dd, Bb, Ee 
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in the same two parallel straight lines Ad, Bc: the 


two prisms are equal to one another. 

For, let BD, bd, be supposed to be drawn: then 
(Th. 171.) the prism 4BC— abc is equal to the prism 
D BC — dbc, and also the prism DBC — dbcis equal 
to the prism DEC—dec; therefore the prism ABC 
., — abcis equal to the prism DEC — dec. Wherefore, 

two triangular prisms, &c.  &. E. p. 


THEOREM CLXXITII. 


Triangular prisms having equal insisting straight 
lines, that are parts of the same three parallel straight 
lines, are equal to one another. | 

Let the two triangular prisms ABC —abc, DEF 
— def, have their insisting straight lines 4a, Dd, &c. 
equal to one another, and parts of the same three 
parallel straight lines Ad, Be, Cf : the two prisms 
are equal to one another. 
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For let AF, BF, af, bf, be supposed. to be 


C 


drawn: then (Th. 171.) the prism ABC — abc is equal 
to the prism ABF— abf; and the prism ABF- abf 
is equal to the prism DEF—de f; therefore the 
prism 4BC —abc is equal to the prism DEF—def. 
Wherefore, two prisms, &c. @. E. D. 


Turorem CLXXIV. 


If a parallelepiped be cut by a plane, which passes 
through the point of bisection of any of its insisting 
straight lines and is parallel to its base, it shall be 
divided into two equal parts ; and etther of the parts 
into which a parallelepiped is divided, by a plane so 
passing through the bisection of any one of its in- 
sisting straight lines, is equal to either of the parts 
into which vt is divided, by a plane so passing through 
the bisection of any other of its insisting straight 
lines. 


Let K be the point of bisection of any of the 
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insisting straight lines, as EA, of the parallelepiped 


ABCD....EFGH; and through K let there be 
supposed to pass a plane, mitch is parallel to the 
base ABCD, and which therefore divides (hyp. and 
Def. 77.) the parallelepiped 4BCD...EFGH into 
two parallelepipeds EM, KC: the solid EM is equal 
to the solid KC. 

For (hyp. and Th. 148.) KL is parallel to AD, and 
KI to AB, and IM to BC; and (Th. 161.) KM is 
a parallelogram equal and similar to the O ABCD; 
since then (hyp.) EK=KA, therefore (Th. 29.) the 
O EKLH is equal and similar to the D KADL; 
also (hyp. and ‘Th. 148. Cor. 1.) Fl = EK, and 
IB=KA; therefore FI = 1B, and the G FIMG 
_ Is equal and similar to. the [1 ZBCM: in like 


PA 
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manner it. may be shewn, that the 1] EKIF is 
equal and similar to the O KABI, and that the CJ 
HLMG is equal and similar to the C LEDCM. Also 
the planes which contain the two solids EM, KC, are 
similarly situated, and (Th. 154.) have like inclina- 
tions to one another; therefore, (Th. 170.) the solid 
EM is equal to the solid KC. 


Again,. if FG be considered as one of the insisting 
straight lines of the parallelepiped 4G, and if a plane 
NP pass through the biection /V of F'G, parallel to 
the plane 4F or to DG, cutting KM in RS, it may 
be shewn as before that 4N and PG are equal pa- 
rallelepipeds. And it is manifest, from the demon- 
stration, that the solid FR is equal to the solid WL, 
and also to the solid KQ; therefore, the solid WL is 
equal to the solid KQ ; add to each the solid FR; 
and it is evident that the solid £M is equal to the solid 
EQ. Wherefore, if a parallelepiped, &c.  & E. p. 


TurogEM CLXXV. 


If a parallelepiped be cut by a plane passing 
through the diagonals of two of the opposite parallelo- 
- grams which contain the solid, it shall be divided into 
two equal parts. 


Let AB be a parallelepiped, and DE and CF 
the diagonals of the O GB, AH, which are drawn 
between equal angles in each; and because CD, FE, 
are each of them parallel to GA, therefore, (Th. 
144.) they are parallel, and (Th. 148. Cor. 1.) equal 


< 
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to one another; therefore, (Th. 14. Cor. 4.) CF, and 


DE are parallel to one another and in the same plane 
with CD and FE: and the plane CDEF shall di- 
vide the solid 4B into two equal parts. 

At the point G, in AG, and in the plane GADC, let . 
the /, AGK be made equal to the L HBF; and inthe 
plane GAEF let the L AGL be made equal to the 
L HBC also, let KM, LN, be made each equal to AG, 
and let KL, AM, and AN be drawn. And because the 
LAGK = L HBF, andthe 4 AGL — 4, HBC, and 
that (hyp. and Th. 157.) the planes in which these 
angles are, have like inclinations, therefore, the third 
L KGL = the third 4. CBF: and sincethe AGL 
= £ HBC, and (Th. 10.) the L GLF — £ AGL, 
and that (Th. 147.) the L GFL = 4 CBH; there- 
fore, the 4, GLF = 4 GFL, and therefore (Th. 15.) | 
GL = GFor CB. In the same manner it may be 
shewn, that GK = BF; and the L KGL = 4 CBF; 
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therefore (Th. 20.) the A KGL is equal and similar 
to the A. FBC, and the A. AMN to the A HED; 
and the r3 GM, GN, NK, are equal and similar to 
BE, BD, DF, each to each; and they are similarly 
situated, and have like inclinations to one another; 
therefore, (Th. 170.) the prism KGL — MAN is 
equal to the prism FBC — EHD ; but (Th. 172.) 
the prism KGL — MAN is, also, equal to the prism 
CGF — DAE ; therefore, the prism CGF — DAE 
is equal to the prism FBC — EHD, Wherefore, 
if a parallelepiped, &c.  &. E. p, 


Cor. If both the diagonals AH, DE, of the base 
A EHD, of the parallelepiped 4B, be "e and 
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also both the diagonals GB, CF, of the opposite 
r16FBC, and if the points P, Q,-in which these 
diagonals cut óne another be joined, then since, as 
hath been shewn, CF is parallel to DE and CGi 1S 
parallel to DA, therefore (Th. 145.) the 4 GCP = 


3 N 
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L ADQ; for the same reason the L CGP = L DAQ, 
and (Th. 25. Cor. 1.) GC = AD, therefore, (Th. 19. 
Cor.) GP is equal, as well as parallel, to AQ; 
therefore PQ is (Fh. 10. Cor. 1.) equal aud pa- 
rallel to GA, and therefore, (Th. 144.) PQ is also 
equal and parallel to CD, BH, and FE; wherefore 
GCP — ADQ, BFP — HEQ are prisms, and they 
may be shewn to be equal to one another, in the same 
manner as the two prisms CGF — DAE, FBC — 
EHD, were shewn to be equal; to each of them add 
the prism CPB — DQH, and it is evident that the 
prisa GCB — ADH is equal to the prism CFB — 
DEH. Wherefore, the prisms into which a paral- 
lelepiped is divided by a plane passing through two 
of the diagonals which join equal angles in its two 
bases, and the prisms into which it is divided by a 
plane passing through the other two diagonals are all 
equal to one another. 


Der. LXXXVIII. 


A prism, which has a triangle or a parallelogram 
for its base, is said to be contained by any three 
straight lines, which make angles with one another, 
at the same point, so as to constitute one of the solid 
angles of the prism. 


Tarorsm CLXXVI. 


If a parallelepiped be divided into two prisms, by 
a plane passing through the diagonals of two of its 
opposite parallelograms, and also into two parallelepi- 
peds by a plane passing through the bisection of any 


^ 
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of its insisting straight lines, and parallel to tts base, 
either of the prisms shall be equal to either of the 
parallelepipeds. 

Let the parallelepiped ÆG be divided into two 
prisms by the plane FBDH, pasting through the 


A. D 

. diagonals FH, BD of the opposite O EG, AC; also 
let AG be divided into two parallelepipeds by the 
plane K&LMI, which passes through the bisection K 
of any of the insisting straight lines E Al, and which is 
parallel to the base: either of the prisms EFH — 
ABD, GHF-— CDB, is equal to either of the pa- 
rallelepipeds KC, KG. 

For let the plane drawn through K parallel to 4C, 
cut HD in L, GC in M, and FB in I, and let IL be 
supposed to be drawn. Then it is manifest (from the 
hyp. and Tb. 161. and Th. 154.) that the two prisms 


4 
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EFH- KIL, and KIL — ABD, are contained by the 


‘same number of equal and similar figures, similarly 
situated, and having like inclinations to one another ; 
therefore (Th. 170.) the prism KIL — ABD is equal 
to the prism EFH— KIL; also (1h. 174.) the prism 
EFH — KIL is equal to the prism FHG—ILM; 
therefore the two prisms EFH — KIL, KIL — ABD 
are together equal to the two prisms EFH— KIL, 

FHG— ILM; that is, the whole prism EFH-— ABD 
is equal to the parallelepiped KG ; therefore, (Th. 174. 
and Th. 175. Cor.) any of the prisms into which a pa- 
rallelepiped can be divided by planes passing through 
the diagonals of any two of its opposite parallelograms 
is equal to any of the parallelepipeds into which it can 
be divided by a plane passing through the bisection of : 
any of its insisting straight lines, and parallel to its 
base. @. E.D. 

Con. Hence a triangular prism is equal to the 
parallelepiped contained under any two and the half 
of the third of any three containing straight lines of 
the triangular prism. 


TuHeorem CLXXVII. 


Two parallelepipeds having equal insisting straight 
lines that are parts of the same four parallel straight 
dines, or having two of their insisting straight lines, 
common to both, and the others parts of the same two 
parallel straight lines, are equal to one another. 


Let the parallelepipeds BH, LS, have cqual in- 
# 
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sisting straight lines, that are parts of the same four 


parallel straight lines AN, BM, ES, FR: the solid 
BH is equal to the solid LS. 

For let FA, GD, QK, and RN, be drawn. Then 
(hyp. and Th. 173.) the prism FAB — GDC is equal 
to the prism QKL — RNM, and the prism EFA — 
- HGD is equal to the prism PQK — SRN; whence, 
it is manifest that the whole solid BH is equal to 
the whole solid LS. 

And in the same manner, by the help of Th. 171. 
it may be shewn that two parallelepipeds, which have 
two of their insisting straight lines common to both, 
end the others parts of the same two parallel straight 
lines, are equal to one another. Wherefore, two pa- 


rallelepipeds, &c. @. E. D. 


Tueorem CLXXVIII. 


Parallelepipeds having equal bases, and having 
also their insisting straight lines lying between the 
same two parallel planes are equal to one another. 


` Let the base of ABCD of the parallelepiped Ac be 
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equal to the base EFGH of the parallelepiped £g; 


" 
D 3 


J4 


and let the insisting straight lines Aa, Bb, Cc, Dd, 
Ee, Ff, Gg, Hh, lie between the same two parallel 
planes, in the one of which are the two bases ABCD, 
EFGH, and in the othér of which are the opposite 
(abcd, efgh: the solid Ac is equal to the solid 


Es. 


For let the C EFGH be supposed to be so placed 
as that its side HE is not parallel to the side DA of 
the C2 ABCD; let DAand HE when produced, 
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meet in the point K; in like manner, let CB and GF, 
produced, meet in L, and cb and gf, in M; and let 
the plane, in which are KL and LM, meet the plane 
of Ad in KN, and the plane of ac in NM; therefore 
(hyp. and Th. 148.) KLMN isa parallelogram: let 
KP be taken equal to AD ; and through P let there 
be drawn on the planeo of AC and EG, PQ parallel 
to KL, and meeting CL in R, HK in S, and GLin 
Q; also, through P let there be drawn, in the plane of 
Ad, Pp parallel to KN and meeting dN in in p: therefore 
(Th. 147.) the plane passing through PQ and Pp is 
parallel to K LMN ; let this plane meet the plane of 
ac in pr, the plane of Bc in Rr, that of Eh in Ss, 
that of eg in sq, and that of Fg in Qg; therefore 
(hyp. and Def. 77.) the solids Kr and Kq are paral- 
lelepipeds; and, if KL, NM, PR, pr, SQ, sq be 
considered as their insisting straight lines, they are 
(Th. 177.) equal to one anothers also, since (hyp.) 
KP — AD, therefore (Th. 29. ) the O 4€ = r3 
KR ; and (Th. 28.) tbe 0 KR = C3 KQ; also (hyp. ) 
the GAC = CA EG; therefore thepaKQ -r3EG; 

and therefore, (Th. 29. Cor.) LQ — FG; therefore 
(Tti. 177.) the solid Kg is equal to the solid Eg, and the 
solid Kr is equal to the solid 4c; and it has been shewn 
that Kr = Kq; therefore the solid Ac is equal to the 
solid Eg. Wherefore, parallelepipeds, &c. a. E. D. 


Cor. 1. Parallelepipeds which have the same 
base or equal bases, and which have equal altitudes, 
are equal to one another. 
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For their bases having been placed in the same 
plane, the parallelograms opposite to them, will (Th. 
147. Cor.) since their altitudes are equal, be in a plane 
which is parallel to the plane of the bases ; and, there- 
fore, (Th. 178.) the solids will be equal to one 
another. 


Cor. 2. Of two paralleleptpeds, whieh have equal 
altitudes but unequal bases, that which has the greater 
base is the greater. 


For if from the greater base, a similar parallelo- 
gram be cut off, (Schol. to Prop. 33.) that is equal to 
the less base, it will, manifestly, be the base of a 
parallelepiped, which lies between the same two pa- 
rallel planes, as that which has the greater base, and 


which is less than that parallelepiped, and equal to 
the otber. 


Con. 3. It is manifest, from Th. 176. and Th, 
178. Cor, 1, that a triangular prism, is equal to a 
parallelepiped, which has an equal base and an equal 
altitude. 


Con. 4. Hence all prisms that have the same 
base, or equal bases, and equal altitudes, are equal to 
one another. 


For any prism, which is not a triangular prism, may 
be divided into triangular prisms, by drawing straight 
lines from any two corresponding angular points in its 
two bases, to the remaining angular points. Also 
(Schol. to Th. 32.) a parallelogram may be found 
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which shall be equal to the base of the prism, and the 
parts of which shall be equal to the triangles into which 
the base is divided each to each. If, therefore, upon 
that parallelogram a parallelepiped be supposed to 
be constituted of the same altitude as the prism, and 
if it be divided into parallelepipeds by planes parallel 
to its sides, and passing through the straight lines 
which divide its base into parallelograms that are equal 
to the triangles, into which the prism's base is divided, 
then (Cor. 3.) the several parts of the two solids will 
be equal each to each; and, therefore, the whole 
prism will be equal to the whole parallelepiped. In 
the same manner it may be shewn that any other 
prism, which has an equal base, and an equal altitude, 
is equal to that same parallelepiped; therefore, all 
_ prisms which have equal bases and equal altitudes are 
equal to one another. 


THoeorem CLXXIX. 


Parallelepipeds that have equal altitudes are to 
one another as their bases. 


Let the parallelepipeds 4D, EH, of which the 


bases are AC and EG, have equal altitudes: the 
30 
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solid AD is to the solid EH as the base AC to the 
base EG. 


For in AB and EF, produced, let any number of 
parts BK, KL, &c.be taken each equal to AB, and FQ, 
QR, RS, &c. each equal to EF: let the LOCK, ML, &c. 
and the D GQ, TR, WS,. &c. be supposed to be 
completed ; therefore (Th. 29.) the D AC, BM, KO, 
&c. are equal, as are, also, the D EG, FT, QW, RY, 
&c.; if, therefore, the solids BN, AP, &c., and the 
solids FV, QX, RZ, &c. be completed, the solids 4D, 
BN, KP, &c. will (Th. 178.) be equal, as will, like- 
wise, the solids EH, FV, QX, RZ, &c.; therefore 
whatever multiple the base 4O is of the base AC, 
the same is the solid 4P of the solid 4D; and . 
whatever multiple EF is of EG the same is the solid 
EZ of the solid EH ; but (hyp. and Th. 178. Cor. 1. 
2. if dO» =< EF, AP>=< EZ; therefore 
(Def.48. 4C : EG :: 4D: EH. Wherefore pa- 
rallelepipeds, &c. a. E. p. 

Con. It is manifest, therefore, that all prisms 
which have equal altitudes are to one another as their 
bases. 

For parallelepipeds, which, having their altitudes 
and their bases equal to those of the prisms, are 
(Th. 178. Cor. 4.) equal to the prisms, are to one 
another (Th. 179.) as their bases. 


TnureoneEM CLXXX. 


Parallelepipeds, which have equal bases, are to one 
another as their altitudes. 
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Let the parallelepipeds DC, HF, be upon equal 


bases, AC, and EG; and let DI, HK, which are 
perpendicular to AC and EF, respectively, be the 
altitudes of the parallelepipeds : the solid HG is to 
the solid DC as HK is to DI. 


In the greater altitude HK, let KL be taken equal 
to DH the less; and through L suppose the plane 
MN to be drawn perpendicular to HK, and therefore 
(Th. 146.) parallel to the plane EG; suppose, also, 
ML and EK to be drawn, which (hyp. Def. 69. and 
Th. 5.) are, parallel to one another; wherefore MG 
is a parallelepiped, having its base and altitude re- 
spectively equal to the base and altitude of the 
parallelepiped DC; therefore (Th. 178. Cor. 1.) MG 
is equal to DC: and if the DHF, MF, be considered 
as the bases of the solids HG, M G, these solids have 
the same altitude; 

~ (Th. 179.) HG : MG :: OHF : OMF; 
i but (Th. 114.) O HF: D MF :: . HE: ME; 
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and (Th. 99.) HE : ME :: HK: | LK. 

But the solid DC — MG, and DI— LK; 

<. (Th.77) HG: DC: HK: DI. 
Therefore, parallelepipeds, &c. a. E. D. 

Cor. 1. Wherefore, all prisms, which have equal 
bases, are to one another as their altitudes. 

For, parallelepipeds may be supposed to stand 
upon bases equal to those of the prisms, and also to 
have their altitudes equal to the altitudes of the 
prisms ; since, then, these parallelepipeds are to one 
another as their altitudes, the prisms, which are equal 
to them, are to one another (Th. 81.) as their 
altitudes. 

. Con. 2. It is evident from the demonstration, 
that, a prism being given of any definite altitude, 
another similar prism may be found which shall stand 
upon the same base with the given prism, and which 
shall be of any other definite altitude. 


THEoREM CLXXXI. 


Any two prisms are to one another in the ratio 
which is compounded of the ratios of their altitudes 
and of their bases. 


Let B be the base, and 4 the altitude of any 
prism X, and let b be the base, and a the altitude of 
any other prism F: then is X to F in the ratio 
which is compounded of the ratios of 4 to a and of 
B to b. | 

For if Z be a prism which (Th. 180. Cor. 2.) has 
B for its base, and a for its altitude, then 
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(Th. 180. Cor.1.) X : Z: ds: a 
and (Th.179. Cor.) Z: Y: B: b; 
therefore (Def. 60. Cor) X is to Y in a ratio 


PAN 


compounded of the ratios of A to a and of B to b. 
Wherefore, any two prisms, &c. à. E. D. 
Con. 1. Since (Schol. to Th. 114.) two straight 


E 


lines may be found, which shall be to one another as 
any two given plane rectilineal figures, if the base B, of 
the prism X, be to the base b of the prism F as D is 
to Æ; and if (Schol. to Th. 99.) the altitude 4, of 
the prism X, be to the altitude a, of the prism FY, as 
E isto F; itis manifest, from the proposition, that 
the prism X is to the prism F as D is to F: that is, 
two straight lines càn always be found which shall 
have to one another a ratio equivalent to the ratio of 
any two given prisms. 
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Con. 2. The bases and altitudes of equal prisms 
are reciprocally proportional; and prisms of. which 
the bases and altitudes are reciprocally proportional 
are equal to one another. 

Let B be the base, and 4 the altitude of the prism 
X, and let b be the base, and a the altitude of the 
prism F; and, first, let Y— P: then B: b: a: A. 

For if B: b: D: E, and A:a:: E: F, then 


(Th. 181.) X: Y: D: F; , 
But (hyp.) X5 £F; therefore (Th. 84.) D= F; 
l “ A:a:nrE: D; 
‘s (Th.79) 9-272445: D: E; 
and (hyp) B: b :: D: E; 


(Ph. Sis) .48 2 6 sed = 
Secondly, let B : b :: a: A; then shall the prism 
X be equal to the prism F. 
For, if B: b :: D : E, aud A:a:: E: F, then 
(Th. 181.) A: Esc D:F; [ 


and since (hyp) A: a: E: F; 
s (Dhs29,) WTAE SE, 
alko (hyp) B: bi: a: A; 
P. (Th. 81.) D : E: ar E; 
`. (Th. 78.) D=F, and ~. (Th. 84.) X=F. 


SCHOLIUM. 


If (Schol. to Th. 33. and to Th. 166.) a numerical 
ratio can be found equivalent to the ratio of the bases 
of two given prisms, and 1f, also, the ratio of the 
altitudes of the two prisms be equivalent to another 
given numerical ratio, then (Th. 181. and Schol. to 
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Th. 98.) the two prisms will be to one another as 
the product of the antecedents of these numerical 
ratios is to the product of the consequents : and 
thus two numbers may be found, which shall be 
to one another, as the two given prisms are to 
one another. 


THeorem CLXXXII. 


If a triangular pyramid be cut by two planes parallel 
fo its base, the difference between the part of the 
pyramid between two such planes, and, a triangular 
prism between the same two planes, which has for its 
base the section nearest to the base of the pyramid, 
shall be less than a prism having the same altitude 
as the prism between the two sections, and having 
for its base the difference of the two sections. 


Let DEF, GHK, be two sections of the triangular 


B 


pyramid, S~ ABC, when it is cut by planes parallel 
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toits base ABC. In HG, the common section of the 
two planes S4B, GHK, let Hd be taken equal to 
ED ; and, likewise, in HK the common section of the 
two planes SBC, GHK, let Hf be taken equal to EF, 
let D, Fand d, f be supposed to be joined; and 
in ED and EF let there be taken Eg = HG, and 
Ek = HK, and let G, g, and K, k, be joined: then 
since (hyp. and Th. 148.) H Gd is parallel to Eg D, 
and HKf to EkF; therefore, (hyp. and Th. 10. 
Cor. 4.) DdGg, DdHE, gGHE, EHKk, EHfF, 
kKfF, DdfF, gGKk, are parallelograms ; and the 
IN DEF, d Hf, having their sides (Th. 25. Cor. 1.) 
equal, have (Th. 24. Cor. 1.) their angles equal, and are 
similar and equal to one another, as are, also, for the 
same reason the A gEk, GHK ; it is manifest, there- 
fore, that the figure DgkF is equal and similar to the 
figure dGKf; therefore, (hyp. and Def. 76.) DEF— 
dHf, GHK — Ek, are prisms between the two parallel 
sections DEF, GHK, having those sections for their 
bases; and DgkF — dGKf is a prism between the 
same two planes, having DgkF, the difference of the 
two sections for its base, and being itself the dif- 
ference of the two prisms DE F—dHf, GHK - gEk: 
but the part of the pyramid between the two 
sections is manifestly greater than the prism GHK — 
gEk, which lies within it; therefore, the difference 
between that portion of the pyramid and the prism 
DEF — dHf is less than the prism DgkF — dGKf, 
which is the difference between the two prisms DEF 
—dHf, and GHK—gEk. Wherefore, if a triangular 
pyramid, &c. @. E. D.. 
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Con. 1. In the same manner it may be shewn 
that the difference between the part of a pyramid, 
between its base and any plane parallel to its 
base; and a triangular prism of the same altitude, 
having the base of the pyramid for its base, is less 
than a prism of that same altitude, having for its base 
the difference between the base of the pyramid and 
its section made by the parallel plane. ; 

Con. 2. The altitude of a triangular pyramid - 
having been divided into any number of equal parts, 
if planes parallel to the base be drawn through the 
points of division, and if the base and the several sec- 
tions be made the bases of triangular prisms described 
about and inscribed in the pyramid, as in the demon- 
stration of Th. 182, it is manifest, from that de-- 
monstration, that the aggregate of the inscribed prisms 
is equal to the aggregate of all the circumscribed 
prisms, but that which is on the base of the pyramid, 
and which is therefore equal to the difference between 
the aggregates of the circumscribed and of the in- 
scribed prisms, and is greater than the difference 
between the aggregate of the circumscribed prisms 


and the pyramid itself, 


Turorem CLXXXIII. 


Triangular pyramids which have equal bases and 
equal altitudes, are equal to one another. 


Let the two triangular pyramids S — ABC, T- 
DEF have equal bases 4BC, DEF, and equal 


3 P 
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altitudes SG, TH :- the two pyramids 5 - ABC, T— 


4 
wy 


T 


DEF are equal to one another. 


For if the equal altitudes SG, TH, be supposed to 
be divided into the same number of equal parts; and 
if through the. points of division, planes be supposed 
to be drawn parallel to the bases of the solids, the 
corresponding sections will (Th. 160. Cor. 2.) be equal ; 
and if upon these several sections as bases, triangular 
prisms be supposed to be constructed between the 
parallel planes of the sections, as in Th. 182, the cor- 
responding prisms will (Th. 178. Cor. 4.) be equal 
to one another; and, therefore, the aggregate of the 
one set of these prisms will be equal to the aggregate 
of the other set: but (Th. 182. Cor. 2.) the difference 
between the pyramid S — ABC and the aggregate of 
the prisms about the pyramid S — ABC, is less than 
the prism having for its base the base ABC, and having 
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one of the equal parts of SG for its altitude; which 
prism, since the magnitude of the equal parts of SG 
may (Th. 68.) be diminished indefinitely, may (Th. 
180. Cor. 1.) be made less than any given finite 
prism; wherefore, the pyramid S — ABC is the 
limit of the aggregate of the prisms so described about 
it; for the same reason, the prism T — DEF 4s, also, 
the limit of the equal aggregate of the prisms similarly 
described about it; therefore*, the pyramid S— ABC 
is equal to the pyramid Z— DEF. Wherefore, tri- 
angular pyramids, &e. 4. E. D. 


Tueorem CLXXXIV. 


Every triangular pyramid is the third part of a 
prism of the same altitude, and having the same base. 


Let D — ABC be a triangular pyramid: it is the 


third part of a prism of the same e altitude, which has 
ABC for its base. 


_ *If A and B be each a limit of the same greater variable 
magnitude .X, 4—.B. If not, one of them is the greater. Let 
A> B; wherefore A and B have a finite difference ; and X > 4; 
much more, then, have X. and B a finite difference ; which. is 
contrary to the hypothesis. 
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‘For, if from’ B, and A, BE and AF be drawn 
parallel to CD, and if these three parallels be cut by a 
plane DE F parallel to the bese ABC, it may be shewn, 
as in Th. 182, that 4BC— DEF is a prism, and it has 
the same altitude as the pyramid D — ABC. From 
the prism 4BC — DEF, let there be taken the py- 
ramid B — EFD, and there remain the two pyramids 
B — ADC, B — ADF, which, since (Th. 25.) they 


\ 


have equal bases 4DC, ADF, and a common altitude 
are (Th. 183.) equal to one another ; also (Th. 183.) 
the pyramid B — EFD is equal to the pyramid D — 
ABC, which is the same as the pyramid B - ADC, 
Wherefore, the pyramid D — ABC is the third part 
of the prism 4BC - DEF, which (Th. 178. Cor. 4.) 
Is equal to any other prism on the same base ABC, 
and of the same altitude, Wherefore, every paanid 
&c. Q. E. D. 


Cor. Every triangular prism may be divided into 
three equal triangular pyramids. 
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TuHEoREM CLXXXV. 
L 
Every pyramid is the third part of a prism of 
the same altitude, and having the same base. 


Let F - ABCDE be any pyramid: it is the 
third part of a prism, of the same altitude, which has 


I 


B 


ABCDE for its base. 

For parallel to any one of the sides of the triangles 
which terminate in F, as ÆF, let there be drawn 
from the other angles B, C, D, E of the base, BG, 
CH, DI, EK, parallel to A F, and let these parallels 
be cut by the plane FGHIK parallel to the base 
ABCDE ; also let 4C, AD, FH, FI be drawn: 
then it may be shewn, as in Th. 182, that 4BCDE 
— FGHIK is a prism, and also, if planes be sup- 
posed to pass through AC and FH, and through AD 
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and FI, that these planes will divide the prism ABCDE 
— FGHIK, into triangular prisms having for their 
bases the corresponding triangles, into which the bases 
ABCDE — FGHIK, have been divided by the 
straight lines drawn from A and F: but these same 
planes divide the pyramid F — ABCDE into the 
same number of triangular pyramids, having the same 
bases as the several triangular prisms ; and the prisms 
and pyramids have all the same altitudes, namely, 
that of the pyramid F—ABCDE. Wherefore the 
prism ABCDE — FGHIK, and the pyramid F— 
ABCDE, are thus divided into the same number of 
parts, and each part of the pyramid is (Th. 184.) a 
third part of the prism; therefore, (Th. 83.) the whole 
pyramid F — ABCDE is a third part of the whole 
prism ABCDE — FGHIK, which (Th. 178. Cor. 4.) 
is equal to any other prism on the same base and of 
the same altitude. Wherefore, every prism, &c. 
Q. E. D. 

Cor. Itis manifest, from Th. 179. Cor. Th. 180. 
Cor. 1. Th. 181. Th. 86. and Th. 81. that pyramids 
of equal altitudes are to one another as their bases; 
that pyramids of equal bases are to one another as : 
their altitudes ; and that any two pyramids are to one 
another in the ratio which is compounded of the ratios 
of their altitudes and of their bases ; and it is further 
manifest, from Th. 181. Cor. 2. that the bases and 
altitudes of equal pyramids are reciprocally propor- 
tional; and that pyramids which have their bases and 
altitudes reciprocally proportional are equal to onc 
another. 


THE 


Glenents of Solid Geometry. 


CHAPTER VII. 


Section IT. - 


On the relative magnitudes of solids, the boundaries 
of which are not all of them planes. — 
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Aroni CLXXXVI. | 


A cylinder and a parallelepiped, having equal 
bases and equal altitudes, are equal to one another. 


Ler the cylinder Ac and the paralleleptped EH be 
of equal altitudes, and have, also, their bases 4C, EG, 
equal to one another: the cylinder Æc is equal-to. 


the parallelepiped EH. 
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For if not, one of them is the greater; let EH be 
greater than the cylinder dc; and from EH, the 


E K T 


greater, let.the parallelepiped EM be supposed to 
be cut off, by a plane that is parallel to FH, such that 
EM is equal to the cylinder Æc; aud since EL is 
less than EG, it is, also, (hyp.) less than the circle 
ADC; therefore, (Th. 69. Cor. 4.) a polygon 4BCD ` 
may be inscribed in the circle ADC, which shall be 
greater than EL; and if from the angular points 4, 
B, C, D, of the inscribed polygon there be drawn 
Aa, Bb, Cc, Dd, parallel to the axis of the cylinder 
and meeting its base ac, in a, b, c, d, and if planes be 
supposed to pass through these parallels, the solid 


ABCD — abcd will (Def. 80. Cor. 2. and Def. 76.) 
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bea prism, inscribed in the cylinder; and (hyp.) itis of 
the same altitude as the solid £M; and it has a 
greater base; therefore (Th. 179. Cor. and Th. 84.) 
the prism 4 BCD —abcd is greater than the solid EM; 
much more then is cylinder 4c, of which the prism 
is a part, greater than the solid EM; but thecylinder 
is also equal to EM; which is impossible; therefore 
EH cannot be greater than the cylinder 4c: and in 
the same manner, it may be shewn, that a prism -may 
be described about the cylinder which shall be less 
than: any parallelepiped of the same altitude, the base 
of which exceeds Eg, and that, therefore, the solid 
EH cannot be less than the cylinder dc; therefore, 
the cylinder 4c is equal to the parallelepiped EH. 
Therefore, a cylinder, &c. a. E. p. 

Con. 1. Wherefore (Th. 178. Cor. 4.) a cylinder 
and any prism, which have equal bases and equal al- 
titudes, are equal to one another ; and cylinders, which 
have equal bases and equal altitudes, are also equal to 
one another. 


Con. 2. Itis manifest (Th. 179. Cor. Th. 180. 
Cor. i. Th. 181. Th. 86. Th. 81.) that cylinders, of 
equal altitudes, are to one another as their bases ; that 
cylinders, which have equal bases, are to one another 
as their altitudes ; that any two cylinders are to one 
another in the ratio, which is compounded of the 
ratios of their altitudes and of their bases: and (Th. 
181. Cor. 2.) it is also evident, that the bases and 
altitudes of equal cylinders are reciprocally propor- 
tional; and that, conversely, cylinders, which have 
their bases and altitudes reciprocally proportional, are 


equal to one another. 
3a 
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Cor. 3. If the axes of two cylinders be to one 
another as the diameters of their bases, the solids shall 
be to one another in the triplicate ratio of their axes, 
or of the diameters of their bases. 


For the compound ratio which (Cor. 2.) is equi- 
valent to the ratio of the solids, will then be com- 
pounded of three ratios, each of which is the ratio 
of an axis to an axis, or of a diameter to a diameter ; 
because (Th.123.) the bases are to one another as 
the squares of their diameters, that is (Th. 117.) they 
are to one another in the duplicate ratio of their 
diameters, or of (hyp.) the axes; therefore (Def. 61.) 
the cylinders are to one another in the triplicate ratio 
of their axes, or of the diameters of their bases. 


Con. 4. Hence, if the axes of two cylinders be to 
one another as their bases, the cylinders shall be to 
one another as two cubes, the sides of the squares 
containing which, are respectively equal to the axes 
of the cylinders, or respectively equal to the diameters 
of the bases of the cylinders. 


For (Th. 181.) these cubes will be to one another 
in the same triplicate ratio as that in which the 
cylinders (Cor. 3.). are to one another; therefore 
(Th. 81.) the cylinders are to one another as these 
cubes. 


Con. 5. It follows from Th. 186. Cor. 1. and 
Th. 185, that, if a pyramid and a cylinder have equal 
bases and equal altitudes, the pyramid is a third part 
of the cylinder. 


x 
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TuroremM CLXXXVII. 
A cone and a triangular pyramid having equat 
bases and equal altitudes, are equal to one another. 


Let the cone S— ABCD, and the triangular py- 
ramid T'— EFG, be of equal altitudes, and have their 


T 


bases ADB, EFG, equal. The cone S— ADB is 
equal to the pyramid T— EFG. 

For, if it be possible, let the — T- EFG be 
greater than the cone, and let a part of it T — KFGH 
be cut off by a plane TKH, so that the remainder 
I-—EKH is equal to the cone; therefore the circle 
AD B is greater than the A. EKH, and in the circle 
there may (Th. 69. Cor. 4.) be inscribed a polygon 
ABCD which is greater than EKH ; and if $4, SB, 
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SC, SD be drawn, the pyramid S— ABCD, which 


is contained in the cone, will (Th. 185. Cor. and 
Th. 84.) be greater than the pyramid 7Z— EKH; 
much more, then, is the cone $— ADB greater than 
the pyramid T— EKH ; but it is also equal to it, 
which is impossible; therefore the pyramid T—EFG 
cannot be greater than the cone S — ADB: and, in 
the same manner it may be shewn that it cannot be 
‘less than S—ADB; therefore the cone S— ADB 
. 1s equal to the pyramid T— EFG. Wherefore, a 


cone, &c. @.E. D. 


Con. 1. A cone and any pyramid having equal 
bases and equal altitudes, are equal to one another: 
and cones, also, which have equal bases and equal 
altitudes are equal to one another. 


For (Th. 185.) all pyramids, which have equal 


bases and equal altitudes, are equal to one another. 


Con. 2. Whatever was proved of prisms in 
Th. 179. Cor. Th. 180. Cor. 1, Th. 181. Cor. 2, is 
true of cones; because it is true (Th. 185.) of py- 
ramids that have equal bases, and equal altitudes, and 
are equal to the cones. 


Con. 3. Every cone is the third part of a cylinder 
of the same altitude, and having the same base. 


For a pyramid, which (Th. 187.) is equal to the 
cone, is also (Th. 186. Cor. 5.) a third part of a 
cylinder of the same base and altitude. 
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Tuarorem CLXXXVIII. 


Two sets of cylinders may be described, the one 
of which shall be greater, and the other less, than a 
given hemisphere, and the difference between which 
shall be less than any given cylinder. — 


Let ABD be a given hemisphere, of which CA is 
the axis, C being the sphere’s centre: a set of cy- 


linders may be described, which shall exceed 4BD, 
and another set may be described which shall be less 
than ABD, such that the difference between the two 
sets shall be less than any given cylinder 77. 

Let the axis CA be supposed to be divided into — 
any number of equal parts, in £, F, G &c. and let the 
solid be cut by planes, perpendicular to its axis, passing 
through E, F, G, &c.; therefore (Th. 166.) the sections 
will be circles; again, let HET, KFL, MGN, be the 
diameters of these circular sections, determined by a 


plane BAD which cuts the solid, by passing through 
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its axis AC: also let two cylinders be supposed to be 
described, on contrary sides of the circle of which 
HI is the diameter, having that circle for their 
common base, and the two equal parts EA, EF, of 
AC, for their equal axes; and let hI and Ii be the 
sections of these cylinders, cut by the plane BAD; 
in like manner, let L}, and Lm, Nn and Np, &c. be 
the sections of the cylinders described on contrary 
sides of the circles, of which KL, MN, &c. are the 
diameters, and which have for their axes the several 
equal parts into which AC is divided: and let Dg be 
a cylinder having the same base as the given he- 
misphere, and having for its axis CG the last of the 
equal parts. Then since (Th. 44. and Ayp.) KL»HI, 
MN » KL, &c., and BD MN, it is manifest 
that the cylinders, of which pN, mL, il, are the 
sections, being contained in the hemisphere, are 
together less than it, and that the cylinders, of 
which qD, nN, LL, h1, are the sections, each of them 
containing a portion of the hemisphere, are together 
greater than the cylinder. 

Again (hyp. and Th. 186. Cor. 1.) the cylinders 
Ih, li are equal, as are likewise the cylinders L4, 
Lm, and the cylinders Nn, Np: it is manifest, there- 
fore, that the difference between the ‘set of inscribed 
cylinders and the other set is equal to the last 
cylinder gD. If, then, the cylinder g D be not less 
than JZ, let the axis be supposed to be divided into 
twice as many parts, and let the same construction 
be made, as before: thus the last cylinder, which will 
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still be the difference between the set of inscribed 
cylinders and the other set, will be diminished by its 
half; and if this diminution be continually repeated, 
there will (Th. 68.) at last remain a cylinder which is 
less than the given cylinder W. 

Cor. It is manifest, from the demonstration, that 
two sets of cylinders may, in like manner be described, 
the one of which shall be greater and the other less, 
than a given cone, and the difference between which 
shall be less than any given cylinder. 


ToeoremM CLXXXIX. 


If a hemisphere and a right-angled cone be upon 
the same base, the hemisphere shall be double of the 
cone. 


Let the hemisphere 4BC and the right-angled 
cone ADC, have a common base, of which K is the 
centre: the hemisphere 4C is double of the cone 
ADC. __ 

Let DK be the cone’s axis, and let it be produced. 
to meet the surface of the hemisphere in B; also let 
EC be a cylinder having the same base 4C, and the 
same axis DK, as the cone. Let EACI, DAC, 
ABC, be the sections of these three solids when they 
are cut by a plane passing through the straight line 
DKB, in which are their axes ; therefore (Def. 79. 
and hyp.) DK = KA, and (Def. 81. Cor. 1) KA=KB, 
therefore DK- KB: let the equal straight lines 
KB and KD. be divided each into the same number 
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of equal parts in F, G, H, and f; g, h; through these 


points of division let there be drawn planes parallel to 
the base AC, and let the planes so drawn through 
f. g, ^, meet the cylinder EC in e, c, a; therefore 
(Th. 165.-and Th. 186. Cor. 1.) the cylinders Eh, 
ed, cb, aC, into which they divide the cylinder EC, 
are all equal to one another. And, if cylinders be 
described in and about the cone and the hemisphere, 
having the base, and the sections of these solids made 
by the parallel planes, for their bases, and having the 
equal parts, into which DKB is divided, for their 
axes, then, since (Th. 166. Cor. 2. .) the first. circular 
. section of the cone together with the last of the 
hemisphere is equal to the common base AC of the 
cone, and the hemisphere, therefore (Th7186. Cor. 1. 


On the Relative Magnitudes of Solids, &c. “497 


and Th. 98. Cor.) the first cylinder inscribed in the 
cone together with the last eylinder inscribed in the 
hemisphere is equal to the cylinder aC; the second 
in the cone together with the last but one in the 
hemisphere is equal to the cylinder cb, and so on: 
thus all the cylinders inscribed. in the cone and in 
the hemisphere are, together, equal to the cylinder 
eC: and it was shewn in the demonstration of 
Th. 188, that all the cylinders inscribed in the he- 
misphere together with the cylinder aC, are equal to 
all the cylinders described about it; and, in like 
manner, it may be shewn that all the cylinders in- 
scribed in the cone together with the cylinder aC, are 
equal to all the cylinders described about it; wherefore 
if to eC be added the two cylinders aC, aC, or if to 
Ec be added a cylinder ef, having the same base EI 
as the cylinder EC, and having its axis Dô equal to 
one of the equal parts of DK, it is evident that the 
cylinder eC will be equal to the aggregate of the 
cylinders described about the cone and the hemisphere: 
again it may be shewn, as in the proof of Th. 188, 
that the cylinders eZ and eJ, may be made to 
become less than any given cylinder; that is, the 
difference between the cylinders EC and each of the 
cylinders eC and eC may be made less than any 
given cylinder; but (Th. 188. and Cor.) the 
differences between the compound solid DABC, and 
each of the cylinders eC and eC, may also be made 
less than any given cylinder; therefore (Th. 69. 
Cor. 3.) the compound solid DABC is equal to the 
cylinder EC; but (Th. 187. Cor.3.) the cylinder 
SR 


408 Elementary Theorems of Solid Geometry, 


EC is triple the cone DAC; therefore (Th. 77.) the 
compound solid DABC is to the cone DAC as three 
to one; therefore dividendo (Th. 88.) the hemisphere 
is to the cone as two to one; that is, the hemisphere 
ABC is double of the cone ADC. Wherefore, if a 
hemisphere, &c: Q.E.D. 

Cor. 1. From the demonstration, and from Th. 86, 
itis manifest, that a sphere is to a cylinder, having its 
axis, and the diameter of its base, each equal to a 
diameter of the sphere, as the number two is to three. 

Con. 2. Wherefore (Th. 186. Cor. 5. and Cor. 4. 
and Th. 81.) spheres are to one another in the tri- 
plicate ratio of their diameters; or in the ratio of 
cubes, such that the squares containing them have 
their sides respectively equal to the diameters of the 
spheres. | 


SCHOLIUM. 


The relative magnitude ofa hemisphere, compared 
with that of a right-angled cone upon the same base, 
has been ascertained chiefly by means of the property 
belogging to those two solids which is demonstrated 
in Th. 166. Cor. 2. Now a similar property also 
obtains, in the solid generated by the revolution of the 
figure, called a parabola, about its axis. For if any 
two sections of the paraboloid be taken, the one at 
the same distance from the vertex of the solid, that 
the other is from the base, they will be together equal 
to the base. It is easy, therefore, to apply the reason- 
ing used in Th. 189, so as to shew that a paraboloid 
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_ is the half of a cylinder upon the same base and of 
the same altitude. This conclusion, as well as that 
of Th. 189, might, indeed, be arrived at, by a less cir- 
cuitous way; namely, by the Method of Indivisibles. 
But then the principles of that method have not so 
manifestly firm a foundation, as that upon which are 
built the longer demonstrations of the ancient geo- 
metricians. 


ADDENDA. 


aie 


The two following theorems may serve to com- 
plete what has been said in Schol. Def. 48. $. 11. 


1. Any two unequal magnitudes (A B) and (AC) 
. being given, an intermediate magnitude may be found 
which shall be commensurable with a third given 
magnitude (DE) of the same kind. 

Bisect DE in F, DF in G, and so on, until 
A edi 

H 

D G F E 
a part DG shall have been found, less (Th. 68.) 
than CB, the difference between AB and AC; and 
let (H) be the least multiple of DG which exceeds 
AC; then H < AB; for if not, a part equal to DG 
might be taken from (H) and there would remain a 
multiple of DG greater than AC, because DG < CB; 
which is contrary to the supposition: wherefore, 


H « AB and > AC: And DG measures H and DE. 


2. Any two incommensurable magnitudes (AB) 
and (DE) being given, a third magnitude (H) may 
be found commensurable with one of them (D E) and 
the difference between which and the other (AB) shall 


be less than any assigned magnitude. 


For let AC and AB have any assigned difference 
CB, however small; then (1) a magnitude (H) may 
be found commensurable with DE, such that 
- H > AC; and H < AB; the difference, therefore, 
between AB and H, which is commensurable with 
it, is less than the assigned magnitude CB. 
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